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PREFACE 

The outstanding characteristic of modern mathematics is the rigour 
that has come into analysis. The ideas of a mathematician, self-taught 
from the works of Todhunter, would need considerable reorientation 
in the presence of a modern text on, say, the calculus of variations. 
The like cannot be said of the worker in appUed science, and the man 
who learns his mathematics from John Perry manages to get along 
quite well. 

This is just as it should be. Epsilonology ” is to the mathema- 
tician what J. S. Bach is to the musician; there is an enormous sense 
of gratification in its essential rightness. It is an exhilarating ex- 
perience to go right down to the foundations of one’s subject; especially 
if one does not stay there. In later years, most of us mathematicians 
recapture some of this charm by renewed visits. But I see no justifi- 
cation on that account for expecting those to whose studies mathematics 
is ancillary to master the philosophical profundities of a limit. It 
would be as rational to expect the piano-tuner to be interested in the 
comma of Pythagoras. Geometrical intuition is good enough for the 
applied scientist. Anyway, he can always salve his conscience at a 
later date by undertaking a critical survey. Actually he would be 
better employed in getting on with his job, especially if he remembers 
that the professional mathematician puts in years of advanced study 
before he can (if he ever does) establish even the binomial theorem in 
all its generality. 

Shortly after this book was first set up in type I noticed signs 
in various quarters of a move to reform the teaching of mathematics 
to science students. Having twice in my life had the illuminating 
experience of being a professional mathematician in a large research 
station I welcome the move. Most of the trouble is that both teachers 
and examiners are mathematicians solely. I have often sympathized 
with the late G. H. Bryan, who complained that his assistants could 
give him answers in terms of “ cosh minus one ” but could not put 
them into figures. I have been more than once faintly amused (and 
mildly annoyed) to receive a new assistant, the laurels of his honours 
degree still fresh on his brow, and to see that brow furrow when faced 
with the task of working some examples for a class. 



PREFACE 


vi 


Here then is tte book. I wrote it for two excellent reasons : firstly 
that I tfiouglit it needed writing, and secondly tKat I tbougbt I could 
make a reasonably good job of it. It is characterixed by a frankness 
of statement unusual in textbooks. In one or two places there is a 
faint odour of Lie’s theory of continuous groups (though actually I 
got it from Page); but the uninitiated will not notice this, and the 
cognoscenti will not find it pronounced enough to be ofiensive. 

For tlie rest, its title describes it. The standard methods of solution 
are illustrated by such applications from other subjects as come in 
one’s student years. The perfect differential and the integration of the 
exact equation are given generous treatment, for the reasons given in 
the text. The chapter on numerical work is not usually included, and 
the chapter on isoclinals rarely appears at all. My one regret here is 
hmiting myself to a mere reference to the work of van der Pol, which 
should receive adequate treatment in any text specifically devoted to 
the subject. 

The examples number rather more than four hundred. This could 
easily have been doubled by the inclusion of academic exercises, to 
the detriment of the book. I am no behever in problem-grinding, and 
anyway the examiner can always pose to the candidate an unfamiliar 
example that is neither unreasonably difficult nor obvious; that is 
what examiners are for. Instead, there is an unusually high proportion 
of problems taken from scientific papers and researches. In most 
cases the answers are juxtaposed; in other cases the solution, or a 
hint at the method of approach, is given at the back of the book. In 
a few cases no hint or answer is supplied. This was done deliberately, 
on the grounds that ultimately the reader must learn to stand on Lis 
own feet and trust his own judgment. 

Writing a book is not a task to be envisaged lightly, and I am 
confident that this book would not have been written except for two 
reasons. Some years ago I had the good fortune to be in the ideal 
milieu, on the staff of the Imperial College of Science and Technology, 
and it is perfectly transparent (to me, at least) that this exposition is 
more than tinged with the thought and methods of my colleagues 
there. In particular, I was under the segis of Prof. H. Levy, and no- 
body could come within the orbit of his fertile mind without acquiring 
a beneficent rise of potential. I am indebted also to the German en- 
gineer, Wilhelm Hort, the appendix to whose book proved a mine of 
references to original papers. 

Watfokb, F. E. EELTON. 

April, 1947. 
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CHAPTER I 


Preliminary Notions ; Hyperbolic Functions 

1 , 1 . The best way of beginning the practice of differential equations 
is to see one solved. We suppose, then, that in the perusal of a soien- 
tific journal your eye lights on the following, 

dy _ 1 — 2a? 

It obviously implies a relation between two variables a? and y, and 
states categorically that the right-hand side is equal to the differential 
coefficient of y with respect to a?. It is a differential equation, and 
though direct integration is out of the question, there seems no reason 
why we should not write it in the form 

y’^dy = (1 — 2x)dx, 

which leads to \y^dy = J(1 - 2a?) (fa? + constant, 

whence we derive \y^ = a? — a?^ -j- <3. 

That scorns about as far as we can get until you notice, a few lines 
farther down in your hypothetical journal, one more intelligible re- 
mark which reads a? = 1, y = 0. The substitution of these values 
decides that c is zero, leaving the relation = 3a:(l a?). 

You have now solved a first-order non-linear ordinary differential 
equation by a method known as the separation of the variables, and 
you have determined the arbitrary constant from assigned conditions. 
A good deal of this last statement is probably unintelligible at the 
moment, but that is immaterial, since we are merely taking a first 
glance and shall come back to the details later. 

1, 1*1. Part of the foregoing flies in the face of one’s earliest lessons 
in the calculus. It is there impressed upon one that the dy and dx in 
a differential coefficient have lost their individuality and become 
merged in a limiting ratio. The justification for restoring their indi- 
viduality by tearing the differential coefficient apart and placing dy 
and dx on opposite sides of the equality sign, thus replacing a differential 
coefficient by two differentials, can be found in A Course of Pure Mathe- 
matics, by G. H. Hardy. This is easily the best book of its kind. 

1 
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1 , 2. The rest of this chapter calls for no intensive study, and it 
can be perused in leisurely fashion. Most of the ideas will be already 
familiar, and are inserted to refresh the memory. Amy new concepts 
that are introduced are easily assimilable and will be encountered 
repeatedly in the later parts of the book. 

We begin with a few fundamental ideas in the calculus. If two 
numbers are so related that the one is determinate whenever the 
other is known, the one is said to be a function of the other. This is 
not a strict mathematical definition of functionality; but for working 
purposes it will sufiSce. Such a relation is usually written y =f(x); 
or (l>(x, y) = 0 . In the former, y is said to be an explicit function of cu, 
and it is usually understood that the relation is reversible, so that if 
need be, it could be considered with x as a function of y, or x == F{y). 
For example, if an ellipse has an axis of 5", then the other axis c is 
determinate if the perimeter s is known. Conversely, the perimeter s 
is determinate if the other axis c is known, and the one is a function of 
the other; s ^f(c) and c = F{s), The fact that the relationship is not 
expressible in a simply calculable form is irrelevant to the idea of 
functionality. 

In the second form <l>{x, y) = 0 , the one variable is said to be an 
implicit function of the other, since the direct dependence of the one 
on the other is more implied than overtly stated. It is then usually 
a matter of choice or indifference which variable is regarded as a 
function of the other. 

A distinction is made between the two variables. The one wliicli 
renders the calculation of the other easier is usually denoted by x, and 
is called the independent variable. The second variable is called y 
and is calculable from x, or is a function of x. Thus, if the relation were 

y = logo; co 8 (l — x) 

it is obviously easy to calculate y for a given x\ it would be far more 
difficult to calculate x for a given y, and it would be insu])(‘ral)ly di di- 
cult to express x as an explicit function of y. If the rehition were of 
the form 

2cc2 + 3^/2 - — 5?/ = 17, 

it would be at one’s pleasure to decide which variable was to be re- 
garded as independent. 

It may well happen that the calculation su-|)plies more than oik^ 
answer. Even in so simple a relation as y = sin"^it:, the value of 
corresponding to x = ^ may be 77/6 or Stt/G, and to each of these values 
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any positive or negative integral multiple of 27r may be added. It is 
assumed in such cases that we are in possession of some criterion which 
enables us to select the required value; otherwise expressed, y is 
regarded as a one- valued function of x. 


1, 3. Notation, 

It almost invariably happens when y is a function of x that y pos- 
sesses a differential coefficient with respect to x. The exceptions are 
the playthings of the mathematicians and need not detain us. This 

differential coefficient is variously written dyjdx or y\ where the 

second form is called ‘‘ solidus notation ”, and in the last one the little 
mark at the top is known to the printer as a prime ’ , and is nearly 
always spoken of as a dash. This differential coefficient is a function 
of X, and in turn has a differential coefficient, known as the second 
differential coefficient of y with respect to x^ which is written 


dx^' 


d^yjdx^ or «/"; 


and so on. 


The prime notation is useful and suc- 


cinct when the independent variable is not in doubt. 

A common exception is when the independent variable is the time 
t. The first and second differential coefficients of x with respect to t 
are then, especially in dynamics, frequently written x and x respectively. 
The foregoing differential coefficients are known as ordinary, which 
distinguishes them from those which occur when more than two vari- 
ables are connected by a single relation, where the resulting differential 
coefficients are known as partial. We shall encounter these later in the 
book; for the present we coiffine ourselves to two variables and the 
resulting differential coefficients which are ordinary. 

1, 4. An ordinary differential equation may be defined as a re- 
lation between some of the various differential coefficients 2/ ? 2/ > <^c., 
and possibly one or both of the variables x and y. As examples we have 


dy 

+ y COSCC = sin 35, 
dx 


d^y 

dx^ 


4 - cohj = 


(1 + y'J^ ... {ayT. 


To solve such an equation mea.ns to find a functional relation between 
tlie two variabhvs, so that wlu'u the oiu^ is known the other can be cal- 



4 


APPLIED DIEEERENTTAL EQUATIONS 


culated. The solution sometimes takes the form of having each variable 
expressed in terms of a third number, so that the variables are given 
parametrically, just as the co-ordinates of a point on an ellipse are often 
conveniently taken in the form a; = a cos^, 2/ = 6 sin 6, It may even 
happen that the answer appears as an integral, and this is still con- 
sidered a solution even though it cannot be evaluated in finite terms, 

Ij 4*1. It is of interest to note that the proportion of soluble equa- 
tions is very low. Only a small fraction out of all the possible equations 
that could be written down would prove on examination to be tract- 
able. This is so much the case that mathematicians have long since 
abandoned the attempt to find new methods of exact solution, and they 
now devote their attention to other aspects of the subject instead. 
The result is that for practical purposes one is called upon to study 
only a few standard types, and to be familiar with the variations and 
adaptations of these. The difficulties which they can provide are 
usually more than enough for the average student. 

1, 5, Every science needs a terminology and the study of differen- 
tial equations is no exception to the rule. The independent variable 
X plays no part here, the terminology being based solely on the depen- 
dent variable and its differential coefficients, i.e. on y, y\ y", .... 

The order of an equation is the order of the highest differential 
coefficient which is present. Reverting to the equations above, the 
first is of the first order; the other two are of the second order, since 
they both contain the second (but no higher) differential coefficient. 
The fact that the last of them contains y" to the second power is irre- 
levant to the order. 

The further specification of an equation presumes that it is written 
in rational, integral form. This means that there are present no frac- 
tional powers which directly affect y,y\ . , . , nor do any of these occur 
in the denominator of any fraction. Such an equation as 


(1 + y'T 

y" 


=(i+xr 


would be deemed to have been re-written as 

^"^( 1 + = (1 + ir?, 

where the index 2/3 is irrelevant to our specification. The degree of an 
equation is then the degree of the highest differential coefficient, so 
that the above equation is not only of the second order but of the 
second degree in that order. 
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An equation is said to be linear when only the first powers of y, 
y\ 2 /", ... are present, and there are no products of these. Otherwise 
expressed, the equation can be written in the form 

a + hy + cy' + dy'" ^ 0, 

where the coefficients a,b,c,... may be constants or any functions of 
X whatever. This is one of the most important forms that we shall 
encounter. Reverting to the three equations in 1, 4 the first two are 
linear and the third is non-linear. 

1, 6. Difierential equations occur naturally when some type of 
change proceeds at a variable rate in accordance with a known law. 
As a first example, consider the vertical free motion of a body of mass 
M. If its upward velocity at any instant be v, the corresponding 
acceleration is dvjdt or v. The motion is retarded both by gravity and 
by atmospheric resistance. If this latter be denoted by R and happens 
to be proportional to some power of the velocity, we have R == 

The laws of motion then give mv = — mg — kv^ as the non-linear 
first order differential equation connecting the velocity with the time. 

As a second example, consider a solid being dissolved by a liquid. 
If the solid has an initial mass m which degenerates to x at any sub- 
sequent time t, the dissolved part of the mass is {m — x). This de- 
termines the strength of the solution, which in turn influences the 
rate of further dissolving. If the latter is inversely proportional to the 
former, we get the differential equation 

— jc = Jc/{m — x), 

where k is the constant of proportionality and the minus on the left 
is due to the x decreasing with time. 

1, 6*1. A point here arises which calls for a certain amount of notice. 
It is no concern of the mathematician as such how far the equation 
truly represents the phenomenon; that is the scientist’s business to 
decide. The mathematician comes into action only after the scien- 
tist has made up his mind what form the equation shall take. It is 
only fair to point out in the former of the above examples that no 
such simple law of atmospheric resistance is likely to hold over a wide 
range of velocities, and other factors would have to be considered if 
the body rose to any considerable height. Temperature variation 
would be important for a better representation of the truth of the 
second example, and some account would probably have to be taken 
of the area of the solid-liquid interface. 

1, 7. In pure mathematics the variables x and y are usually taken 
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as cartesian co-ordinates. Differential equations tlien appear as the 
expression of some geometrical property. It is known, for example, that 
the radius of curvature /> of a plane curve is given by p = (1 + 
so that if one sought a curve whose radius of curvature at any point 
was proportional to the distance of that point from a fixed straight 
hne, one would simplify the problem by taking the fixed straight line 
as or and say pocx. This would give the differential equation 

(1+2/T = WO". 

A relation between x and y is usually visualized as a graph or 
curve. If the equation contains a literal constant or parameter c, so 
that f(x, y, c) = 0, each numerical value of c gives a separate curve, 
and as there is an unlimited number of values for c, we get an infinity 
of curves. These are known as a one-parameter family. Thus, all the 
straight lines which meet OX at 45"^ (and not 135°) are embodied in 
the formula y = a; -f- c, where the parameter represents the intercept 
on OY and varies from one line to another. Similarly, if c is positive, 

a ;2 _ 2c(aj + y) 4- = 0 . . . . (i) 

represents all the circles that lie in the first quadrant and touch both 
axes of co-ordinates. The parameter c is the radius and varies from 
circle to circle. One-parameter families are common enough in science. 
The investigation under conditions of constant temperature of a 
relation between two variables gives a graph of the resulting obser- 
vations made under isothermal conditions. The same experiment 
repeated at a different temperature would probably result in a slightly 
different graph, and we thus get a family of curves with temperature 
as the parameter. 

Naturally it is possible to have more than one parameter. All 
ellipses whose principal axes are the co-ordinate axes are included in 
the two-parameter family {xja)^ 4- («//6)^ — 1, where a, h are the para- 
meters. Similarly, all ellipses whose two foci are on OX a,r(‘. in tlie 
three-parameter family (:c 4- c)^/a^ 4’ -- I- »inne tiling 

applies in science where an experiment might be performed under 
controlled conditions of both temperature and humidity; or where 
a metal under test in the form of a rectangular bar could have the 
length, breadtli and thickness all variable at will, the actual relation 
under inviistigation being between, say, sag and load. 

It miglit be desirable in certain circumstances to consider a family 
as a unity apart from its parameter or parameters, to liavc the para- 
inet(‘rs out of tlie way or eliminated. The result is a property common 
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to all members of tbe family. In the case of the sloping lines y = x c 
mentioned above, this is soon done. Differentiation at once gives 
y' — 1 as the equation of the family bereft of its parameter; and it is 
conversely true that this relation 2/^ = 1 can lead back to no non- 
differential relation other than j/ = a; + c. 

The case of the circles in the first quadrant is not so transparent ; 
but you can satisfy yourself by differentiation that 

r = ^ + yy' 
i + y'" 

whence x — c = , y — c == ~7 

1 + 1 + 2 /' 


As the circles can be written 

(x — c)2 + ( 2 / — c)2 = c2, 

we ultimately get 

{X — 2/)2(1 + y'^) =- (a? + yy'f 


as the differential equation of the family without its parameter 
of the first order, second degree and non-linear. 

The general method for a one-parameter family is now clear. We 
acquire a second equation by differentiation. As only two equations 
are needed to eliminate a single parameter, a single differentiation will 
suffice. We reach the conclusion that a one-parameter family leads to 
a first-order equation, and the case of the circles suggests that the 
equation is unlikely to be of the first degree if the parameter is present 
in powers other than the first. This suggests that conversely the 
solution of a first-order equation will introduce a single arbitrary 
parameter. 

When two parameters are present, their elimination necessitates 
three equations. The given relation will serve for one; two others can 
be derived from it by a first and second differentiation. These three 
relations serve (in general theory at least) for the elimination of the 
two parameters, and they lead to a differential equation of the second 
order. As an example consider our ellipse {x/a)^ + {y/b)^ = 1 with its 
two parameters a, b. A first differentiation gives 


^ + = 0 . 


1 I yy'' + y'^ 
*2 


A second gives 


= 0 . 
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It happens fortuitously that the original equation plays no part in 
the elimination. This comes solely from the second and third, and 
leads to 

jry' = xiyy" + y'\ 

which is of the second order, first degree and non-linear. It appears 
that the elimination of two parameters involves two dilferentiations 
and introduces y’' so that the resulting equation is of the second order. 
The suggested converse is that the solution of a second-order equation 
will involve two parameters or arbitrary constants. You may take it 
as a rule that the solution, of any equation involves a number of con- 
stants equal to the order. The proof of such an abstract proposition 
is the province of the pure mathematician. 

1, A solution involving the appropriate number of arbitrary 
constants is sometimes academically referred to as the general solution, 
or the general integral, or the complete primitive. The solution be- 
comes particular when precise numerical values are given to some 
or all of the constants. Thus 1, 7 (i) is the general solution of 1 , 7 (ii). 
If we put 0 = 0, we get the point-circle -f = 0 as a particular 
solution. This last equation involves a; = 0 = ;(/, and these values 
obviously satisfy the differential equation 1, 7 (ii). 

1, 7-2. The actual values of the constants in any given problem 
are determined by specified conditions, usually known as boundary 
conditions, or end conditions, or initial conditions. The vstop-watch 
may be started when a moving light-spot is j)assing the zero-mark, 
and we have a; = 0 when if = 0. A loaded built-in beam has zero 
deflection at the wall and projects horizontally, so that ?/ ™ 0 and ?/' = 0 
when ic = 0, if y be the deflection at distance x from the wall. 

1, 7-3. Summary, 

A differential equation occurs when a rate of change takes place 
in accordance with a mathematically expressible law. It may also 
occur by eliminating the parameters from a family of curves ; in which 
case it represents a common property of the family and the order is 
the number of parameters. Conversely, in solving an equation we 
expect the appearance of constants, in numb(‘r (‘qual to the order. 
Their values are usually determined from specified conditions. 
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EXERCISES, 1 , 8 

1. Verify that all circles which touch OY at the origin are included in 

a;® -j- ^2 2ca;. 

Deduce that the differential equation of the family is 

^ = 2 xyy\ 

2. All parabolas whose vertices touch OF at the origin are included in y^= cse, 

whence y = The fact that y' = yl%x provides a geometrical method of 

drawing the tangent at any point. 

3. The adiabatic law ^ = c leads to 

by eliminating c. 

4. The catenary «/ = c cosh ~ leads to 

c 

y Quihr^y' = a5V(l + y'®). 

JC® w® 

6. The family of oonfocal conics — + — = 1 

gives y'(a^ — 6®) = (a; + yy'){ot^' — y) 

by the elimination of the parameter X. 

6. A point describing rectilinear simple harmonic motion of frequency ci)/ 27 t: 
per second has displacement x at time t given by either 

a; = A sin cof + i? cos of 
or a; = E sin(of + 9). 

The corresponding equation in both cases is 

X + = 0 . 

7. In a resisted harmonic motion the displacement may have the form 

X == sin(pf -h 9)* 

By olimmating the amplitude A and the phase angle 9, prove that the equation is 
X 1 - 2olx - 1 - ( a 3 - 1 - = 0 . 

8. If a and 6 are arbitrary coiistantw, linil the equation whoso solution is 

y = a seca; + 6 tiinrr. [y" ~ y seo^a; + y' tana;.] 


2 


(0 237) 
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9. The formula u= Pr occurs in the theory of the strength of cylinders. 
Prove that it derives from ^ 

d^u , du 

r ^ u 
dr^- dr 




dil d 
dr 


10. All rectangular hyporholaa with their asymptotes parallel to the co- 
ordinate axes are contained in 2y'y"' ■ - ^5//"“. 

11. The relation 

y ^ A sina;f -\- B cosaa* -f G sinhaa: + jO coshaa; 
is of frequent occurrence. It corresponds to 

(Py . 


12. As a departure from the routine procedure, consider a parabola whose 
focus is at the origin O and whose vertex is on OX left of the origii\. If P be any 
point on this curve (in the first quadrant for convenience) and the tangent PT 
makes an angle 0 with OX, it is a known ])roperty of the curve that OP is in- 
clined at 20 to OX. As tanO = i/' by the (elementary calculus and tan 20 ^ yjx 
from the figure, the trigonometrical relation betw^eon tanO and tan 20 k^ads to 
the differential equation of the family. You can verify your result alt<T satisfying 
yourself that the family has tho cartesian equation y® = 4c{x c), leading to 

2/(1 - 2 /'^) - 2 x 1 /. 

13. A procedure similar to No. 12 can be applied to tho circles touching both 
axes; see 1, 7 (i) and (ii). Let P, with (;o-ordin{it(w .r, y, be any point on one of 
the circles. Let T be the foot of the perptuidicuhir from the origin O (m to the 
tangent at P. It can bo shown by ekumaitai'v geometry that PT -- x— y. If 
PT, TO bo inclined at ^ reHjKud-ively to OX, we have tanvj; = y' and 
tjj r= + a. This leads to 

PP = a; — 2 / — ;/y cosa ~ X sin a y siinjj -\- x cosi};, 

and the differential equation of the family follows. 

14. Tho primitive y = ^ Ic^ids to 

f „ (•'«?/) = 0. 


How do you explain this being of tla^ S(Mtond order, wlK'n^is l-lau-e are appan^ntly 
three constants ? 


1 , 9 . Hyperbolic Funciiom. 

For th(js(i who hav(‘- tlu^ riglit tyjx^ of niitid th(‘ solutioji ofdilTeren- 
tiiil equations is an (nul in itsedf, juid is eji])ul)l(‘ of giving e.onsidi'rablc 
mental sa,t is faction. Hut for tln^ ])ra,etieal man it is (‘ssentiul that the 
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solution should be translatable into figures. It is presumed in the 
present work that the reader is prepared to obtain numerical results. 
These need not be carried to a high degree of accuracy, so that a set 
of four-figure tables will suffice. Even better is a slide-rule fitted with 
an exponential scale. The solution of such equations as 

cc 2*3 _ 3.5^ Qj, 3.935 _ 11.2 

can then be picked off in less time than it takes to find the right page 
in the tables. Moreover, the logarithms that appear naturally are 
Napierian, and few small books contain satisfactory tables of these. 
Hyperbolic functions crop up repeatedly, and here the small tables 
are even less satisfactory. 

Experience shows that these simple functions are not usually as 
well known as is desirable, especially in their integral properties. In 
many ways they are simpler than plane trigonometry and they are 
easily tamed with the aid of a slide-rule. Whether we like it or not 
they make their appearance in scientific investigations quite naturally, 
and it is as well to dominate them at the outset. The next few pages 
are intended to facilitate this. 


1 , 10 . The Exponential Theorem, 

We begin with the exponential theorem. The number which is 
universally denoted by e makes a natural appearance in mathematics 
in the form of an infinite and convergent scries. 


h.*. . 

1! 2! 3! 


The symbol n\, read “ factorial n ”, denotes the continued product of 
the integers from 1 to inclusive, so that 5! = 1.2.3.4.5 = 120. 
The value of e has been somewhat uselessly computed to several hun- 
dred places of decimals, the first few figures being 2-7182818... . The 
decimal neither terminates nor recurs, so that e is incommensurable 
juul cannot be succinctly and accurately represented by a fraction 
with integral numerator and denominator. 

The exponential theorem states that for a positive x wo have 


= + + - + . . . 

2! 3! 


The number of terms is infinite, and tlu*, series convcvrges for all values 
of X, The sum is essentially positive since each term is positive. As 
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X approaclies zero the value approaches unity since e^ = l. As x 
becomes large, the value increases without limit; no number N is so 
large but that an x can be found to make larger than N . 

For negative values we have 


1 


This converges for all values of x and is essentially positive since 
is the reciprocal of As x becomes large e‘^ increases indefinitely, so 
that 6“"® tends to zero whilst remaining positive. 

The curve y =-e^ thus lies wholly above OX, and is asymptotic to 
it on the left, crossing GY at 46° with intercept unity. The curve 
y — e~^ is its mirror reflection in GY, so that the curves are perpen- 
dicular where they cross at (0, 1). Any horizontal line above OX 
cuts each of these curves once only; any horizontal line below OX 
never cuts either of them. The equation 6® = a therefore always has 
one real root for any positive a, large or small. There are no real roots 
if a is negative; the solution of such an equation as e® + 2-31 = 0 
is imaginary. It is worth noting that e® is frequently written exp x 
if the exponent x is at all complicated. 


1 , 11 . Definitions and Properties. 

The h 3 rperbolic functions are defined in analogy with the expo- 
nential values of the trigonometrical functions. Just as we write 

cos e = i(e’^ 4- e-*’*), sin 0 = (e‘" - e''"), 

so we write coshcc = |(e® -|- e“®), sinhoJ = Ke® — - e“®). 

Two things to notice are, (i) the imaginary i makes no appearance in 
the hyperbolic definitions ; (ii) where the number 0 is an angle in radians, 
X is pure number and has no connexion with angle. 

The definitions are equivalent to 

coshcc 4- sinhcc = e®, 
cosh a; — sinhic = e“®. 

We can immediately make observations on their properties. Coslur, 
being the half-sum of two positive numbers, is essentially positive, 
and it is easily shown to have a minimum value of unity when x is 
zero; coshO = 1. It is a symmetrical or even function in the sense 
that cosh (— as) = coshic; consequently an equation like cosher = 3*8 
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has two equal and opposite roots, whilst equations like cosh a; = -I, 
or cosh a; = — 1*3, have no real roots at all. 

Sinha? is a skew or odd function since sinh(— -cu) = — sinha?. The 
curve y = sinha? ranges from when x is large and positive, to 
— 00 when ^ is large and negative. It inflects through the origin at 
45° and sinhO = 0. Any horizontal line meets it once, so that the 
equation sinha; = a always has a real root if a is real, the two being 
positive or negative together. 

In the relation 

cosh a? — sinhaj = 

the right side is essentially positive, so that coshaj > sinha? for all 
values of x. For large positive values of a?, the values of cosh as and 
sinha? are practically equal and indistinguishable from 
The product of the two relations gives 

. (cosh a; + sinh a;)(cosha: — sinha;) = c® . 

or cosh^a; — sinh^a? = 1, 

which again shows that cosh a? > sinha?. 

It can be left to the reader to prove that each of these functions is 
the indefinite integral of the other and also the difierential coefS.cient 
of the other. 

coshrr = sinhcc = fcosha; dx, 
dx 

— sinha; = cosh a; = fsinhx dx, 
dx ^ 

Their series are 

/v»2 

cosh a; = I + - ' ; + ■ - + . . . , 

2! 4! 

sinha: = jr + ^ ™ + . . . , 

3! 5! 

all signs being plus, so that for small values of x we have the approxi- 
mations 

cosh a; = 1 -j- sinha; = x. 

The function tanha; is given by 

^ , sinha; c® ~ rr ® c-® — 1 

tanna; — . _ — : 

cosli X c® -|- e“® -J- 1 
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Since sinha? is less than cosh a;, tanha; is less than unity in absolute 
value and takes the sign of x. It is a skew function since tanh(— a;) = 
—tanhoj. The curve y = tanha; passes through the origin at 45° with 
inflection; tanhO = 0, and tanha; is always less than x in absolute 
value. On the right it is as 3 miptotic to y = 1, and on the left it is 
asymptotic to = — 1. It follows that the equation tanha; = a has a 
real root whenever a is less than unity in absolute value; otherwise 
the root is imaginary. 

The chief properties of secha; can be deduced from secha; = 1 /cosha;. 
Its value is always positive and it is symmetrical. It has a maximum 
on OF; sechO = 1. It is asymptotic to OX at both ends, and hence 
it must have two inflections. These two functions are related by 

d 

— secha; = —tanha; secha;, 


— - tanha; = sech^a;. 
dx 

Note that the former differs in sign from its trigonometrical analogue. 

The other two functions are more rarely used. Cosecha; = 1/sinha; 
is doubly asymptotic to both OX and OF, and looks rather like the 
rectangular hyperbola a;^ == 1 ; it has two separate branches in the 
first and third quadrants. 

Ootha; = 1 /tanha; likewise has two separate branches in the first 
and third quadrants. Both branches are asymptotic to OF; but the 
one is asymptotic to y = 1 whereas the other is asymptotic to y = — 1. 
The branch of cotha; in the first quadrant lies wholly above the corre- 
sponding branch of cosecha;. 

The hyperbolic functions find their first application as parametric 
co-ordinates on the hyperbola. If {x/a)^ - (y/b)^ = 1, we can take 

X = a coshw, y = b sinh?/. 

Note at the same time that we can equally well take 

x = asec6, y = bta,n6. 

At any point L on OX erect the ordinate to meet the curve at A and 
the asymptote at B. The geometrically obvious fact that LB is greater 
than LA is equivalent to coshw > sinhw. Also if C be the vertex of 
the curve, the area of the sector OCA is \abu, just as in the case of an 
ellipse the corresponding area would be ^abe, where 6 is the eccentric 
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angle. The result is easily established by the formula 
sector OCA = J / {xdy — y dx), 

1, 12. Inverse Functions, 

The direct and inverse functions are merely two ways of looking 
at the same graph. If a set of tables gives cosh 1-4 = 2*15, this is a 
succinct way of saying that in the graph oi y = coshcc an abscissa of 
1-4 gives an ordinate of 2-15. If we choose to view the statement the 
other way round and say “ an ordinate of 2*15 gives an abscissa of 
1*4 ”, then 1*4 is some function of 2*15 and it is convenient to write 
it as 1-4 = cosh~^ 2*15. There is nothing in the inverse functions more 
than that; in fact, the graph y = coshcc becomes y == cosh'^a? if we 
rotate the figure through \tt clockwise. The same is true of the sech 
curve, but not exactly of the sinh or tanh curves since rotation would 
need to be followed by reflection in the new OX, 

1, 13. Numerical, 

In handling the direct functions coshx and sinhx on a slide-rule, 
we begin by picking off e® and then reciprocating it. The half sum or 
difference then gives coshcc or sinh a?. If both are required, it is quicker 
after first calculating cosha^ to get sinh a? by subtraction, from the 
formula 

sinh a; = cosh a? — e-^. 


Example I a; = 0-68; e® — 1-973, 

Reciprocal = 0*507; sum ~ 2*480. 

\ sum = 1*240 == cosh 0*68. 

Difference = 0*733 = sinh 0*68. 

In the evaluation of tanh a? it is better to employ 
tanh a? = {e^^ — l)/(e^® + 1). 

Example . — Calculate tanh 0*37. 

rr == 0*37, 2x = 0*74, = 2*09. 

2*09 - 1 

tanh a; -- - = 0*353, 

a result tliat a,ccords with the statement that taiih-r < x. 

The determination of the inverse functions cosh“^ 2 / and smlor^y 
depends on cosh a? + sinh x = e®. Whichever is given, the other has 
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to be found and the answer deduced from the exponential. An example 
will make this clear. 

Example , — ^Pind sinh""^ 1*37. 

Put sinh”"^ 1-37 = a;, so that 

Bmhx= 1*37, sinh®a;= 1-89, 
oosh^a?= 2*89, cosha;= 1*70, 
sum = 3-07 = e», 
whence a; = 1-12 = sinh”"^ 1-37. 

For the inverse function tanh“^«/ we employ an earlier relation in 
the form 

1 + tanha? 

g2aj — — — . 

1 — tanha? 

Example , — Calculate tanh"^ 0-88. 

Put tanh"^ 0-88 = x, so that 

tanha: = 0*88, e®® = == 16-7, 

2x = 2*76, X = 1*38 = tanh*-^ 0*88. 


1 , 14 . Standard Integrals, 

The hyperbolic functions play a useful part in uniformizing certain 
standard forms in the integral calculus. 

/ dx X Xj 

— = sin“^ - or — cos“^ - . 

— a;2) a a 

This double form of the result is at first rather mystifying; but the 
explanation is simple. For any angle j8 we have cos j8 = 8iii( 27T — ^). 
If we put each of these equal to v, we have ^ = cos~^t;, 

Jtt — ^ = sin“^t; = — 008 “^^;. 

In the indefinite integral, the Jtt is omitted as being merely part of the 
arbitrary integration-constant. 

/ dx 

—rr-7i ^7 , x>aj 

— a^) 

put x=^ a cosh^^ so that dx — a smh^^d^^, \/(pi? — = a sinh?/. The 

integral becomes 

cc 

Idu = u = cosh"^ 

a 



PRELIMINAEY NOTIONS; HYPERBOLIC FUNCTIONS 


17 


The substitution x = a sinhw gives dx^ a cosh, udu, + c?) — 
a cosh^^. Hence 

/*- - - 5 - — 5 : = \du = u = sinh-^ 

J + a^) ^ a 

Three other forms can be similarly treated. We have the standard 
form 

r dx 1 , . X 1 ^ ^x 

:-tan-^- or — -cot"^-. 


or x^ a 


a a 


The substitution x = a tanh^^ gives 

dx = a scch? udu, (a^ — x^) = sech^w. 


Hence 


/• ® =/■*_!! = 

X X a a a a 


The substitution x = a cothw gives 

dx = —a cosech^tidii, (x^ — a^) = cosech^w. 

TT r dx u 1 - T. 1 

Hence / coth~^ 

X x^ — a a a 


These last two forms are essentially the same; they merely differ in 
sign. As tanhw is less than unity in absolute value, whilst Goth'll is 
greater than unity in al)solute value, the two results hold in different 
regions according as x is less or greater than a. 

Consider the integral 

Jsecic dx — log (sec a; + tana?), 

a result which always has to be looked up in tlie book and whose proof 
involves a feat of ineniory. We have jneviously mentioned the two- 
fold parametric form of the co-ordinates on a hyperbola. They suggest 
putting sec a? = cosh w, whence tana? = sinhw and sec a? tana? dx~ 
sink?/ du, so that secci? dx = du. We then have 

|seca? dx — ^du — 'W = sinlr'^ tana? = cosh“^ sec a?. 

In a similar manner the equivalent substitutions cota? = sinh^/., 
cosec a? ~ cosh'?/ gives 

Jcoscca? dx — — cosli“^ cosec a? = — sinli~^ cot a?. 

The above results are assembled below for convenience of reference. 
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It remains to point out tlie connexion between hyperbolic and trigo- 
nometric functions, which is 

cosicc = cosh 35, cosh id? = coscc, 

sinix == i sinha;, sinhia; = i since. 

Note that cosh logee = ^{x -j- x~^) with other similar results. 


1, 15. Standard Forms, 


a>x, 

a;> a, 


f dx 

jT/infi: 


f 

J: 


•>/ {a^ — x^) 
dx 

'\/{x^ — a^) 
dx 


a> 

x> 




L 


dx 


x^ + a^ 
dx 


f ax 


r dx 
J x^ — a 


. .X . X 

= sin“^ - or —cos”-^ 
a a 

= cosh-i 

a 

= sinh“^ 

a 

I , .X 1 , T ce 

= - tan“^ - or — - cot"^ 
a a a a 

= - tanh“^ - . 
a a 

= — - coth”^ 
a a 


^secxdx = sinh”^ tance or cosh“^ secce. 

Jcoseca? dx = — sinli“^ cotx or — cosh“^ cosec cc. 

It is well worth the student’s while to draw the graphs of these func- 
tions. A suitable range of values is —3*5 < cc < 3*5 at intervals of 
0*5. The horizontal axis should be taken rather below the middle of 
the paper since the functions lie for the most part above OX. The 
appearance is improved if the horizontal scale is made rather larger 
than the vertical scale. A suitable unit for is 2 cm. and for cr 2*5 cm. 
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First Order; Standard Methods 

2, 1. The equation of the first order and first degree is one of the 
simplest classes of differential equations and is fortunately one of the 
most useful. It can be written as dyjdx = y). It is not soluble in 

general; if y) be w’ritten down at random it is highly unlikely 
that the resulting equation would prove tractable. The soluble cases 
fall into certain well-defined types which are classified as: 

(i) variables separable, 

(ii) the homogeneous form, 

(iii) the exact equation, 

(iv) the linear equation. 

2, 2. Variables Separable. 

The variables are said to be separable if the equation can be written 
with one side as a function of x, multiplied by dx, whilst the other 
side can correspondingly be written as a function of y, multiplied by 
dy. It follows that (j){x, y) will have one of the five forms P(a3), §(«/), 
P{x) . Q{y), P{x)IQ{y), Q(y)IP(x). When the variables have been 
separated, we can write 

fix)dx = F(y)dy. 

In particular cases, either f{x) or F{y) may be a mere constant. In- 
tegration at once gives 

lf(x)dx = SF{y)dy -f constant. 

This is considered to be the solution even if the integration cannot be 
performed in finite terms. The constant is determined from assigned 
conditions, or otherwise left arbitrary. 

2, 3. The following examples illustrate the method. 

Exani2)le 1. — Solve x = coiy with the conditions that y = 7c/4 when a; = 1. 
dx 

Wo have jdxfx— jta.ni/dy \ constant, 

logo; = log secy -|- logc. 

19 


wlicnco 
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Here the constant is taken as logc since both the other terms are logarithms. 
Logc is just as arbitrary as c, and this procedure usually adds to the elegance 
of the solution. This gives x = c secy. If a; = 1 when y — 7r/4, substitution 
gives 1 = cseOTc/4, so that 0= cos7t/ 4= iyV2. The solution thus becomes 
secy = a:V2. 

Certain simple electrical problems can be solved by this method. 

Example 2. — A. condenser of capacity G, charged to a voltage V q, is discharged 
through a resistance JS. Find the voltage V at any subsequent time t. 

The charge Q on the condenser, measured in coulombs, is given hy Q = OV^ 
The current I is defined as the rate of change of Q. This is negative as the con- 
denser is discharging, and we have 

dt dt 


Ohm’s law, that resistance X current = voltage, then gives 


F- 



and the variables are separable: 

dV _ dt 

T “ Sc 

and log F = loga — 

The arbitrary a is identifiable wdth Fq since that is the voltage when t is zero if 
we count the time from the closing of the circuit. This leads to 

7= Foexp(-i/i2(7). 


The fact that F is defined by a negative exponential shows that it asymptotically 
approaches zero with the lapse of time. We examine the matter numerically. 
The farad unit of capacity is too large for practical purposes; the microfarad, 
pF, or millionth of a farad, is commoner. Suppose, then, that the condenser has 
U == 0*3 gF and R — 20 ohms, in what time will the condenser lose 99*9 per cent 
of its charge? We have 

= 20 X 3 . 10-7 = 6 . io-6j y/y^ = Iq-s = e^]?(-tlRO), 


since F is only 0-1 per cent of Fq- 

t/RG = logg 10 ^ == 6-91 ; t== 4: . 10 ~® sec. approximately. 

Example 3 . — A series circuit consists of a battery of constant voltage E, a 
resistance R, and an inductance L, If the circuit, initially open, is closed at time 
^ = 0, calculate the rise of the current. 

The “ voltage ” to be used in Ohm’s law is the total voltage, consisting hero 
of a battery E and a back E.M.F. = —Ldljdt from the inductance. Hence 

dt 


and the variables are separable. 
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dt __ dl 

whence 1 = - i Iog(Jf - iJ/) + 1 logo. 


Here the arbitrary constant has been given the convenient form (Iogc)/i?. 
Initially there is no current, so ^ = 0 = / gives c — E, 


t 

L 



E 

E-m 


This gives the time t in terms of the current /. It is customary to reverse the 
relation by writing 


whence by inversion 



E 

E^ W 



so that 


J = 


E 

R 


1 — exp 



As t becomes large the exponential goes towards zero asymptotically, so that the 
current I asymptotically approaches its steady final value E/R. The unit of 
inductance is the henry, but in practice the millihenry is commoner. It is written 
mH, and its value is one- thousandth of a henry, or 10“®H = 1 mH. To got an 
idea of the order of magnitude of events, suppose a battery (whose voltage is 
immaterial) acts on a 20-ohm coil whoso inductance is 0*03 mH. The current 
reaches OO'O per cent of its final value wlien 1 ~ i)xi){—Rf/L) = 0-090. This gives 
oxp(-ie//L)= O-OOl; or exp{/i’/!/L) - : 10^ Hence 

3 ."lO-= "" ^ 

and t = 10~® see. approximately, or a hundred thousandth of a socf)Md. 


Tlic following is an applica-tion. of the inotliod to a geometrical 
problem. 

Exam/ple 4. — Find <a curve in which the projection of tho ordinato on the 
normal is constant. 

If the tiuigent at any point of a curvo makes an n.nglo ^ with OX, this is tlie 
angle between the ordiniito Jind tho normal. I^y iiypotliosis tho curve has 
;// cos 4* — a, or coscj; ~ ajy, whore a is tlie eonstjiut length of tho projection. But 

dy/dx — tan -- a^/a. 

I [once, on separation, .... ■ 

V(//- - {(-) a 

^i'Ud coslr'i ™ • [- c, 

a a 
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If a; = 0 when y = a, then c = 0 since cosh“^ 1=0. Hence the curve is 


y = a cosh 

a 


the common catenary. 


2 , 3 - 1 . Loss of Solutions. 

The above illustrates a point which is frequently overlooked. 
When the separation of the variables involves division it occasionally 
happens that some of the solutions are lost, in the sense that they 
cannot be derived from the general solution by giving particular 
values to the arbitrary parameter. If in the above Ex. 4 we put j/ = a, 
then iyfdx = 0, and as these identically satisfy the diSerential equation 
they must be part of the solution; but they cannot be derived from 
the general solution by giving a value to the parameter c. 


2 , 4 . The separation of the variables is of frequent use in solving 
mechanical problems. 

Example 5. — A. body of mass m falls vertically by the action of gravity. It 
experiences an atmospheric resistance hv^ when its velocity is y. Discuss the 
motion. 

Taking the downward direction to be positive as measured from some initial 
height, the mass has acceleration dvjdt. The downward force is the a,tmos- 
pheric resistance upwards is hv^. The equation of downv^ard motion is 

7 9 

mg — kv^ = m — . 

dt 

The variables are separable; we can write 


kdt== 


mdv 


where a® = mg/k. Integration gives (if v < a) 


c + = — tanh~^ ?. 

a a 


If we suppose the motion to have started from rest, we have i — 0 = v. 
Substitution gives c = {m/a) tanh”^0, so that c is zero. 

- = tanh — == tanh6<, 
a m 


where h = ak/m^ V(gklm). The function tanh 6^ is asymptotic to unity with 
increasing t. It follows that the velocity asymptotically approaclKNS tlic value 
a = V{mg/k). This is known as the “ terminal velocity 1Mie mass would (lease 
to accelerate when the atmospheric resistance Just c()unt(M’l)id;uu!<Hl t.lu^ gravi- 
tational pull, a state of affairs which is gradually approached as the V(;locity of 
descent increases. For this reason the arrival velocity of raindrops or liailstones 
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IS little indioation of the height from which they have fallen, and a parachutist 
reaches earth with a reasonable landing velocity Numerically, if the body reached 
99 9 per cent of its termmal velocity in 7 6 seconds, we can get some light on k 
We have 


tmkht = 0 999 = 


exp {2ht) — 1 
exp(26i) + l’ 


exp (2 ht) = 1999, 2 6^ = log^ 1999 = 7 60, 


h = — =05= V(gklm), 
2 X 7 60 I 


the unit being cm 


kjm = 2 55 X 10“^, 


[It IS suggested that the reader now try some of the exercises, post- 
poning the next three sections till a second reading ] 


2, 4 1. lnterj)retaUon of the Form 

A ghmpse of the inner meaning of this soluble form can be obtamed 
by considering a family of curves which is generated by translating 
a given curve, and here the word “ translating ’’ is used in its kine- 
matical sense as being devoid of rotation Consider the curve y =f(x ) , 
if we transfer the origin a distance c to the right, the equation becomes 
yz=:f{x + c) The same result would be obtained by keeping the axes 
fixed and translating the curve a distance c to the left The different 
cm VOS which can be obtained by varying the value of c form a one- 
paiaineter family All members of this family are identical in shape, 
size and oiientation Any one can be made to coincide with any other 
by lateral translation If the original curve be eqmvalent to x== F{y), 
the family y —f{x + c) can be written x c = F[y) The differential 
equation of this family is 1 = F'(y)dyldx, whose variables are separable 
If we wiito P{y) for the reciprocal of F'{y), we conclude that the equa- 
tion dyjdx ~ P{ij) represents a one-parameter family of curves formed 
by translating some curve along the axis OX Similarly, dyjdx = Q[x) 
lepresents a one-parameter family formed by pure translation along 
OY 


2, 4 2 Oblique Traiislafion 

Tins raises the c|uestioii of what happens if the translation is oblique 
Suppose A, B aie two points on the curve y =f{x) Let us form a 
family by translating tins ( urvo along ax by = 0 The point A will 
take other positions A^, &;t , and these will all he along a parallel 
line ai by ~~ q SimiLnlv, B takes positions &c , which lie 
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on a line ax -{-hy^ C 2 . The tangents at A, 4i, &c., are all parallel 

to each other; and likewise the tangents at B, jB^, &c. A rough sketch 
will make this clear. It appears that along any line aa; + 6«/ = c 
parallel to the direction of translation, the value of dyjdx is constant; 
but it varies from line to line, i.e. it changes with c. The mathematical 
expression of this fact is dyjdx = jF(c), or dyjdx — F{ax + by), since 
ax + by = c. 

This is about the only way of disguising the form which is soluble 
by separation of the variables. Even so, the disguise is easily pene- 
trated; we can solve by taking a new dependent variable defined by 
tz=ax-\-by. 


Example 6. — Solve ^ = sin2(a: — 2y), 

Put t= X ^ 2y, so that 

* = — 2 sin2(« - ^y) = 00824. 

dx dx 


The equation becomes 

sec 2t dt = dx, 

so that 

cosh~^ (sec 2t) = 2aj -|- c, 

and 

aec2(u; — 2y) = cosh (2a; + c), 

or 

tan2(a; — 2y) = sinh(2a; + c), 

or 

sin2(cc — 2y) — tanh(2a; -j- c). 


2, 4*3. Generalized Translation. 

To complete the picture we consider a sort of generalized trans- 
lation. The co-ordinates of a point on a curve are often given para- 
metrically; thus for an ellipse we often take a cob 6, b sin0; or for a 
parabola y^ = 4:ax we take at^, 2aL Suppose a curve given by x ==/i(0), 
y z=f^(^d). We can create a one-parameter family from this by writing 

y=h{^ + <^)- 

The elimination of 9 would give (j){x, ?/, c) = 0 as our one-parameter 
family. If we suppose that the original parametric equations can be 
inverted into 

F^{x) = d = FM 

the amended equations for the family give 

e = Fi(x), d + c = F^{y), 
so that our family is F,J^y) = Fy{x) c. 
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The difEerential equation of this family is 

whose variables are separable. Notice that the parametric form of the 
original curve can be recovered by writing 

^2' (^) dy = dd = Fi{x) dx. 

We conclude that any equation of the form P{x) dx = Q{y) dy repre- 
sents a one-parameter family which has been formed by varying one 
of the co-ordinates of the curve when expressed parametrically. 

Example 7. — Consider the curve defined hy x— costoi, y = sin26)^. If j{ be 
interpreted as the time, whilst co is a constant, it represents a point performing 
simultaneously two perpendicular simple harmonic motions. Their amplitudes 
are the same, but the vertical motion is twice as rapid as the horizontal. This 
usually gives a Lissajous figure of eight. The curve in this case is 2 cos"^a?= sin""^?/* 
We can throw one of the motions out of phase by writing 

X = cos (coi -j- fi), y = sin2c*i^. 

The family is now 2 cos~^a; = sin~^2/ + differential equation is 

_ 2dx __ dy 
V(1 - x^) “ V(1 - 2/2/ 

and the variables are separated. To recover the parametric form of the original 
curve, we write 



V(l - V(l— 2/2) 

whence 2 cos“^ic = 6 — sin-^y? 

or y = sin 0, a: = cos J 0, the only difference being that 0 has replaced 2o>t, 



2. r - cotx coty. 
dx 

3. bcc2u; tan/y dx tana; dy = 

4. ^ - - t-anha; - - tana;, 

vy dx 

5. V (a -1- a;) -\- x = 0. 
dx 

3 


[y{a — a:^) = 4.] 

[sin:*; cosy ~ c.] 
[tana; tany = c.] 
[cos a; cosh a; = cy.] 

[2(a: — 2a)\'{x -(- a) = c — 3y.] 


EXERCISES, 2, 6 


0 . 


(0 237) 
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6 . 2 / 2 ). 

dx 

Note the loss of the solution y = a. 


[y = asin(ie+ c).] 


7. ^+('L-L^Y=0- 

dx^ \i-xy 

Obtain the solution in algebraic form. [ 2 / V (1 — a:^) + xV{l — y^) = c.] 

8. Prove that — = represents rectangular hyperbolas which all pass 

dx x^ — I 

through the points (1, 1) and (—.1, — !)• 

9. Solve the equation a: ^ — 2 / = * 2 /, and detennine the arbitrary constant 

dx 

so that the curve passes through the origin at 45° to OX. bj = 


10. Prove that no solution of ^ + ( 2 / - 1) cos® = 0 can cross or touch the 

dx 

line y==l. Any solution must oscillate between two horizontal lines which are 
both above or both below y = 1. Sketch a few members of the family. 

[ 2 / = 1 + a exp(— sina;).] 


11. Find a curve in which the normal is proportional to the square of the 
ordinate. Determine the constant so that OF is crossed horizontally. 

[A catenary.] 


12. Find a curve whose normal is of constant length. 

[A circle with centre on OX.] 


13, A simple series circuit consists of a resistance R, a battery of constant 
voltage E and a condenser of capacity 0. Initially the circuit is open and there 
is no charge on the condenser. If V be the voltage of the condenser at time t 
after closing the circuit, prove that V asymptotically approaches its final value 


E in accordance with V = Ell 



If B = 20 ohms and C = 0-03 pF, estimate the time for the condenser to 
receive 99 per cent of its final charge. 


14. A battery of constant voltage E is sending a steady current E/R through 
a coil of resistance R and inductance L. If the circuit be broken, prove that tho 

E 

current decays to zero by the law ^ ®xp 

R 



15. An experiment was made to test the insulation of an electric cable. A part 

of the cable, with capacity 0*237 p,F, was charged to 200 volts. The cliarge escaped 
through the insulation and in 15 sec. the voltage fell to 163 volts. (Ulculatc the 
resistance of the insulation in megohms. [313, approximately.] 

16. Find the isothermal relation for a gas whose elasticity is proportional to 

the pressure. The elasticity is defined as the negative rate of change of pressure 
with volume per unit volume. [P = constant.] 
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17. A soluble sphere is placed in liquid and begins to dissolve, but remains 
spherical. The rate at which it dissolves is proportional to its surface area, but 
inversely proportional to the strength of the solution. If 10 per cent of the mass 
dissolves in 10 sec., in what time will 20 per cent have dissolved ? [About 42 sec.] 

18. Equations of the type ~ -f ax'^ = 0 are met in the theory of mass action 

at 

in physical chemistry; n is necessarily an integer. If corresponding values are 

X = 10 0-5 0-3, 

^ = 0 3 10 , 

prove that the most likely value for n is 3. 

19. A circular column of variable section supports a dead-load P. The mean 
compressive stress on any horizontal section has the constant value/. The material 
of construction weighs w per unit volume. If the column has radius x at depth 
y from the top, prove that 

./^=Pexpf^). 

20. A mass m is projected vertically upward from the ground with initial 
velocity u. The atmospheric resistance is ho^ when the velocity is u. Prove that 

the time of ascent is i = ? tan“^ - where 

g a k 

21. In example No. 5 in the text, taking the acceleration in the form v dv/dx, 
where x is the displacement, prove that 

2kx , 

= log -r 

m 

on the assumption that the mass starts from rest with zero displacement. Deduce 
that if the mass reaches 90 per cent of its terminal velocity in a fall of 100 metres, 
h/m ~ 8*3 X 10“® in c.g.s. units. What are the dimensions? 


22. In the case of shooting flow of water over a weir, the profile of the free 


surface satisfies the equation 


Integrate it. 


23. The axes of co-ordinates are the principal axes of a central conic. Prove that 
its differential equation is yy' — x(yy" -|- y'^). Conversely, prove that this equation 
gives a central conic. Begin by choosing a new variable defined by w = yy\ 

24. A moving point with co-ordinates x, y has velocities (a -f- x) parallel to 
Oy Jim I [b — y) parallel to OX. Prove that it describes a circle. If the velocities 
be intonilijinged, prove that the path is a liyperbola. 


d'u 

25. A s(fliiti()n of the equation - ' = (^' -\~ y)^ passes through the point (J-, ^). 
Calc u late y Avhen x = 0*7. [y = 0*8084.] 

20. Provo tlijit the solution of the equation (x -\- y) is 

(lx 

X H- 2 log [I I- y/(x p y)] - 2v/(;/; b y) + c. 
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27. Prove that the equation 

+ G) 

dv a f{au hv c) 
is soluble by separation of the variables. 

28. A one-parameter family is formed from an ellipse by slightly changing 
the parametric co-ordinates from x = a cos0, «/ = 6 sin0 to re — a cos(0 -|- c), 
y — & sin0. What does the family look like ? What is its cartesian equation and 
its differential equation? Prove that this last is soluble by separation of the 
variables. 

2, 6. The Homogeneous Equation. 

Suppose the first-order first-degree equation to be written in the 
form Mdy = Ndx where M, N are functions of x and y. If these are 
homogeneous and of the same degree the equation is said to be homo- 
geneous. For example, the equation 

{xy — x^) dy = dx 

is homogeneous. The same thing is sometimes expressed by saying 
that the equation is homogeneous if it can be expressed in the form 



Thus the previous equation could be written as 

dx 

X 

Such an equation can always be solved by choosing a new dependent 
variable v defined by 2 / = vx. This substitution enables us to separate 
the variables. We have 

y 

X 

so that -^z=zv + X 

dx dx 

Substituting these values in equation (i), we have 

dv 
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and the variables are separated as 

dx __ dv 
X <f>{v) — V 

After performing the integration we replace v by 


Example , — Solve 2xy ^ 
dx 


We have 


The substitution y — vx gives 


dy __y^ — 
dx 2xy 


, dv 
v-\- X- -■ 
dx 


v^-1 


2v 


or 


Hence 


dx 2v 

2vdv xdx__^ 
-j- u. 


-f 1 X 

and the variables are separated. Integration gives 

log('i;2 -(- 1) -j- logo; = logc 

or x{v^ -}- 1) = c = + 1^. 

The solution is cx= x^ y^. 


EXERCISES 

1. a; = 7/ + V (a’2 + y’^), 

dx 

2. (:x^ — 2xy'^) ^ H- ( 2 /^ — 2',x^y) = 0. 

dx 

3. X + = 2ij. 

dx 

4. 2x- = 3 ?+ y^. 

dx ^ 


\2cy ~ — !•] 


[a-® + 2/® = cii-y/.] 



cx = exp - 

L X 


2x_ 

- y 


•] 

•] 


2, 7. Ct‘rtain non-homogcneous equations can be made homo- 
geneous by a slight modification. The simplest case occurs when the 
equation has the form 


dy ax -|“ hy c 
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The “ modification ” consists in changing the origin so as to eliminate 
the absolute terms c and 0. 


Example. — Solve (lOy — a; — 21) ^ = 5a; + 4?/ — 3. 

dx 

The two straight lines lOy a; — 21 = 0, 

4 ^^ -(- “ 3 = 0 

intersect at (—1, 2). We put the origin there by writing 
x=X- 1, Y + 2. 

This leaves dx = dX, dy = dY, so that the equation becomes 

^27 __ 5Z + 47 
dX 107 -Z* 


(ii) 


We then proceed as before by introducing the new variable v defined by 
Y = vX, 


dY ^ -v 


The equation becomes 


whence 


. dv 


^ dX 


, ^ dv 5 4iv 
^ dX lOv - 1 

5 -f 4i; 5 + 5v - lOv^ 

— — V = 


lOv- 1 


lOv- 1 


The variables can now be separated as 

5dX __ lOv — 1 _ 3dv __ 4dv 

X 1 -f V — 2v^ 1 — V I + 2t; 

Integration gives 

5 logZ = — 3 log(l — v) — 2 log(l -f 2v) -j- logc. 

Hence X^{1 - vf(l + 2vf = c^{X- Y)^X + 27)2. . . . (iii) 

We now substitute back for the original x and y. The result is 
(aJ — 2/ H- 4- 22 / — 3)2 = c. 


EXERCISES 

1 ^ = y — a;+ 1 

dx 2/ + a; + 5 

2 2a; H- 9y — 20 
dx 6a; 2y — 10 

3. Prove that an equation of the form — = f ( + c \ made 

dx \4.x -j~ Ey -j- c) 
homogeneous and hence solved by separation. 
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The above method breaks dowi 
section cannot be found if {ax + 
constant; otherwise expressed, whe^a 
case the equation 2, 7 (i) becomes 

dy ___ m{Ax + By) -1- c 
dx Ax By + G ' 

This has the form ~ =f{Ax + By), 

dx 

which has already been discussed in 2, 4*2. It can be solved by putting 

t = Ax A- By. 


EXERCISE 

Prove that the solution of 

dy _Zx — 4zy ^ 2 
dx 6a; — 8?/ — 5 

is log(6a; — 8?/ — 7) = c — 2a; + 4y,' 


[It is suggested that, on first reading, the student should omit the 
next few sections and proceed to 2, 10.] 

2, 8, It is relatively simple to get at the inner meaning of this form. 
Consider the equation in the form 2, 6 (i). We know that it represents 
a one-parameter family of curves. Suppose we are supplied with an 
accurate drawing of this family and we decide to enlarge it. Then x 
becomes hx and y becomes hy, where h is the scale of enlargement. 
What is there about the enlargement that would enable us to dis- 
tinguish it from the original? Nothing whatever. The differential 
equation of the family remains absolutely unchanged. Remember 
that all the infinite number of members of the family are present, and 
tliough any individual member is moved by enlargement, a smaller 
one comes up to take its place. This does not apply to all one-para- 
meter families. The enlargement of a family of confocal ellipses, for 
example, would be detected by the change in the interfocal distance. 
But if the form is 2, 0 (i) there is no clue to enlargement. 

What sort of family would liavc this property ? One of the simplest 
answers is, a set of lines radiating from the origin. No magnification 
is going to alter their appearance. Likewise, a set of concentric circles 
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round the origin has the property, and any family that consists of 
enlargements of a single member, e.g. a set of similar and similarly 
situated ellipses with centre at the origin. 

Let us regard the matter from a different angle. Draw the line 
y through the origin. It cuts the various members of the family 
at Ap &c. If the tangent at any A make an angle ip with OX, 
we have tan^ = dyjdx. The differential equation 2, 6 (i) then means 
that tani/r = <p{m), a constant. In other words, the tangents at Ap A 2 , 
&c., are aU parallel. This is only another way of saying that the family 
consists of similar and similarly situated curves, the origin being the 
centre of similitude. 

In order to test our assertion, consider the family of circles that lie 
in the first quadrant and touch both co-ordinate axes. No magnifi- 
cation is going to alter their appearance as a family, and so their 
differential equation should be homogeneous. It has already in 
1, 7 (ii) been shown to be 

{x — yf(l + 2 /' 2 ) = {x + yy^. 

Admittedly this is not of the first degree; but it is homogeneous and 
can be written 

{l^vni+y'^)=^{l + vyr, 

which shows that y' =/M, or =//‘^Y 

dx \x) 


EXERCISE 

Deduce from first principles which of the following one-parameter families 
would have a homogeneous difEerential equation: 

(i) Circles touching OF at the origiu. 

(ii) Concentric circles round the point (1, 2) as centre. 

(iii) The Boyle’s law curve PF = constant. 

(iv) Circles of radius unity that pass through the origin. 

(v) Parabolas with vertex at the origin touching OY, 

Verify your conclusions by finding the differential equations in those cases 
thought to be homogeneous. 

2, 9. From the student’s point of view the existence of this homo- 
geneous form is a little unfortunate. No scientist, apart from the 
mathematician, has ever been able to make use of it. It exercises a 
curious fascination on examination candidates that is readily ex- 
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plicable. A student, asked to solve a differential equation, is usually 
faced with an enigma, and there is no general technique of attack. 
The substitution y =:vx offers hope ; it only remains to add that 
usually the student is disappointed. The following is an application 
to relative velocity. 


Emmple , — A boat which travels at speed u relative to the water sets out 
from A and makes for R. A current of velocity v runs perpendicular to AB, If 
the boat is always headed directly for B, find its path. Take B as origin, BA as 
the X axis, the y axis downstream. Let P be any downstream position of the 
boat, and suppose PB makes angle 0 with BA. The boat then has two velocities; 
they are v downstream and u along PB. Resolving in the direction of the axes, 
we get 

V — u sin0 = y, u oosO == —x. 
y wsinO— v ^ . 

Hence == _ = ^ = tan 0 — w sec 6, 

dx X u cos 0 


if V = mi. As tan 0 = yfx, this gives 


dx 



which is homogeneous. The substitution y == wx gives 

dAJO 


w + X w -- nV{l 4- w^) 
dx 

dw _ __ dx 
V(1 -f w^) X 


Wo have, on integration, 

sinh“^?/; = ~~n logit* n logo = log . 


Hence, since 2 sinhlog (3 = p — p-i, wo have 


2iv = 



as the equation of the path. It is left to the reader to prove that the transit can- 
not bo efiected unless u > v. 


EXEROLSES 

1. A moving point has velocities 2x 4- y — 5 panillel to OY anrl 5 — a; — 3?/ 
parallel to OX. Prove that it deseribes a coni(\ 

2. A point moves in a |)lano so that its component velocities parallel to the 
co-ordinate axes are Iinea.r functions of the current co-ordinates. Find the con- 
dition that it describes a conic. 
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2, 9*1. A curious point, and one that is rarely mentioned, arises in 
connexion with the homogeneous equation. If «/ = mx, then dyjdx = m, 
and it follows that j/ = mas is certainly a solution of 2, 6 (i), provided 
m is a root of the equation m = ^{m). This solution, which involves 
no arbitrary constants, is a particular integral. Taking a previous 
example, we know that the equation 2, 7 (ii) has the solution 2, 7 (iii). 
The line Y = mX will be a solution provided that 

5 -{- 4m 0 2 t 

m = ! , or 2m^ — m = 1. 

lOm — I’ 

whence m = I or — These evidently correspond to the case where 
the parameter c is zero. It is left to the reader to prove that in general 
the solutions obtained as above may be the asymptotes of the family. 
In particular cases, of course, these may be imaginary. Alternatively, 
the procedure may give the common tangents at the origin in cases 
where the whole family pass through the origin. 


2, 10. The Exact Differential. 

Suppose we have/(a;, y), a function of x and y which we can equally 
well denote by z, so that z =/(cc, y). For the moment we regard x and y 
as independent variables and the equation can be visualized as repre- 
senting a surface. If x receives a small increment dx whilst y remains 
unchanged, z correspondingly receives a small increment which we 
denote by dz. Its value, to the first order of small quantities, is 
dz = {dzldx)dx. Similarly, we might have dz = {dzldy)dy for a unique 
change dy in y. If x and y both receive increments, we have 

, dz ^ , dz j 

dz = — dx-\-~- dy. 
dx dy 


This is one of the fundamental theorems in partial differentiation and 
can be revised in any text on the calculus. 

Such a differential, which derives directly from a definite function 
of X and y, is said to be exact or perfect. For example, if 2 ; = x{x + y), 
then 


02 ! 

dx 


= 2a; + 2 /, 



dz = (205 y)dx X dy. 


This is an exact differential, and the terminology implies that there 
are certain differentials which are not exact. This is the case. For 
example, the differential {x^ -\-y)dx-\- y^dy is not exact, in the sense 



FIKST ORDEE; STANDARD METHODS 


35 


that there is no function of x and y from which it can be derived directly. 
Such a statement calls for proof, and this we will now obtain by seek- 
ing a test which shall decide whether a given differential is exact, 
or not. 

Suppose that the differential M(x, y)dx + N{x, y)dy is exact and 
has been derived directly from /(a?, y)\ then it is merely another way 
of writing 


ox oy 


Trading on the independence of x and. y we can keep y constant, so 
that dy is zero. This gives at once M{x, y) = dfjdx, and similarly, 
N{x, y) = dfjdy. Usually /(ic, y) is the kind of function in which the 
order of differentiation is interchangeable, so that 

dy \dx/ dydx dxdy dx \dy/ 


This is equivalent to 


dy dx 


as the test which must be passed if a differential is thought to be exact. 
Notice that what we have proved is a purely negative statement, that 
if dMfdy ^dN jdx, then Mdx-{-Ndy is not exact. We have not 
proved the proposition in its affirmative form, that if dM jdy = dN jdx, 
then Mdx + Ndy is exact. This happens to be true, but the proof will 
be deferred; in the meantime we accept it. 

When the test is applied to the above differential, 

(x^ -{-y)dx-\- yHy, 

we have ~ {x^ + t/) = 1, ^y^ = 0. 


The results differ, and thus substantiate our statement that the 
differential is not exact. Applying our test to the other differential 

(2x + y)dx + xdy, 

we have ~ {2x y) ~ 1 — ^ x, 

dy ox 

The results agree, and the differential passes the test for exact- 


ness. 
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EXERCISES 

1. Prove that the following differentials are exact: 

(i) (7a; — 6y — ^)dx (3?/ — 5a; + l)dy, 

(ii) (3a:2 ^ 2y{x — l)dy. 

2. Prove that the dilBEerential 

2y{xy — \)dx — x{xy — ^)dy 
is not exact, but that it becomes exact if divided by y^. 

11 . Change in Value. 

The simplest way of bringing out the essential difference between 
an exact differential and one which is not exact is to take specific 
numerical examples and find the change in value by integrating from 
one point to another. For simplicity we take the one point to be the 
origin 0 and the other to be P with co-ordinates (1, 1). Hitherto we 
have taken x, y to be independent; but we can make them run in 
harness by prescribing a path that the point (a?, y) shall follow from 
0 to P. The number of such paths is infinite; and here we might as 
well state in advance what will eventuate. If we work with an exact 
differential, all routes will give the same result ; whereas if the differ- 
ential is not exact the answer will vary from one path to another. 

Drawing the ordinate PQ and the abscissa PP, we have as possible 
paths from 0 to P, (i) the straight line OP, (ii) the broken path 
OQ + QP , or OP + -KP, (iii) the parabolic path cc = or y = 
and so on. We now take the differential {x^ y)dx-\- y^dy which we 

know is not exact, and integrate it from 0 to P along these various 
routes. We shall find that the answers are all different. 

(i) We begin with the straight path OP. Its equation y = x, so 
that dy = dx. Using these values to ehminate y, we have 

/ + y)dx + yHy] = / [[x^ + x)dx + x^dx'\ 

= f (2aj2 + x)dx 
= [§ 25 ® + 

On substituting the values of a: at 0 and P, this gives 7/6. 

(ii) We now choose the alternative route OQ + QP. Along OQ we 
have y = 0 = d/y, so that along this part of the path the integrand 
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reduces to Similarly along PQ we have x = 1, dx = 0, and the 

integrand gives y^dy. We thus have 

y) dx y'^ dy\ —J x^dx J y'^dy 

=mvm;-2/3. 

The reader can similarly prove for himself that the route Oi? + RP 
would give 5/3. 

(iii) As a last path we take the parabolic route y = so that 
dy = 2xdx. This gives 

pp p 

[(a;2 + y)dx + dy] = [(.x® + a^)dx -|- x^ . 2:rda:] 

= ^{23^ + 2x^)dx 
•^0 

= fi'*® + kI = 1- 

L. Jq 

This is characteristic of differentials which are not exact ; the integrated 
value between two points is not unique but depends upon the path 
chosen. A different state of affairs prevails when we work with a 
differential which is known to be exact; we find that all routes give 
the same result. We can take our previous example (2x -\-y)dx + xdy 
which derives from x(x + y). 

(i) The straight path OP gives 

[(2a: + y)dx-{- xdy] = J ixdx [^2a,'2j 2. 

All other paths will give this same vahie. 

(ii) The parabolic path y — gives 

pP 

[(2a: y)dx xdy] = j [(2a; x^)dx x . 2xdx] 

=■■ f'{2x + '3x^)dx 

= [».+#];=. 2. 

It is hardly worth while ])iir.siii]ig the matter further, for since 
d\;x{x y)] =-- {2x y)dx -\- xdy 
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we must have 

/ [(2® + «/)& + xdy\ = f d[x{x + y)] 

•'0 •>'0 

= [a:(a: + 2 /)]^= 2, 

a result whicli is unique and independent of the path. 


EXERCISES 

1. The difEerential Zydy + 4x{xdy + ydx) is not exact. Compute its in- 
tegral from (0, 0) to (1, 2) along any two paths, one of which is the parabola 
y = 2a;2. 

2. The differential 2/(2— y)dx-\- a;(l — y)dy is not exact. Calculate its in- 
tegral between (0, 0) and (2, 1) along any two broken linear paths and along the 
direct path. 

These numerical results hardly constitute a proof. They serve as 
illustrations of the essential difference between exact differentials and 
those which are not exact. They may serve to convince those who do 
not wish to delve deeper into the matter that our statements do at 
least possess an air of verisimilitude. One part admits of simple direct 
proof; for ii Mix -\-Ndy is known to derive directly iiomfix, y) and 
we decide to integrate from the origin to some point A with co-or- 
dinates {a, b), we have Mix -\-Ndy — df, so that 

J^{Mdx + Ndy) = df= b) —f(0, 0), 

a result which depends solely on the position of A and nowise on the 
route followed. The distinction betw'een exact differentials and those 
which are not exact is of considerable importance in thermodynamics. 
It forms the basis of the proof that the entropy is a function of 
the physical co-ordinates and leads to Maxwell’s thermodynamic 
equations. 

2, 12. Green’s Lemma. 

In certain branches of mathematical physics, such as electrostatics 
and hydrodynamics, considerable use is made of certain theorems 
which convert triple or volume integrals to double or surface integrals, 
and double integrals to single or line integrals. One of the simplest 
of these theorems, really a degenerate two-dimensional form of Stokes’s 
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more general three-dimensional theorem, is sometimes known 
Green’s lemma for the plane. 

Suppose we have a simple closed plane curve, simple in the s 
that it does not cross itself, so that it may be visualized as a sorx. 
oval. If M and N be two functions of x and y, the theorem stat*-,. 
that a certain double integral, taken over the area of the curve, is 
equivalent to a single integral taken round the boundary. The theorem 
takes the following form: 

and the conditions under which it is valid are established in works on 
the integral calculus. 

If we accept this proposition we get a new aspect of our problem. 
Take two points A, B and join them by a number of paths APB, 
AQB, ARB, &c., which nowhere cross themselves or each other; then 
any two of them will serve as an area and its boundary. If the integrand 
in the single integral on the right is an exact differential, the integrand 
on the left is zero by the test. In this case both integrals have zero 
value. The single integral is supposed to be taken right round the 
boundary such as APBQA. If we take it in two parts, we have, in this 
case, 

/(along APB) + /(along BQA) = 0. 

Reversing along the second part, vre can write 

/(along APB) - /(along AQB) = 0, 
or /(along APB) = /(along AQB). 

But as the contour might equally well have been APBRA, each of the 
last two integrals is equal to /(along ARB). In other words, the 
integral from 4 to 5 is independent of the path if Mdx-]-Ndy is 
exact. 

We now come to the alternative case where the integrand of the 
doul)le integral is not zero, so that the integrand on the right is not 
exact. It might happen fortuitously that the double integral, with its 
non-zero integrand, gave zero when applied to some particular area; 
but this would be the merest chance. It could not ^ve zero when 
applied to any and every area, and hence the single integral is not 
usually zero. This means that the integral from A to B varies with the 
route, the previous equalities being replaced by inequalities. 
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2s 13. Method of Integratim, 

The two points that remain to be cleared up are, (i) the proof of the 
converse, that if dN jdx = 3if/3y, then the difEerential is exact; (ii) the 
determination of the method of integration when the test is satisfied. 
The first is contained in the second. Assuming then that Mdx Ndy 
is exact, we desire to find the /(ic, y) from which it derives. Marking 
a fixed starting-point A with co-ordinates {a, h), and a variable point 
P with co-ordinates {x, y)^ we know that the integral from to P is 
independent of the route. Naturally we pick the easiest route. We 
accordingly draw the vertical through A and the horizontal through P 
to intersect at D with co-ordinates (a, y), and we choose the broken 
path AD -f DP . Along AB we have x = a, dx= 0, so that the 
difEerential M(x^ y)dx -f- N(x, y)dy becomes y)dy. Along DP we 
have dy = 0, and the difEerential there becomes M{x, y)dx. Hence 

J {Mdx N dy) = f M{Xj y)dx I ^N{a, y)dy. 

The result will be some function of x and y that we can denote by 
f(^i y)- Had another starting-point B been chosen instead of A) the 
results would difEer by the integral from B to A. With A and B fixed, 
this difierence is a definite constant, and as we expect an arbitrary 
constant anyway in the indefinite integral (indefinite since P is a 
variable point), we conclude that the starting-point A is immaterial. 
In practice we ignore completely the lower limit b, which merely 
contributes a constant, and give a any value that suits us, usually 1 or 
0. The following example shows the method. 

Integrate {x^ -f logy)dx -f -dy, 

y 

The test is satisfied since 


|-(*® + log2/) = i=|-(?Y 

y dx \y/ 

A suitable value for a is 0, and we write 

+ logy)dx + 5 dy 

= + xlogy + c. 


+ 0 


EXERCISE 

Integrate the three examples at the end of 2, 10, which are known to be exact. 
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We can now clear up the former of the above two points. With 
y) = Mix, y)dx +f^ Nia, y)dy. 


we have 


% = Mk,A 


= r^Mdx + N{a,y). 

•'a oy 


In virtue of the test, this can be written 

y) = 2 /)]*+ y) = y)- 

Hence Mdx 4- N dy = ^ dx -{■%- dy, 

dx dy ^ 

which is exact. 


2, 14. The Exact Equation. 

It was deemed necessary to spend so much time in emphasizing 
the real nature of the distinction between exact and non-exact dif- 
ferentials because experience sliows that it is just as rarely appreciated 
as the method of integration is understood. The reason for tliis lacuna 
is not far to seek. The matter is of no great importance, until one begins 
to study a subject like thermodynamics, when it suddenly jumps into 
the front rank. 

Turning now from differentials to differential equations, the first- 
order equation when written in the form Mdx N dy = ^ said to 
be exact if the left side is an exact differential. We now know that a 
necessary condition for exactness is that dMjdy = dN jdx, in the sense 
that unless tliis condition is fulfilled the differential cannot be exact. 
W(i also know that the condition is of the type known as “ sufficient ”, 
in the sense that if tlie condition is fulfilled, the differential certainly 
is exact. An alt(‘rnativc proof of sufficiency will be found in Piaggio’s 
Equal ions or I jamb’s Infinitesimal Calculus. 

If the left si(l(^ is equivalent to rf/, where /=/(a5, y), then the 
equation is equivalent to df^i), and has the solution f{x, y) = c. 
Hence it is sometimes stated that exact equations derive directly from 

4 (g237) 
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equations of the type f(x, y) = c without the removal of factors. It is 
perhaps as well to add that when the exact equation occurs in prac- 
tice, its form is usually so simple that one can see at sight whence it 
derives. 


2, 15. The Integrating Factor. 

The chief interest in the exact equation is theoretical. A previous 
exercise in 2, 10 suggests that when the equation is not exact it may 
become exact on inserting a factor. This is invariably the case, so that 
all first-order first-degree equations come under the '' exact type. 
The factor in question is known as an integrating factor Assuming 
dMjdy 4= dNjdx, let us multiply the equation by J{x, y) with the in- 
tention of making it exact. The equation now reads 

J{x, y)M{x, y)dx + J{x, y)N{x, y)dy = 0, 
and the test for exactness gives 



This equation serves to determine J. Unfortunately its determination 
is usually at least as difficult as solving the original equation by other 
means. All the same there is a certain value in knowing that J exists. 
Matters are occasionally simplified by J turning out to be a function 
of one variable only. In any case the number of integrating factors is 
infinite; for if a knowledge of J reduces the original equation to du =0, 
whence u{x, y) = c, then the factor Jf'{u) would reduce it to 
f(u)du = 0, whence f{u) = c, which is equivalent to u{x, y) — c. 
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On separation of the variables we reach J = y B,a the simplest solution. Multi- 
plication by this factor converts the original equation to 

4:xy^dx H- y{4x^ -f- ^y)dy — 0 = du. 

If it is not evident on sight that u = we proceed in the usual manner 

indicated previously. Choosing a: = 0 as a suitable starting value, we have 

4xi/dx -f y* 32/2 = 2a;2y2_|_ 


and the solution is 2x^y^ -f- = c. The integrating factor might equally well have 

been yf'(2x^y'^ + 2 ^), where / is any fimction wha.tever. The solution would then 
have run 


f(2x^y^ -{- ^) = c, 


which is equivalent to the previous result. 


EXERCISES 

1. The equation 2 tana; tox^ydx + sec^ydy = 0 is evidently not exact. Find 
an integrating factor which is a function of x, and thus integrate the equation. 
Verify the result by separating the variables. 

2. Verify a previous statement in 2, 10 that y^^ is an integrating factor 
for the equation 2y(xy — l)dx-~ x(xy — 4)dy = 0. 

3. Integrate the equation y{2 — y)dx~\- a;(l — y)dy~ 0 on the assumption 
that it has an integrating factor which is a function of x. 

4. The dilferential of a function of x and y was correctly computed as 

(2x cosy — y2 tieohv)dx — ( )dy. 

Unfortunately, the terms in the second bracket were obliterated. What was the 
function from which it derived ? 

5. Provo that the integrating factor J necessarily exists as a function of x 

if i ^ 1 is independent of y. If this expression has the value F{x), prove 

N\ By Bx ) 

that J ~ Gxip{jFdx). Apply the method to the first and third exercises above. 

0. IVovo the following rule, sometimes given in text-books, for integrating 
Mdx 1 Ndy. wlien it is known to be (^xact and M, N are polynomials: 

(i) Ijiicgrate M with respcuit io.ir; (ii) Jnh^grate the terms in W which do not 
(M)jihun :r; (iii) Kcjiiate tlic sum to a constant. 

7. Verify that the non-exact equation has the integrating 

' dx x(xy — 1) 

factor (xy)~^ and luaico d(Hluce the solution log * - c \- ^ . 

y ^ 
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2, 16. Applications. 

The idea of the exact difEerential plays a considerable part in 
apphed mathematics. As a first illustration we may consider plane 
conservative fields of force. 

Suppose a force F has components Z and F. Let the point of appli- 
cation have an arbitrary displacment ds whose components are dx 
and dp. Then dW , the element of work done, is given by 

dW = Xdx+ Ydy. 

In certain cases, depending on the nature of F, the element dW is an 
exact differential of the co-ordinates x and y. In these cases it is cus- 
tomary to replace dW by -dV and F is called the potential. The 
above equation then reads 


-dV = Xdx+ Ydy, 
from which we deduce the two equations 



dY 

dy' 


(i) 


These state that the force in any direction is the negative gradient of 
the potential in that direction. 

The work done in a finite displacement from A to 15 is 
+ Ydy) = ~fjv = F, - F^. 


Expressed in words, the work done is equal to the potential drop from 
A to B, It IS independent of the route from A to S, so that the work 
done in passing from A to B and back by a different route to A is zero, 
buch a field of force is said to be conservative. The loss of potential is 
shown by a corresponding increase in the kinetic energy of the system 
The two equations (i) imply that Z and F are themselves functions 
of 03 and y. It follows from this that a field cannot be conservative if 
friction IS present. The complete specification of the frictional force 
demands a knowledge of its direction of action. As this is opposite to 
the direction of motion it cannot be specified from a mere knowledge 
or the position. 


EXERCISE 

f Of natural length c, haa one end fixed and is stretclied to a 

Xfln e ^ attached to a mass m. If k be the force required to 

STveTn e without friction, 

prove that the system is conservative. 
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As a second illustration we may take the two-dimensional flow of 
an incompressible fluid, the motion being the same in all horizontal 
planes. If a particle of the fluid has component velocities u and v, its 
displacements dx and dy in time dt are governed by the stream-line 
relation 

— = or vdx — udy = 0 (ii) 

u V 


Cognizance is taken of the incompressibility of the fluid by the so- 
called “ equation of continuity ”, which in the language of vectors 
means that the vector velocity has zero divergence. In two dimen- 
sions this takes the form 


du 

dx 



= 0. 


(iii) 


This result shows that the differential (ii) is exact. It is customary to 
denote it by difj^ so that 

dip = vdx — udy, 

whence u = — v = 

dy dx 


The stream-lines are then the one-parameter family of curves ip = c. 
The function ip is known as the stream-function or current-function. 
It has the property that the change in value from a point A to another 
point B measures the flow across any lino joining A and B. 

The stream-line equation (ii) can be written 

dy V 
dx u 


If tliere exists a ftxmily of curves orthogonal to these, its equation 
would be 


= , or udx + vd/u = 0. 

dx V 


(iv) 


If this ]ia])pens to be an exact differential — d(p, the component veloci- 
ties are given by 


u = — 


H 

dx 


V = 


d<p 


Borrowing the idea of tlie force-potential, tliis function <p is known as 
the velocity potential; tlie equation of continuity (iii) shows that it 
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satisfies Laplace’s equation in two dimensions, 

dx^ dy^ 

Wlien tie difierential (iv) is exact, so that ^ exists, the motion is said 
to be irrotational. Alternatively, when (iv) is not exact, the use of an 
integrating factor may still lead to a family of curves orthogonal to 
the stream-lines; but the velocity potential no longer exists, and the 
motion is distinctively called rotational or vortex. 


EXERCISE 

If the velocities are given by w = — cy, = cx, verify that the equation of 
continuity is satisfied. Prove that the stream-lines are the circles a;® + y® = const.; 
but that the motion is vortical, as no velocity potential exists. 

As a third illustration we may consider the thermodynamics of a 
simple gas. The state of a unit mass is taken to be defined by its 
pressure P, its volume F, and the absolute temperature T. These 
three co-ordinates are not independent; they are connected by a 
single relation which we may denote by /(P, F, T) = 0. It is known 
as the equation of state ”, or the characteristic equation ”. Inci- 
dentally it is no easy matter to find a characteristic equation that is 
valid over a wide range; but several examples are in common use 
over restricted ranges of temperature and pressure. The existence of 
the characteristic equation means that only two of the variables are 
independent. 

In accordance with the conservation of energy it is taken that the 
addition of an element of heat dQ to the unit mass of gas may increase 
the internal energy E or cause work to be done against the external 
pressure, so that 

dQ = dE “k d'W , 

Concerning E, no assumption need be made beyond its being a function 
of the co-ordinates. As for dW, it has the form P dV for a gas under 
uniform external pressure, so that 

dQ — dE -{-P dV (v) 

The right side is now a function of the co-ordinates; nevertheless, 
the differential dQ is not exact. The reason is that if the gas be changed 
from a state A to a state B, the heat-addition (or subtraction) will 
depend on the route followed from Ato B; for this may be constructed 
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from endless combinations of cbanges under constant pressure, con- 
stant volume, isothermal or adiabatic. 

In virtue of the characteristic equation it is possible to eliminate 
any one of the variables from (v), so that the equation is capable of 
taking the three other forms 

dQ = l^dV + h^dP ' 

= l^dV -{-h^dT ’ (vi) 

= l^dP — [- Tc^dT 

All that is known for the moment about the Z’s and A’s is that they 
are functions of the co-ordinates, not necessarily constants; never- 
theless, it is possible to attribute physical meanings to them. Thus, 
if we take the volume constant in the second relation, we have 

showing that \ is the rate of addition of heat with temperature, i.e. 
the specific heat at constant volume. Similarly, 



and this, being a heat change at constant temperature, must be some 
sort of latent heat. 

We can now introduce the idea of ‘‘ entropy If the addition of 
a heat-eleinent dQ causes a reversible change from a position of thermal 
and mechanical equilibrium, we take another variable </> which is 
known as the entropy, and is defined by the differential relation 
dcf) ~ dQ/T. One immediate consequence from this definition relates 
to adiabatic changes. Here dQ is necessarily zero, so that (j) is constant. 
For tliis reason adiabatics are sometimes called isentropics. 

It is a logical consequence from the theory of Carnot’s cycle that 
the change of entropy round any reversible cycle is zero. If A and B 
are two positions on a reversible cycle, the value of — (f>^ is un- 
aftVictcd by the direction in which the cycle is performed. Moreover, 
A and B can be connected l)y any number of reversible cycles, and if 
A be taken as a standard position or origin, the entropy at B depends 
solely on H’s positioji. This is only another way of saying that ^ is 
a function of the co-ordinates and dej) is an exact differential. 

The conservation of energy (v) can now be written 

dE = Tdcl>-PdV. 
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In addition to E and ^ it is customary to use certain other thermo- 
dynamic functions. Thus the addition of 

d{PV)=Pd.V ^VdP 

leads to d{E + PY)=:Td^+ VdP. 

Similarly, the subtraction of 

d{T<l>) == Td4 + ^dT 

gives d{E — = ~—PdV — <l>dT. 

If both operations be performed, we have 

d[E + PV - Tcl>) = VdP ~ <i>dT. 

The function E + PV is called the “ total heat ” by British engineers, 
but there is a tendency to use the name “ enthalpy The function 
E — T<l> is the ‘‘ free energy whilst E + PV — T<1> is known as 
Gibbs' function G. It has the useful property of being constant for 
isothermal changes in a saturated vapour, since dT and dP are then 
both zero. All these are functions of the co-ordinates, and their dif- 
ferentials are accordingly exact. On applying the usual test we reach 
in turn the four important thermodynamic relations due to Clerk 
Maxwell: 



Any good set of physical tables must satisfy these relations. They 
are easily remembered by the following three rules : 

(а) In every case they eross-multiply to PV or Tcj), both of which 

have the dimensions of work. 

(б) The subscripts are the denominators interchanged. 

(c) The minus occurs when T and V are in the same fraction. 

Reverting to the second of the relations (vi) we have already seen 
that ^2 is really hy\ moreover, the definition dQ = T dcf) shows that 
1/T is the integrating factor that makes the right side exact, and we 
can write 

= + 
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By keeping T constant and dT = 0, we derive the value of as 



the last step being in virtue of the third Maxwell relation 
ingly have 


Td<f, = T 



dV + Jc^dT 


We accord- 


for any change that may occur among the variables If the change 
takes place at a constant pressure, we have, on division by dT, 




+ 


The left side is equivalent to {cQldT)^ and is therefore Jc^ 
reach a relation for the difference of the specific heats 



We thus 


which IS calculable from the characteristic equation. 


EXERCISES 

1 Taking PV = BT as the characteristic equation of a perfect gas, prove 
that the difference of the specific heats is B Further, assuming that k^r is con- 
stant, show that the entropy change is given by 

<P2 — 91 = ky log R log -? 

Ti vx 


2 Prove that, from a suitable set of tables, the entropy is calculable as 



3 Piovo that the enthalpy H is connected with the Gibbs function G by the 
r( hition 



4 A ( luirt shows idi.ihatics and isothoinmls with P plotted vertically and V 
lioii/ontally Provo th<it at any point the ratio of the specific heats is given by 
^pj^v ~ of adiabatic )/(slopo of isothermal) As the adiabatics are steeper 

wo conclude that kp exceeds ky 
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5. It is a property of partial differential coefficients that if f{x, y, z) ~ 0, then 



Deduce that the difference of the specific heats is given by 



Hence show that hp must exceed hy for any substance whose volume reduces 
with increasing pressure at constant temperature. 


2, 17. The Linear Equation. 

The linear equation of the first order has the form 

+ = W 

ax 


where P, Q are in general functions of x which in particular cases may 
degenerat^to mere constants, including zero. Note that if P and Q 
are both constants the variables are separable; and the same is true 
if either is zero. 

We begin by making an observation that applies to all linear 
equations, whether of the first order or higher. If we substitute 
y = we have 


dU , y. , dV . ry 

— + Pi^ + ~ + Pv == < 
ax ax 


and this is satisfied provided 


dv 

dx 


+ Pv = Q, 


du 

dx 


+ Pu = 0. 


(ii) 


It appears from this that the solution of the original equation falls 
into two parts, u and v. For the purpose of distinction, u is called the 
complementary function It will be noticed that it satisfies the 
“ reduced equation ”, the original equation when Q is replaced by 
zero. It will eventuate in a later chapter that there is a special tech- 
nique for finding u, and it supplies all the arbitrary constants that the 
equation requires. In the present case, working with an equation of 
the first order, only one such constant is required. If we separate the 
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variables in (ii), we have 


du 


u 


+ Pdx 


0 . 


Integration gives logw IP dx = logc, 
whence w = c exp (— IPdx). 


This is the complementary function containing one constant. 

Reverting to v, the other part of the solution, we note that it satis- 
fies the equation as it stands. It is called the particular integral , 
and in practice it is taken to be any solution whatever, the simpler the 
better. It may be obtained by trial or guesswork; but in all the com- 
moner cases there is a specific technique for its determination. 


2, 18. Methods of Solution, 

Before proceeding to the usual method of solution it is worth while 
to look at the method employed by Bernoulli ; in fact, the first order 
linear equation is frequently referred to as the Bernoulli type. He 
assumed that y was the product of two functions of x, an assumption 
possessing the advantage that one of the functions can be made to 
satisfy any convenient condition. With y = zw and 


dy 

dx 


dw , dz 
dx dx 


the linear equation becomes 

If we equate one of these brackets to zero, the other automatically 
equals zero. We accordingly have from the first bracket 

w = c exp(*- fPdx), 
whence the second bracket gives 

z= ft dx. 

For given values of P and Q, the values of w and z (and hence y) are 
all determinable. 

Emmple . — Solve the equation — -f - = 

dx X 
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This is equivalent to 

\dx 

Hence w = ajx and 

whence z = a:*/4a + 6, giving 
on replacing ab by c. 



(w 


xJ 

\ 

dx i 

dz 



dx 

V) 

9 

a 

r 


aj® , c 

y = wz 

— 

T + -» 


4 X 


The usual method of solution is to seek an integrating factor J (cr) 
with the hope of making the left side an exact difierential. The equation 
2, 17 (i) becomes 

J dy + JPydx = JQdx (i) 


The test for exactness, when applied to the left side, gives (since neither 
J nor P contains y) 


or dJ = JPdx (ii) 

This certainly makes the left side exact, and we can now write (i) as 
Jdy + ydj = JQdx = d{Jy). 
dy = ^JQdx — j- c. 


Hence 


The factor J is obtained from (ii) by separation of the variables. In 
its simplest form it is J = expfPdx. The rule therefore is, first deter- 
mine the integrating factor from J = ex-pjPdx, and then complete 
the solution from 

dy = IdQdx + C, 


Example , — Our previous example ^ -f- ^ gives 

dx X ^ 

J = exp = exp log a; = x. 

xy = Ix^dx 4- c = — + c, 

4 

in agreement with the previous result. 

It is perhaps as well to point out that the equation must first he 
thrown into the correct form. 
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Example. — Solve a; cos a; — + y{x sin a? + cos a;) = 1. 
dx 


We re-write as ^ + 2/(tana; + a;”^) = a;“%eca7. 
dx 

Here J = exp[J(tana: + x~'^)dx'\ = exp (log sec a; + logo;) = x sec a?. 
This gives xy sec a; = Jsec^aii^a; -j- c = tana; + c. 


2, 19. Application. 

The linear equation is of very common occurrence and has a wide 
range of applications. 

Example. — An alternating voltage ^osinoi acts on a circuit of negligible 
capacity with resistance R and inductance L. The application of Ohm’s law- 
gives for the current / the equation 

dl 

RI = Eq sinco^ — jL — 
dt 

Writing ^ + a/ = & sinco^, a = ^, 6 = 

dt L L 


we have 
whence 


J = exp^adt = 

sinco^d^ + c 

sin(oii — <p) , , o 

s= ^ — J __L' c, tan © = — 

V(a2 + 63 ^) a 


6)Z 

~r' 


Therefore 


/ = cexp(--— + 


^0 sin( 63 ^ — 9) 

“(>+ 0 ) 2 / 7 ) ■ 


The first term here is the complementary function. As so often happens it is a 
negative exponential. It accordingly decays very rapidly with the passage of 
time and soon ceases to be of any consequence; hence it is known technically as 
a transient. The angle 9 is the phase, and since it is here subtracted the current 
is said to lag. The square root in the denominator has the dimensions of R, and 
is obviously greater than R, It is known as the impedance, and the presence of L 
shows that the effect of the inductance is to diminish the amplitude of the current. 


2, 20. BernonlWs Equation. 

The solution of differential equations frequently calls for a display 
of ingenuity. One lays down rules and sets up standard forms of 
attack; but it is not always easy to decide under what form a par- 
ticular equation comes, or whether it comes under any. A change of 
dependent variable is sometimes effective; or it may be necessary to 
intercliange the roles of the variables. Occasionally more than one 
method is valid for the same equation, but no rules can be laid down 
to cover all cases, and facility comes only with practice and experience. 
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The commonest variation on the first-order linear form is known as 
Bernoulli’s equation, which is the non-linear equation 


It can be written as 


i + = 

y” ^ + P/-” = Q. 


Choosing a new dependent variable u = we have 


Hence 

which is linear. 


'■ t+p.=e, 


1 — ndx 


BaxLmple * — Consider the eq^uation ~ -j- '^ = 

dx X ’ 


which can be written 
Put 


dx xy 

® = i, * = _ i % 

y dx 2/2 dx 


The equation becomes 


du 

dx X 


It is easUy verffied that this has J = 1 /*, and leads in u lx = loelc/rc) 
the solution is / / / 


Hence 



2 , 20 - 1 . Although the procedure for solving the linear equation 
IS quite straightforward and reducible to rule of thumb, it is not always 
possible to achieve a result in finite form. This is owing to the diffi- 
culties of performing the integrations; but the result none the less 
counts as a solution. Consider a series circuit of negligible capacity, 
contaimng a battery of constant B.M.F. = E. Let L be the induc- 
tance, and suppose the resistance varies sinusoidally with the time, 
so that 2? = A sinwi. The equation for the current is 


RI = E- 



dl , lA . 

g + -,mu = 


E 

L' 


or 
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The integrating factor is 


J = exp J ^ sincoitii; = expj^— ^ coscotj . 


The “ solution ” is thus 


r A. -] 

rE r 

A "1 


/-exp[ 

— — coscot 
(oL J 


B. 
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The integral on the right is not expressible iu finite terms, and in default 
of proceeding to very much higher mathematics the result would be 
left as it stands, for what it is worth. Fre(][uently no further progress 
can be made in such cases; actually the result here can be expressed 
in an infinite series of Bessel functions, and the example is a first ap- 
proximation to the problem of the variable resistance microphone. 


EXERCISES, 2, 21 


1. (*> — 1) ^ = a:(y — a). 


2. 2 / ^ cos* a; = c tana. 

dx 

^ dy . . « 

3. cosa; = y sin a; — sin 2a:. 
dx 

4. - 1) = y(Zx^ _ 2) + a*. 

dx 


5. sin0 — r cos0 = 
dO 

6. (x -t- 2if) = y. 


r, dy , „ 

7. / cosa; -h 2/" ~ 2/ sina;. 
dx 


[?/=« + cV (1 — a; 2 ) ] 
[y = c(tana; — 1) -|- a exp (—tana;).] 
[y — cosa; + cseca;.] 
[y — cx^V{x^ — 1 ) — 
[sin^ 0 = r2(c 2A cos 0).] 

[a; = 2/3 _j_ 

\y = l/(sma: -f- c cosa;).] 


8. Find a curve which satisfies the 
an intercept of two on OY, 


equation — + 2/ tana; = sec a;, and makes 
\y = sina; + 2 cosa;.] 


9. Solve the equation 



2 / cosa; = cosa;. 


See 2, 5, Ex. 10. 
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MISCELLANEOUS EXERCISES ON CHARTER II 

1 . (l + a:»)|f= !+«/. 

[j/ = x+ cV(l + a-2).] 

2. ^ ^ 
dx y X 

[log(a;“ + y2) + 2 tair'(//.f = c.] 

II 

^ "iT 

1 + 
^'w 

riog- = 1+ - + C.1 

L y a; jy J 

4- *2/^ = ® + J'*- 

[2a: -)- y 2 _ j 

6. ^ 

dx X — y 

[ 2 /exp(a:/y/) = c.] 

6. (1 + x)ydx + (1 — . y)xdy = 0. 

[y + c = a: + log(.ry).] 

7.?'=^ + .. 

X dx 

[x'2 -h y = cx.] 

8- ^ + 2/ = 2/^ logaj. 

[y(l + logx + ca:) = 1.] 

9- 2/ ^ + 2 ^^ = cosa?. 

[2 sin.-c + 4 cosx + cc"“® = 5y®.] 

10. {2o^ + 4:xy — 2/^) = a;2 _ 4 ^^/ — 

dx 

2y<‘.. 

which is both homogeneous and exact. [a;^ ^3 _ ^ _j_ (}^,yy(^. _| . yy-^ 

11 . yy' = x{y}/' + y'i). 

(See 1, 7.) 

[y‘‘i = ax^ + 6.] 

12. 2y'y''' = Zy^. 

(See 1, 8, Ex. 10.) 


13. xyyf — xy'^ + yy’ = 0. 

[y = ax^,] 



CHAPTER III 


The Linear Equations; Constant Coefficients 


3, 1. The LineaT Equation above the First Order. 

We now turn to the linear equation of order higher than the first. 
We confine our attention mainly to the case where the coefficients are 
constants, and this for two reasons. It happens to be particularly 
important in science; and when the coefficients are not constants 
we touch the higher realms of our subject. 

The linear equation with constant coefficients has the form 




(i) 


We begin by exemplifying a statement made previously. Assuming 
that y = w -f V, we have 

[au + hu' + cu" + {av + bv' + + . . . ) =f{x). 

This is satisfied provided 

av -|- bv' + cv" + . . . —f(x), 
and au bu/ + cii" 0. 


Here u is tlie complementary function, derived from what is known as 
th(^ r(Hliicod or auxiliary equation, formed by assuming that the riglit- 
liajul side is zero. The other term v is any solution of the equation as 
it stfinds, ajid is the particular integral. The full solution isy = ii + v, 
'l.Mjc^ auxiliary equation lias the useful property that its solutions 
are additive, so that if . . . are solutions, so also is Au^ + Bu^ + 

. . . where A, . . . are any arbitrary constants. The proof is simple. 
If vq is a solution, tlien / 


Similarly, 


aUi -[- biiy^ “h “h i • • = 0. 

aUo ^^^'2 "h” “r\j* • 


and so on. On multi])lying liy any arbitrary constants A, B, &c., and 
adding, we have 

aU + hir + c[/" + 0, 

57 


5 


(G 237) 
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where 17 is a convenient abbreviation for + Bu^ + . • • • The 
result shows that the last expression is a solution. It should be noted 
that the proof is equally valid even when the coefficients are not con- 
stants. It is part of our policy to assume without proof that the number 
of independent constants A, B, &c., equals the order of the equation, 
though it is not difficult to prove by elimination that the number of 
linearly independent solutions cannot exceed the order. A proof for 
the second order will be found in an appendix to this chapter. 

The discussion of the auxiliary equation is much facilitated by the 
use of the symbol D for djdx, whence is d^jdx^, &c. ; it largely 
obeys the ordinary laws of algebra. We have D(u v) = Du + Dv, 
so that D obeys the distributive law. Also, if a is a constant, 

[D + = Du aw = + Du = (a + 

and Dau — aDu, so that D is commutative with a constant. More- 
over, D'^D'^u = and the index law holds. Consider now 

(D + a)(D + ^)w, where a and jS are constants. 

Put (2) + ^)u = -y = 2)w + jSw. 

Then [D -f a)(D -f- p)u = (2)4- a)v = Dv av 

= D{Du -j- -f* a(2)w -j- 

= D^u -j- (ct -j- ^)Du "i- cL^u 

= {2)^ + (a + p)D + 

We' are hence largely justified in using D symbolically and subjecting 
it to algebraical usage. 

3, 2. The Second-order Equation. 

The second-order equation is of such paramount importance that it 
warrants separate treatment. Its auxiliary equation can be written 

+ (i) 

dx dx^ 

A curious and illuminating approach is afforded by considering the 
equation kinematically. Taking the displacement s as dependent on 
the time t, the equivalent kinematical form is 

. ,ds . dh . 
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As dsjdt is tlie velocity v, the acceleration is 

dh __dv __dvds _ ,dv 
dt^ dt ds ^ ds* 

The equation thus becomes 

as + bv + cv — = 0, 
ds 


which is of the first order and homogeneous. In accordance with a 
remark in 2, 9’1, v ths is necessarily a solution provided 771 , is a root 
of the quadratic 

a -\-bm cm^ — 0 (ii) 

Denoting the roots by a, we have the two intermediate solutions 
V = as, V = ps. On replacing v by ds/dt we get s = s = 
These solutions being additive, we get the full solution as 

where A, B are arbitrary constants. 

Returning to orthodoxy, the equation (i) is normally written 

(a + 6D + cD^)y = 0, 

or the equivalent form 

(D~a)(D- P)y = 0, 

where a, ^ are the roots of tlie quadratic (ii). We tentatively put 
(Z) — ^)y — - s, so that {D — a)z — 0. Here the variables are separable 
and we liavc s = so that (D P)y = 

This last form is linear, and the integrating factor is <7 = 
Hence 

-f- J5 = — ^ — g(a-^)5c _j_ 
a~ ^ 

This gives y ~ Ad"^ + Be^^, 

on writing A for Ci/{a — /3). 

A modification occurs when the quadratic (ii) for m has equal roots, 
so that a ~ After determining J, we now have 

ye-^^ — c^\dx + R — Cijc + jB, 

y {Ax + R)e^% 


so that 
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modifications are common in prac- 
onnosT+p r 1 ^ ^ quadratic in m has the equal but 

opposite real roots + a. The solution is then 
y = + Be-““ 

= ^(cosha® + sinho®) + B(cosha® — sinho®) 

= Pcosha®+ Qsinho®, 

Sd'Sf- f ' .®i°' ± Alternatively, if 6 is zero 

is ofi. M„ . !?■ “ “*>■“!' = Ae- + Be-“, which, by ft, 

me of De Moivre s theorem, can eqn Jly well bo written ^ 

y = -P cosaa? + Q sinacc. 

Here P has replaced ^ + P and § has replaced i[A — B). In spite of 

are arbit:raw° T necessarily imaginary since A, B 

with ^ aii r T* frequently written 

p itude and a phase angle as v = J? sin fair 4- TIia 

two arbrtrary con.to« are now ft, /and the cofneS/o“ / 

P — P sin = y^(p2 

Q = Rgos <ji, tan^ = PjQ. 

men the quadratic gives the complex roots a ± the fonnal solu- 

y = 4 exp (a + i^)x + B exp (a - i^)x 
= -f 

e (P cos ^x -j- Q sin ^x) 

= Pc“*sin(^® + ^). 

less than ^ ^ ^ f positive. The phase ^ is usually taken to be 
Stances ^--4 to circum! 


3, 2-1. Avoidance of Imaginaries. 

thet?r&“ t at' thTttf s'“'T 

corresponds to the equation ' ~ ^ 

, » 
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By the insertion of the factor 2dyldx, we have 

dx dxr dx 


Integration gives (^) ~ 

using as the arbitrary constant. The variables are now separable, 

dy 




= adx, 


V 

sin~i ^ = 005 + </>, and «/ = i? sin {ax + <jS) 
K 


as before. Similarly, the case of m = a + arises from the equation 

The substitution y = e°^z implies 

By = e°^{D + a)z\ D^y — d"^{D + a)^z. 

We thus have 

+ afz — ^ae^{D + a)z + (a^ + = 0, 

or (Z)2 + ^ 2)2 = 0, 

wliich we know leads witliout the use of iina^inaries to 

z ~ R sin(^j'; ^). 

Hence the solution is as before 

y = sin(^a; -|- <^). 


3, 3. Evidently in practice the quadratic 3, 2 (ii) in m is super- 
fluous. Having agreed to treat D symbolically, we need have no com- 
punction in using a hB -\- cB^ = 0, with the roots B = a, jS. As 
an example of the method, consider the problem of finding a solution 
of tlie equation 

+ 1-62 + 2-Uy = 0 

dx^ dx 

whicli sliall pass througli tlie origin and make an angle of 68° with OX. 
Since the sijuare of hs definitely less than 2*34, the roots of 

D- H~ l-C)2D + 2-34 = 0 
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are complex, and we have 

j) =: --0-81 ± il*30 

to two places. The general solution is 

y == cos ^x-\-Q sin j8a?), 

with a = 0*81, j9 = 1*30. The curve is to pass through the origin, 
and the simultaneous values a; = 0 = show that P is zero. The modi- 
fied form 

y = Qe~°^ sin 

gives ~ cos jSic — a sin px), 

dx 

At the origin we are to have dyjdx = p = tan 68°. We deduce that 
p = Q^, whence Q = tan 68° = 2-48/1-30 = 1-91. The required 
solution is therefore 

y == 1*91 exp (--0‘81cc) sinl*30a5. 


EXERCISES 


dx^ dx 

2 .,+ 4 + 4 ^^= 0 . 

dx dx^ 


[y = Ae^ + 

[y = (4 + aiOe-i”.] 
[y = e-^B sin (3a! + (?).] 


3. (D* + 4I» 4- 13)y = 0. 

4. Find a solution of 2 -f 5 — + 2y = 0 which shall pass through the 

origin. ^ [y = A{e-^ - e-ni 

6. Prove that no solution of (a + + cIA)y = 0 can touch OX at the 

origin. 


3, 4. Applications. 

We can now exemplify the foregoing principles by some appli- 
cations. 

1. Simple Harmonic Motion. 

Probably the simplest is the kinematical problem of a moving 
point P describing with constant angular velocity w counterclockwise 
a circle of centre 0 and radius P in a vertical plane. If the moving 
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radius OP has described an angle 9, as measured from the downward 
vertical through 0, we have 6 = o), and the displacement, in plan, of 
P from the middle is ic = P sin 6, This is to the right or left according 
as OP is right or left of the vertical. The point P has tangential velocity 
Rco but no tangential acceleration. Similarly, it has no normal 
velocity ; but the normal acceleration is Rco^ radially inward. Hence 
in plan the velocity x is Roy cos 9, which is directed left or right accord- 
ing as OP is above or below the horizontal; and the acceleration x is 
— Ray^ sin0, which is directed left or right according as OP is right or 
left of the vertical, so that it is always directed to the middle. 

The result shows that x + ay^x =■ 0. 

The plan of P describes a simple harmonic motion of amplitude R 
and frequency a>/277-, and this is its differential equation. If we sup- 
pose the stop-watch started when OP had already described an angle 
(j>, then at any subsequent time t we have 9 — <f> ciyt. It will be 
observed that the differential equation takes no cognizance of either 
R or (f>, so that it would equally apply to any point on OP, or to any 
point on any radius at a fixed inclination to OP. The solution from the 
above is x = R sin 9, or x = R sin (col + ^), where P, <l> must remain 
arbitrary unless conditions are specified for their determination. This 
accords with our previous work, for the equation can be written 
(D^ -t- co^)x = 0, which has the equal and opposite imaginary roots 
D = + ico. 

2. C(m(hicfion of Heat in a Bar. 

As a second example, consider a uniform unlagged bar, of which 
one end is maintained at a constant temperature. We assume that at 
distance A from the hot end the bar is at room temperature and that 
matters have reached a steady state. This last expression means that 
tlie temperature at any point has ceased to vary. Let H{A) denote 
the heat per second that crosses some section A at distance x from 
the hot end. Similarly, let H{B) apply to a section B at distance 
X + (lx. Tficn H(B) is certainly not greater than H(A)\ and if it 
is loss, the difference must be accounted for by emission from the part 
AB. Let 9 be the temperature at A, then H(A) is proportional to the 
negative temj^erature gradient — d9ldx. The negative sign is necessary 
since the heat must flow from high temperature to low. The other 
factors aiTocting H(A) are such constants as the area of the cross- 
s('ction, tlio specific heat and the conductivity. We can accordingly 
write 11(A) —c^dSldx. The temperature at B will be 6 d9 = 
9 -f (d9ldx)dx. This does not imply that it is greater at B than at A ; 



64 


APPLIED DIFEERENTIAL EQUATIONS 


it IS merely a statement that it may possibly be different smce the 
distance is different We thus have 


H{B) = 




The heat emitted by AB is accordingly 

H(A) - (HB)=:+c,^dx 

So far nothing has been said about the scale of temperature, nor 
does it matter If we take the temperature 6 at -4 as being measured 
above room temperature, then the emission of heat per second by AB 
IS proportional to 9 The other factors affecting the amount are the 
surface area (perimeter X dx) and an emissivity constant The net 
result IS C 2 O dx where Cg is some constant Equating the two forms of 
the heat emitted, we have 

Ci^^dx = c^ddxy or ^ = 
dx^ dx^ 

whence — a^)9 = 0 This has the roots 2) = +a, and the solution 
6 = P cosh ax Q sinh ax 

We can determine the constants, for if T is the excess temperature at 
the hot end, we have 6 = T when x = 0, so that 

T = P cosh 0 + Q sinhO = P 

At the cool end we have x — X, 6 == 0, so that 
0 = P cosh a A + Q sinh a A 

Thus P == T and Q = —T cothaA, leading to 

9 z= T cosh ax — T coth a A sinh ax - — ^ 

sinh a A 


The temperature at any point is proportional to sinh a?/ where y is 
measured from the cool end It will appear later that a similar analysis 
applies to a leaky transmission line when discussing the voltage with 
one end earthed, or the current with one end insulated 


3 Damped Harmomc Motion 

Spnng — Turning to the more complicated cases we consider a 
spnng of stiffness h, lying on a rough horizontal table, with the left 
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end fixed. The right end is attached to a mass m which is moving to 
the right when x is the extension of the spring. The velocity of m is 
and the acceleration ai, both measured positive to the right. The 
stiffness being defined as the force to give unit extension, the spring 
exerts a force kx on the mass, directed to the left. We allow for the 
roughness of the table by taking a frictional resistance proportional to 
the velocity, or ^x directed to the left. The equation of motion is then 

mx = —fx — kx, 

or mx px '\-kx = 0 (i) 

If p is zero we have simple harmonic motion ; otherwise the motion is 
said to be damped. 

Electrical Analogue . — The equation (i) has important applications 
in electricity. Before discussing its solution, we consider the following 
problem. 

A condenser of capacity G farads discharges through a series cir- 
cuit of resistance R ohms and inductance L henries. If V be the voltage 
of the condenser at any time t, the amount of electricity in the con- 
denser is Q coulombs, =CV. The current I amperes flowing out of the 
condenser is the rate of diminution of Q, so that 

/ = — ^ = —C — 
dt dt * 

From this we derive the further relation dljdt = —Cd^Vjdt^. Ohm’s 
law gives 

RI = V -L^^, 
dt 

and if we multiply by C and differentiate, we have 

OR = -7 - CL 
dt dt^ 

” ® 

The elimination of I from Ohm’s law gives 
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It tius appears that I and F satisfy the same equation, and with a 
change of notation all three equations (i), (ii) and (iii) have the form 


^ + 2t^ + »>» = 0, 


with 







in 


or (1)2 -(- 261) + n^)x = 0, 

with the roots D = —6 + \/(&^ — 5^^). This gives three cases to be 
considered according as 6 is greater than, equal to, or less than n. 

Case (i) ; 6 > n. We put h^ — 7 ^ = (?. This implies 6 > c, and the 
two roots D = —6 + c are both negative. The solution has the forms 

x=^ A exp (—6 B exp (—6 — c)t 

= 

= e-'^%P coshc^ + Q sinhc^). 


There is evidently no oscillation, and the first form shows that as t 
becomes large, x approaches zero since both the negative exponentials 
tend to zero. The third form shows that x cannot be zero more than 
once and may never be zero at all. For £c = 0 implies tanhc^ = —P IQ, 
and there is one solution or none according as the absolute value of PjQ 
is less than or greater than unity. In practice this corresponds pretty 
well with the motion of the light-spot when using a dead-beat galvano- 
meter. The constants A, B or P, Q can be determined wdien two con- 
ditions are known, e.g. the initial displacement and the velocity. 

Case (ii): 6 = w. The two roots are now D — —6, —6, and the 
solution is x = {A As t becomes indefinitely large, 

tends to zero, and as te~* can be written 

t __ 1 

^ + 1 + |« + . . . 


it also tends to zero. Here again there cannot be more than one value 
of t for which x is zero, and there may be none within the period of 
observation. The damping is known as critical, in the sense that any 
reduction in its value permits oscillation, as will appear in tlie next 
few lines. 

Case (iii): b <n. This is easily the most impoitant of tlie three. 
As 6^ — is now negative the roots are complex. If we put n^ — b^ = (?, 
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so that n is greater than c, the roots are D = —h + ic, and the solution 

x = e-^^R sin (c^ + ^) (iv) 

The argument {ct + (j>) steadily increases with time, so that the trigo- 
nometrical term is alternately positive and negative and the motion 
is oscillatory; but the amplitude steadily decreases with time, 
and the oscillation (like all natural vibrations) is gradually damped 
out of existence. The time interval between two successive transits 
in the same direction through the zero-mark, which implies 
sin(c^ -f (^) = 0, is given by a change of 2?? in the argument {ct + ^), 
i.e. a change of 27r/c in t. This is the periodic time and is unrelated to 
the amplitude. Had the damping been zero, the motion would have 
been simple harmonic, with period 27r/n. As mentioned above, n is 
greater than c, so that one effect of the damping is to increase the 
period, or slow down the frequency. 

The equation is a very fair approximation to the motion of the 
light-spot when a galvanometer needle is being resisted by the atmos- 
phere. The positions of maximum displacement, left or right, are 
instants of temporary rest. If we calculate the velocity, we have 

X = Re~-^^[c cos {ct + — 6 sin {ct + <^)] 

= —Rne'^^ sin(ci + — y)) = 6^ + c^, tany = 

The instants of temporary rest are given by sin {ct — y) =■ 0, 
so that the time interval between two consecutive instants of rest on 
the same side of the zero corresponds to a change of 27r in the argument 
^ ^ _ y)^ Le. a change of 27 t/c as before in t. It is therefore imma- 
terial whether the period be measured between consecutive instants of 
rest on the same side of the zero, or between consecutive transits 
through the zero in the same direction. 

This leads to an important constant connected with the motion. 
Let iC 2 be two consecutive maximum displacements on the same 
side. The time-interval between them is a period t = 27r/c. Hence if 

x^=R exp (—6/5) sin(ci + ^), 
then .Ty = R exp{— 6(/5 + t)} sin(c^ + 0 + 2 it). 

This gives ex]) br, or log = 6 t = 2776/c. 

This important factor is known as the ‘‘ logarithmic decrement 

It figures prominently in telephony and acoustics. If the time- 
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interval for a given number of swings be taken, together with a note 
of the first and last amplitudes, the period and the damping can be 
computed. 

In considering the x, t graph of (iv) with t horizontal and x vertical, 
the curve somewhat resembles a sine curve; but there is a good deal 
of distortion, though there is no loss of periodicity. Whereas a pure 
sine curve x = R sin{ct would lie between the parallel lines 
X = +R, the present curve lies between the negative exponential 
curves x = +Re-^K The initial displacement is the intercept on the 
vertical axis, given by i = 0, so that its value is R sin^. This is positive 
or negative according as (j> is positive or negative; and the curve 
slopes initially upwards or downwards according as the initial velocity 
is positive or negative. The intercept increases as ^ increases from 
zero to l-TT, thus throwing the curve to the left, so that of two similar 
and adjacent curves the one on the left is really leading, in the elec- 
trical sense. The intercept on the horizontal axis, corresponding to 
the instant of passing the zero-mark, is given by sin {ct + (l>)=^ 0, so 
that t = — ^/c. It is instructive to sketch the curve roughly for various 
types of initial conditions. 

The following is an example of numerical work. A series circuit 
has a capacity of 2 /iF, an inductance 0*86 mH and a variable resis- 
tance. Calculate the resistance when the circuit just fails to be oscil- 
latory, and also when it is oscillatory at 3500 cycles per second. The 
voltage and current both depend on the equation 

CLD^ + ORD-\-l=0. 


If the damping is critical, this has equal roots, for which the condition 
reduces to R^C = 4i. As (7 = 2 /xF = 2 . 10 “® F and L = 0-86 niH — 
8*6 . 10“^ H, we have i? = 41*4: ohms as the critical resistance. Other- 
wise we write 


and complete the square as 



^ _ 1 _ 
4^2 GL' 


If the circuit is oscillatory, the roots are 2) = — 6 + ic, where 
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and tKe frequency of oscillation is c/27r cycles per second, given as 
3500 Hence = (277 . 3500)2 = 4-836 . lO®. Also IjGL = 5-813 . 10^, 
so that (iJ/2i)2 = 97-7 . 10® and i?/2L = 9885, leading to = 17 
ohms. 


EXERCISES, 3 , 5 

1 . Verify that the solution of 

I'lx + 8-3i + = 0 

is non-oscillatory. If the initial conditions are t= 0, x— 7*3, x = —3*2, prove 
that X has neither a maximum nor a finite zero, but approaches zero steadily. 

[x = 8-08 exp(-0*79i5) — 0-78 exp (-4-090.] 

2 . In a series circuit the current is oscillatory with logarithmic decrement n. 
Prove that 



Explain this result when the resistance approaches zero. Numerically E = 5 
ohms, L = 0-3 mH, n -- 0-4. Calculate C. 

In general, if Z) = —6 h ic, and the condenser has initial voltage Vq, prove 
that its voltage V at any suhsequent time t is given by 

V sin 9 = sin(c^ + 9), 

where tan 9 = c/&. [G = 0-19 gE.] 

3. A mass of 10 lb. mov<^H on a rough horizontal table attached to a spring 

of stilfness 0-42 lb. /in. resistance is 2-3 lb. per ft. /sec. velocity. Initially, 

I - - 0, X - —5 in., X 2-7 It. /sec. Deduce that the periodic time is 3‘91 sec., 
E ■ 9-9 in., the pliase angle 9 is in the fourth quadrant and equals —30°. Note 
tha-t the force must bo in absolute units, and if g bo taken as 32, the length unit 
is the foot. 

4. Assuming that in th(^ motion x b 2bx -j- n^x — 0, the damping is above 

the critic^al value, 1(4 the initial conditions be / — 0 , a; — a, x — ii. Prove that x 
u(H*(\sHn.riIy has a maximum value. If u be replaced by — w, show that x does not 
])ass through tln^ z<u’o if the absolute value of w lies between a(b c), where 
cr hut, tha.t x pa,sses through zero if u is negative and numerically 

greater tlaui a{h 1 <’)• 

T). If in thc’i last example the damping is critical and the initial conditions are 
(. : = 0 , - (i, X —u, find the greatest value of n if x does not pass through the 

zero. 

(). Provo that the contacts of the curve x= Ee-^^ sin (ct 9) with its boun- 
(la,ry e.urvi^ x ■■ Hr occur at intervuils of a period and slightly after the instants 
of t(auf)ora,ry r(\sl'. 

If tl»e light, -spot swings from zero out to the right and back to zero, prove 
that the first half -swing is quicker tlian tlio return half. 
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7. The motion of a 10-lb. mass is controlled by a spring of stiffness 8 lb. /in. 
A dashpot mechanism provides a damping of p lb. per ft./seo. Estimate p if a 
single swing reduces the amplitude to a fifth of its value. [Ans. 5, approx.] 

8. A uniform unlagged bar of length X has the end x = 0 maintained at 
temperature and the end x= "k maintained at temperature T^. Prove that 
after a considerable time the temperature distribution is given by 

Ti sinha(X — x) sinhaa; 
sinhaX 


3, 6. The Complementary Function in General, 

When the degree of the auxiliary equation exceeds two, we have 
(a + + cD2 + . . ,)y = 0, 

which we may denote by F(D)y = 0. The procedure is then mainly a 
repetition of previous work. If F(D) has the factor (D — a) corres- 
ponding to the real root a of the equation F{D) = 0, we can put 
F{D) = {<f){D)}(D — a). Any value of y that makes (D — a)y zero 
must give 

F{D)y = {^(D)}(2) - a)y = 4>{D)0 = 0. 

This means that y = Ae°^^ is part of the complementary function, and 
as solutions are additive the full value of the complementary function 

+ Cey‘‘+ , 

where A, B, G, &c., are arbitrary, and a, jS, y, &c., are the roots of 
F(D) = 0. 

If a root is repeated the corresponding factor is {D — a)^, and we 
can put 

F{D) = {m}iD-oir- 

The value of y that makes {D — a)^y = 0 must make F{D)y = 0, i.e. 
(A + Bx)e'^ is part of the complementary function. By an obvious 
extension, a factor {D — a)^ would give the solution {A -\- Bx-\- 

Imaginary and complex roots present no new difficulties. The two 
roots correspond to a factor -f- a^), and by writing 

F{I))y = {<j>{D)}{I>^ + a?)y, 

we conclude that (P cos ax-\-Q sin ax) is part of the solution. Similarly, 
the complex roots a + correspond to a factor {p^ — 2aD + (a^ + ^8^)}, 
and by writing 

F{D)y == + (a^ + ^)}y. 
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we conclude that cos Q sin ^x) is part of the solution. The 

rule then evidently is to factorize FiD) into real linear or quadratic 
factors, and write down the solution from these. In practice this may 
involve a good deal more labour than text-book examples would 
imply. It would be no five-minute job to solve, say, y'” -|- y' -f = 0. 


Examxile,- 




dx^ ^ dx ^ 


We have D - l)y d = {D -- \){D^ + l)y. 

The roots are 1, and the solution is therefore 

y = + B sina; + O oobx. 


EXERCISES 

+ [y = Ae-<^ + {B + Cx)ef‘.-] 

2. y'" - y" -4y' + 4^ = 0. \y=A^+P oosh2a: + Q sinh2a;.] 

3. Prove that any solution of the equation y'" + y" + 4y' -f- = 0, which 
contains three non-zero constants, must cross OX an infinite number of times at 
intervals which gradually tend to equality with increasing x. 

[y = Aer<» + R sin(2x + 9).] 

4. Eind a solution of y"' — y" — y' A- y = 0 which passes through the origin. 
Prove that any solution of this equation which touches OX at the origin can 

never meet it again. = Ax^ H- B sinh*.] 

5. Accepting the statement that {A + Ra:)e«® is part of the complementary 
function if there is a factor (D - a.)\ verify the statement in the text, that a 
factor {D — oif leads to (A + Bx Cx^)e°-^, 

6. Prove that if F{D) = Z)“cp(Z)), then A d- Bx is part of the complementary 
function. Generalize the result. 

7. Solve the equation {D^ ~ a)^)y — 0 which occurs in the theory of shafts. 
If the constants are determined by the conditions that y = 0 = y' both when 
X — 0 and when a: = X, prove that o> and X are related by the equation 
coscoX = sechoX. Deduce from a rough sketch that this transcendental equation 
has the approximate roots coX = 37r/2 , 5tu/2, .... 

[y = A coscoa; -f B sinoa; -|- Usinhcoa; + D coshcoa?.] 

8. Find the complcmontary function of the equation 

{D^ H- co^)2/ — cx, 

which has Hcvoral practical applications. 

9. (/>! I - I- n^)y -- 0. 

JO. 1 :ur-)y=: 0. 

11. - 2/P I- 2D2 - 2Z> + 1)2/ = 0. 

12. ‘[''i - 4pq + (pa -f q2)2j, == 0. 

aa- dx 
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3, 7. The Pariicular Integral. 

It has already been remarked that the auxiliary equation 
F{D) = 0, which determines the complementary function, furnishes 
all the arbitrary constants that the equation 3, 1 (i) demands. The 
particular integral can be any solution whatever, the simpler the 
better. 

Before proceeding to the methods of determination for the com- 
moner cases we make a few observations of general applicability. It 
may happen that f{x) is the sum of a number of functions, so that the 
equation 3, 1 (i) has the form 

= - 3^1 + - 3^2 + ^3 + • • • • 

In this case it is legitimate to treat the functions separately; for if 
is a solution when we use only we have F{D)yi = X^. Similarly 
with a change of suffix we have F(D)y^ == Zg, and so on. Summation 
gives 

+ 2/2 + •••)= -^1 + Z2 + Z3 + . . . , 

so that the sum of the partial solutions + t/g + . . . is a solution. 
It may happen in this process that terms appear which are already 
in the complementary function. In that case they can be rejected; 
for since we have an arbitrary number of them in the complementary 
function, there is no point in keeping more of them in the particular 
integral. Conversely we may, when the occasion suits, add to the par- 
ticular integral terms occurring in arbitrary amounts in the comple- 
mentary function. 

3, 8. f{x) a Polynomial. 

Turning now to the particular methods, we begin with the case 
where /(a;) is a polynomial, so that the equation has the form 

{a -j” -j- CjD^ -{” • • *)o^ ^ “b -j- • • (i) 

Consider the result of letting F{D) operate on an arbitrary polynomial, 
i.e. (a + + . • •){p qx rx^ . .). 

The first operator a produces a polynomial of the same degree. The 
second operator hD produces a polynomial of degree one lower. The 
third operator produces a polynomial of degree two lower than the 
original, and so on. If the process goes on long enough we merely 
produce a constant, and thereafter achieve complete annihilation. 
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The net result is evidently a polynomial of the same degree as the 
original, and by a proper choice of the coefficients q, r, &c., the result 
can be made to coincide with the /(a?) of the given equation. We are 
accordingly justified in assuming that y is a polynomial of the same 
degree as/(cc). 

Example L — (3 -j- 2Z) — _ ^3)^/ = 9 — 2ic + 3a;2. Here ;f{x) is qxiadratic, 

and we assume y to be the quadratic p ~\- rx^. Substitution gives 

3{p gx-\- Tx^) + 2(q + 2rx) — 2r— 0=9 — 2a;-]- Sa;^. 

A comparison of the coefficients of the various powers of x leads to the simple 
simultaneous equations 

3r = 3, 

Zq H- 4r — —2, 

3^3 -j- 2^ ~ 2r = 9. 

We have in succession r= 1, — 2, p ~ 5, and the particular integral is 

2/ = 5 — 2a; + a:^. 

The reader can satisfy himself on two points that emerge from this. 
In the first case it would have been pointless to assume that y was 
cubic rather than quadratic ; and in the second case, having assumed 
that y was quadratic, the operators above can be ignored. The 
sequel is that if/(a?) is a polynomial of degree zero, reducing to the mere 
constant L, then y itself is a constant, in which case all powers of D 
can be ignored. The result of the substitution in (i) would be af = i, 
whence p = Lja. Another and minor point is that the coefficient of 
the highest power in y is obtained by dividing the highest power in 
J{x) by a. 

Example 2. — ^A vertical spring of stiffness h has its upper end fixed. The 
lower end carries a mass m. If at any time I tlie extension of the spring is x, the 
equation of motion is mx == mg — kx, or (mD^ + h)x == mg. The complementary 
function gives the simple harmonic motion x — R sin(ci)^ +9), where co^ = IfcAm. 
The particular integral gives x= mg jk, the physical interpretation being that 
it is the extension in the equilibrium position. 

An anomaly arises when some of the leading terms in F{D) are 
absent, e.g. a -|- bD, so that the equation (i) reads 

(rD2 4. dX)Z _j_ , , = L + Mx -f- . . . . 

Here two dirc'c-t intc'grations arc possible, and if the above argiiniont 
were applied directly it would no longer be true that the assumption 
of a polynomial for y would produce a polynonxial of the same degree. 
The anomaly is more apparent than real, for y can still be taken as 

6 ( 0237 ) 
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a polynomial, though the degree will necessarily have to be higher. 
But it is useless now to include the terms jp + jcc as they would be 
annihilated by the operator F[D). Their omission is compensated by 
their appearance as part of the complementary function arising from 
the repeated roots D = 0, 0. We accordingly assume y = + sx^ + 

.... The reader is left to formulate the rule as to the highest power 
employed. 

Examine 3.— ^ - 3 = 9a: + 16 = D»(II - 3)t/. 

d^ 

The complementary function is A -f- Bx -1- -f- In finding the particular 

integral we ignore the quadratic portion and assume ?/ = sic® + Substitution 
then gives 

— 3(6s + 24tx) = 9a; + 15, 
whence 8 = —I, t= —1/8. The full solution is thus 

y=A-{-Bx+ 03 ?-a?-- + 

8 


l.g-3^^+2y=8(.. 

dcT dx 


EXERCISES 

2 ). 


[y = Ae“ + -f- 4a; - 2.] 


2. Prove that if the equation has the form 

{aD^ + 4- . . .)y = a -}_ . +[lx^, 

the correct assumption is 

2/ = Aa;^ + Bx'^+^ + . . . + Hx‘^+^. 
Hence determine the complete solution of 


\^ = A + Bx-ir Ux^ -S3? + 1^+0 exp J 


3. Assuming the equation L^-\- RI = E proved in 2, 3, Ex. 3, find the com- 
plementary function and the particular integral. Deduce the result 

i = |{l-exp(-|)) 

for the current J at ^ sec. after closing the circuit. Treat similarly the problem 
of charging a condenser; see 2, 5, Ex. 13. 

4. Prove that if the equation has the form 

{a -I- bD^ + + . . .)y = a + pa; + yx\ 

the particular integral is y = (a -f- pa; -f yx^)la. 
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6. One of the curves 


dx 


+ 


touches OX at the origin. What is its equation? 

[ISy = 20e-s 

6. A curve of the family y" + 5?/' -f- = 6 crosses v 

0-75 and a down slope — tan“il-5. Prove that it has a h 
which it crosses only once, and that it has a mmimum vali 
Does it cross 0X2 [y == 0-96 exp(— 3-618a?) — 140 exp^ 

7. Prove that the equation 

(a + 6D + cD2 + . . .)y = L 

can be solved by taking a new variable u — y 

a 


8. In studying the strains set up in large storage tanks we meet the equation 

X)4y _j_ Integrate it. See 3, 6, No. 8. 

9. Find the conditions that the particular integral of 

(a + 6D + cD^)y == L -j- ifa; + Na;2 

shall consist of a single term. [a{L + Mx) — W{hx + c).] 

10. Find the particular integral of 

^ + 11 ^ + 28a; = 84^2 _ 242^ - 591. 
dt^ dt 

[x = 3i2 - 11^ - 17.] 


3, 9. Practical Applications. 

As an example of the practical application we take the theory of 
beams. Consider a horizontal cantilever of length A wdth the left end 
encastr^e (fixed, built in), the right end bearing a load W. The prin- 
ciples of statics dictate that there must be a vertical reaction of mag- 
nitude W at the wall. These two constitute a couple WX clockwise. 
There is accordingly a counter-acting couple C at the wall counter- 
clockwise, whose function is to restrain the left end of the beam from 
rising. If that were the whole story we should have 0 = WX; but if 
we assume a horizontal thrust P at the right, there must be an opposing 
thrust P to the right at the wall. These two comprise a clockwise 
couple Pd, where d is the deflection at the end. We now have 
0 =WX A- Pd, a single equation with the two unknowns G and d\ 
the problem is statically indeterminate and recourse must be had to 
the theory of elasticity. 

We take the origin at the wall and the horizontal undeflected centre 
line as x axis. The deflection y at any point is measured positive down- 
wards, and as y increases with x, we have y' positive. Incidentally it 
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is so small that nothing short of optical or electrical methods will 
measure it; its square is accordingly negligible. As y' also increases 
with X, we have j/" positive. The formula for the radius of curvature 
being p = (1 + we have the curvature (the reciprocal of the 

radius of curvature) approximately given by y\ The Euler theory 
of beams takes the curvature at any point of the neutral axis as pro- 
protional to the bending moment acting over the corresponding normal 
section of the beam. This bending moment is accordingly given wdth 
sufdcient accuracy for ordinary purposes by the expression Ely", 
Here E is Young’s modulus for the material and I is the modulus of 
the cross-section, a sort of moment of inertia. The “ proof ” can be 
found in any text on the strength of materials. 

We now take a normal section at any point A of the beam distant x 
to the right of the wall, and consider the influence that the right por- 
tion exercises on the left portion. The upper fibres are in tension, and 
therefore exert a pull to the right. Conversely, the lower fibres are in 
compression and exert a thrust to the left. The net eftect is a clock- 
wise couple. This is the couple measured by Ely", 

The horizontal equilibrium of the left portion further demands that 
there shall be a thrust P acting to the left at A to counterbalance the 
thrust P from the wall. These two give a cloclcwise couple Py, where 
y is the deflection of the neutral axis at A. Similarly, there must be 
a downward force Tf at .4 to give vertical equilibrium with the upthrust 
W at the wall. These two constitute a clockwise couple Wx, The 
equation of equilibrium of the left portion becomes 

Ely" ^G-Py-Wx, . = . . . (i) 

As a working rule it is as well in any particular case to begin by writing 
down Ely"' = (7, even when 0 is non-existent. The remaining couples 
or moments are then placed on the right with sign to accord with 0, 
which is positive counterclockwise. As for the solution, we have 

Ely" + Py = C-Wx = EI(D^ -f n^)y, 

where = P j El ^ so that the complementary function is 

A Qo^nx + B sinM. 

The particular integral must be linear and so can be ignored. As- 
suming -j- we have 

Py = P{p + qx) = C -Wx, 

, G - Wx 


whence 
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Tlie full solution is therefore 

. , ^ , C- Wo; .... 

y = A cosncG -j- jD smnx -f- — — . • . . (ii) 

The determination of the arbitrary B is carried out from known 
conditions. There is no deflection at the wall, and x = 0 implies y ^0; 


0 = ^ + 


A=^- 


Moreover, the beam projects horizontally, so that x = 0 implies ?/' = 0. 
Differentiation of (ii) gives 

y' ~ nB cosM — nA sin to — 
so that the end condition gives 

A ^ -D ^ 


The solution now is 


== p- (1 — costo) -h (sinTO — to). 


We still have the two unknowns C and d\ but we have a further con- 
dition that there is no couple applied to the end of the beam, so that 
y" = 0 when X = X, The substitution of these values in equation (i) 
gives 0 = Pd + TPA, a result already known from statics and serving 
as a check on our work. If we apply our solution (iii) to the end of the 
beam, we have 

Pd-]-WX,, ^ W , . . 

d = (1 — cos9^A) + —5 (sln^^A — nX). 

JL flJr 

With a little algebraic reduction this leads to 

Pd tand — d . 

wx~—f—- <■''> 


where 6 = nX. The couple C is accordingly (TP A tan 0)/^. 

The question naturally presents itself as to wliat happens to these 
results when P is witlidrawn. As P tends to z(‘ro so clocks n, and d with 
it. It is known that tlie indeterminate (taji0)/0 tends to unity, so that 
C takes the value TP A which we ex2>ect. The first few terms in the 
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expansion give 

tan0 = 0 + | + ^- + ..., 

SO that, to the lowest order of small quantities, {tsLnd — 9)/6 ap- 
proaches 02/3, or On replacing P by n^EI the equation (iv) 

for the deflection becomes 

n^Eld {n\f 
WX ^ 3 ’ 


so that d takes the value TFA^/3 jBZ. This accords with the result given 
in texts on structures for the end-deflection of a simply loaded canti- 
lever. It will be noticed that if d is the deflection when P is present 
and when absent, the ratio djd-^ can be written 3(tan0 — 0)/0^. 
The rather surprising result follows that for a given P the proportional 
change in the deflection, being governed by d alone, is independent 
of W, 

One further observation is worth making. If P be reversed, so that 
the beam acts as a tie instead of a strut, the trigonometrical functions 
in the complementary function are replaced by hyperbolic functions. 
This is exemplified in the following more complicated example. As the 
method has already been explained, part of the routine analysis is 
left to be supplied by the reader. 

A horizontal beam of length A is encastree at both ends and acts 
as a tie. There is end-pull P and uniform load w per unit length. The 
total load wX is therefore supported by two reactions of \wX and the 
equation of equilibrium is 

Ely'' = 0 Py — \wXx + 


On determining the complementary function and the particular integral 
we have 


y A cosh nx B sinh nx — -j- 

^ 2P ^ 2P 



where = PjEI, 
which gives 


The end conditions at the left are cc = 0 = y = y, 



w 


wX 

^P‘ 


The solution thus becomes 

v?Py = {w + n^C){coshnx — 1) — -|-^(;nA(sinh?^ 2 c — nx) — 

. . (i) 
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We may now either use the right end of the beam and say a; = A, 
2/ “ 0 = 2 / ; or we may trade on the symmetry of the configuration 
and say x = y' = 0, They all lead to the same result, which is 

^ wX^ 6 coth 6 — 1 
““ “4 ’ 

where 6 = ^nX. The central deflection, on using the value of C and 
putting x = \Xj y = din (i), is given by 

n^Pd = w6{^6 — tanh-|&) 

Qj. Pd \6 — tanhj^ 

wX^ id 

3, 9*1. Critical Thrust, 

When the lateral loading is absent and the only lateral forces are 
such as ensure the maintenance of the configuration, the problem 
becomes one of stability. The function of a strut is to withstand com- 
pression; but it is common knowledge that a long or thin strut is 
likely to buckle. A long lath or T-square will illustrate the point. 
The load which causes buckling is variously known as the buckling, 
crippling, or critical load. Apart from such factors as would affect 
the strength of any member whatever, the buckling load is dependent 
on the methods of fixing the ends. Its determination frequently de- 
pends on the solution of transcendental equations. The following case 
is particularly simple. 

A horizontal strut of length A with both ends pinned has end- 
thrust P. Assuming that it curves downwards, there is statical equili- 
brium and no lateral retaining forces are required. In conformity with 
previous work, we write down 

Ely" = C~Py, 

As the ends are merely pinned there are no end-couples, and C is zero. 
There is no particular integral, and the solution consists solely of the 
complementary function y == R sm(nx + ^). With the end conditions 
x==0=^y, we have Pain^ zero. The possibility P = 0 must be 
ruled out as it leaves us with no solution. The alternative is <ji = 0, 
and we have y — Rauinx. The conditions at the right are a? = A, 

2 / = 0, so that PsinnA is zero, whence nX = 0, 77 , 27r, &c. We can 
discard the zero, and the smallest value that is likely to give trouble 
is nX = TT, whence P == P/(7r/A)^ as the critical thrust. 
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It is sometimes wondered why R remains indeterminate, so that 
the curved form of the beam cannot be found. The answer is that 
once buckling sets in the mischief is done, and matters go from bad 
to worse. It is true that a member can be held flexed under end-thrust, 
witness an ordinary bow for shooting arrows; but for this a more 
delicate analysis is required. 

Turning now to a more complicated case, consider the problem 
when the same strut has the left end clamped horizontally and the 
right end pinned, there being horizontal thrust P. There is now a 
counterclockwise couple G at the left, and if the right end is to pre- 
serve alignment and suffer no deflection, there must be a downward 
restraining force R. Statics dictates that an equal and opposite force 
R must act upward at the wall, and accordingly we have G = JBA. 
The equation of equilibrium is 

Ely" = G-Py-Rx, 

of which the solution is 

Q 

y = A Gosnx B sinM -| . 


The arbitrary constants are determined from the conditions 
a; = 0 = 2 / = j/' at the left, whence 


A 


0 

P’ 



The solution becomes 

y = ^ (1 — cosna^) + ^ (sinna^ — nx). 

At the right end there is no couple, so that y" = 0 wlion x = A. On 
applying this to the equilibrium equation we get C = PA, already 
known from statics and a check on our working. Tliei’i^ is no deflec- 
tion at the right, or y = 0 when x = A. This leads to tan 0 — 6 , where 
0 = nX. We derive the solution of this transcendental equation by 
regarding it as the intersection of the two simple graphs y — 6 and 
y = tan0. Notice that both of these pass through the origin at 45° 
to OX. A rough sketch indicates that there is an infinite number of 
intersections, and the horizontal interval bcdwecui the higher values 
gradually tends to the constant value it, Wluit is of more importance 
to us is that the first intersection falls slightly short of 37r/2, or 
4-71. 
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3, 9*2. Newton's Method. 

In order to improve on this approximation we employ Newton’s 
method. Assuming that a is a good approximation to the root of an 
equation f{x) = 0, we have /(a) close to zero. If the correct root is 
a + A, then A is small (and is known as the correction) and /(a + A) 
is precisely zero. AlS /(a + A) differs but little from /(a) + hf{a) we 
have pretty well /(a) + hf{a) = 0, whence A = The 

process can be repeated if a closer result is required. 

Reverting to the transcendental equation for our strut, we have 

tan0 — d = 0 =f{0) 

and f'{S) = sec^0 — 1 = tan^0. 

We take as our approximate root, say 6 = 4-5 radians (why not 
37r/2?), and deduce a correction of 

, tan4-5~4-5_^ ... 

tan^4*5 

This gives 6 = 4*49 = nX, whence the critical thrust is P = 20-2EIJX^. 

3, 9-3. The following particularly simple example is introduced to 
illustrate two important points. It frequently happens that the clear 
span of a beam is interrupted by intermediate loads. In such cases 
an equation of equilibrium is valid only in the interval for which it is 
formed, and it is illegitimate to determine the constants from con- 
ditions outside the interval. In awkward cases it may be necessary to 
have different equations in different intervals, in which case the 
solutions must tally at the common end-points. The tally consists in 
giving the same deflection and the same slope ; for no sudden change 
of slope is possible unless the beam be broken. Such problems are 
usually rather tedious and involve a good deal of algebraic manipu- 
lation. The following is an exception. 

A horizontal beam of length A is simply supported at each end. 
There is central load W and end-thrust P. The reaction at each sup- 
port is W, and if we work in the left half-span the equation of equili- 
brium is 

Ely" + - IWx. 

It is easily verified tliat if our imaginary section is in the right half- 
span we get the somewhat diiTerent e<|uation 

EIy" + Py^iW{x~-X). 
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Adopting the former equation we have as the solution 
y — A oosnx 4- £ sinwa; — — . 

^ T- 2P 

The conditions at the left give A = 0, so that 

„ . Wx 
y — B sinwK — 

2P 

The symmetry of the configuration permits us to assume that 9 / =0 
when X = JA. Hence 

A 1 ^ ^ TF sec in A 

0 = n^cosinA — — , B= s — . 

" 2P’ 2Pn 

Note that, had we trespassed into the right half-span by using a? = A, 
y = 0, we shoxild have reached the erroneous result 5 — ( TF A cosec n A) J2P. 
The correct result leads to 

2nPy - . . 

- ■ = secinA smncc — nx^ 

Vf 

which gives a central deflection of lF(tan|nA — -|nA)/ 27 ^P. The 
maximum bending moment occurs at the middle, and the equilibrium 
equation gives its value as (IF tan|-nA)/2n. 

The next point we wish to make is numerical, and the verification of 
the details is left to the reader. Suppose the beam is a steel shaft of 
diameter 4 in. and length 15 ft. An end-thrust of 5000 Ib./in.^ is 
equivalent to P = 6*28 . 10"* lb. A central load which gives a maxi- 
mum skin stress of 4000 Ib./in.^ is equivalent to W = 559 lb. It 
will be observed that these stresses are respectively less than 3 and 
2 tons/in.2, and are accordingly quite safe. Further calculation gives 
I = 12-57 in.-*, and if we give E the usual value 3 . lO"^ Ib./in.^ we 
have 

n == 1-29 . 10-2 in.-i, 

whence nX = 2-33 radians. The maximum bending moment, from 
(IF tan-|nA)/2^, now figures out at 5-03 . 10^ in.-lb., and this corresponds 
to a maximum skin stress 8-0. 10^ Ib./in.^ due to bending alone. Adding 
tlie 5 . 103 lb./in.2 due to direction compression, we reach the total 
of 13-0. 103 lb. /in. 2 , practically 6 tons, a figure not to be envisaged 
lightly. The moral is that it can be highly dangerous to load a strut 
hM(‘ralIy. 
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EXERCISES 

1. If the beam be built in at both ends and has central load W with end- 
thrust P, prove (i) the end and central couples are each (Prxtan6)/80 where 
0 = wX/4; (ii) the two mflections occur at X/4 from either end; (iii) the central 
deflection is lFX(tan0 -- 0)/4P0, and as P approaches zero it approaches the 
standard value irx®/192P/. 

2. If in the previous problem the central load is replaced by a uniform load w 
per unit length and 0 == J%X, prove that (i) the end-couples are z^X2(l — 0 cot 0/402; 
(ii) the central couple is i^X2(l — 0 cosec 0)/402; (iii) the central deflection is 
VjX2(tanJ0 — J0)/4P0; the mflections are given by 0 cos(0 — nx) = sia0. Verify 
that as P approaches zero the results are in conformity with the usual standards. 

3. If a simple cantilever has end- thrust P and uniform load w per unit length, 
prove that with 0 = riX, (i) the retaining couple is t<;X2(l — sec0 + 0 tan0)/02, 
which approaches as P tends to zero; (ii) the end-deflection is 

wX^(l — sec0 + 0 tan0 — J02)/P02 

and tends to tcX*/8P7. 

4. A horizontal tie is simply supported at each end. The pull is P and uniform 

load w per unit length. Prove that with 0 = ?^X/4 the central deflection is 
24>X2(02 — sinh0 tanh6)/8P02, which tends to as P tends to zero. 

5. A horizontal steel bar of length 3 metres has cross-section 2 cm. square 
and both ends clamped. If the end- thrust is 200 Kgm., prove that a central load 
of 8 Kgm. would give a deflection of 2 cm. and raise the maximum stress from 
50 Kgm./cm.2 to 300 Kgm./cm.^, if = 2 . 10® Kgm./cm.^. 

6. A cantilever of circular section has length equal to 80 diameters. Prove 
that, in the presence of an end-load, an end-thrust equivalent to 6 Kgm./om.^ 
would change the deflection by about 11 per cent, if P = 2 . 10® Kgm./cm.^. 


3 , 10 . f{x) = B sinoix -j- A coscdx. 

We begin the study of this form by investigating the effect of the 
linear operator F(L) on R sin {cax — <^). We have 

(i)2 + <jcP‘)R sin(o>aj — (/>) = 0, 

whence by successive differentiations the operators {B^ co^Z)) and 
(Z)^ + 60^1)2) both annihilate R sm{ci}X — <j>). This shows that the 
operator is equivalent to multiplication by — and if we write 
tills as i)2 = — we have in succession 

- -ofiD, = ~co^D^ = +co4, 

and so on. It follows that, apart from certain exceptions to be noted 
later, our operator F{D) can be reduced to the equivalent form (p + qD). 
In special cases, either or both of p and q may be zero. 



applied dippbrential equations 

Example. 1.— Since Ifi sinSa: = -9 sinSa:, we have 

~ - 6) sinSis = (_9D + 9 + I3D - 6) sin3a; 

= (3 + 4D) sinSa:. 

We^accordingly turn our attention to the operator {f + qB) and note 

(jp + gD) sin o>x = p sin cbx -f- coj cos ayx 

, ^ sin (cox -j“ ^), 

where ^ > r/> 

p = kcostli, = 

SimiWy, tan# = 

(P “1“ 3-D)-R sin (wx — ^) = kR sin (cox — cf> ifi). 

These results are still valid if the sign of p or j be changed throughout. 

Emmple 2.— As an illustration, we have 

(6 — 2D) sin4i = 6 sin4a: — 8 oos4a:. 

Putting g_ —8 = Asintj;, 

Ak^fc *= 8^ the fourth quadrant and be numerically equal to tan-i 8/5. 
(ti tn • T ~ although in practice it is quicker (having first determined 

-J/ltodetermmeiasScosecl,. We have the result 

(6 - 2D) sin 4a! = V89 sin(4a: - i|j), tanifi = 8/5. 

This might have been written straight down according to rule. 

It appears from this that if the equation has the form 

= R sincox, (i) 

aV® ^ Reasonable assumption that y has the form R&m{o>x - 6). 
mpnT ^^ally by adjust- 

“pkced ^ 

B sin cua? = (^ -f. qI))R sin {ojx — 

= hR sin {(OX — 

Hence R = BIh, cj> = ijj^ and 


.y = 


B 


V (p^ + a>V) 


Example 3.— To determine the particular integral of 
(D^ D® + 13D — sin 3a!, 
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we assume y = It sin(3;r — 9 ). We then have 

7 sinSa: = {D^ — -\- 13D — Q)R sin (3a; - 9 ) 

= (3 “h ^D)It sin (3a; — 9 ) 

= V (153)i2 sin(3a; —9 + 4')? tant}; = 4. 
Hence Ii= TfV (153) and 9 = tan“^4, so that 


3 , 11 . Symbolic Method, 

If we treat the above Example 3 symbolically, ignoring for the 
moment the fact that D is really djdx, and not bothering whether 
what we are doing has any meaning, we might write 


Z)3 — D2 + UD — 6 


- sin 3a; = 


3 + 4Z) 


sin 3a? 


after replacing by —9. Borrowing an idea from the thec’' 
we might now multiply numerator and denominator by th 
(3 — 4Z)). The denominator would become (9 — oj 

replacing by —9. This gives 


^ = ( 3 + !o)(3-4D) 


As 

we reach 


(3 — iD) sin 3a? = •\/(153) sin (3a? — cf}), tan0 = 4, 
7 


y = 


sin (3a? — <p) 


Vim 

as before. In general, if F{D)y — B sincoa?, we could write 

B B 

y = sin cox = sincoa? 

^ F{I)) p + qD 

B(p — qD) . 

p^^ + co^q'^ 

= - ^ sin(coa? — ih), tandf = ^ 

^/(p^ + oj-q^) p 


as before. The symbolic method justifies itself in giving the correct 
result in cases which can be checked by other means. A much wider 
use is made of symbolic; methods in Heaviside’s Operational Calculus; 
the justification is not always simple. 
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^he two working rules are: 

[jp -j- qD) sina>£i5 = $m(a)a3 -f- i/j), tam/r = coqlp, 


p+qD 


smcoa? = 


^/(p^ + co^q^' 


^m(cx)X — ifs). 


xLLtt rule is easy to remember since the square root, which is the same 
in both cases, is above or below according as the operator is above or 
below. Similarly, the phase angle is correspondingly added or sub- 
tracted. It is immaterial if cox is replaced by {cox + <^) ; and in virtue 
of the relation gos cox = sin (cua; -f- ^ir) the rules apply equally well to 
cosines. 

It may happen that the substitution = —co^ reduces F{D) to 
a mere multiple of D, in which case the equation 3, 10 (i) reads 
Dy = Bs,mcox. Direct integration then gives y = —{Bjco) ooscox. 
If the symbolic method is employed, the equation reads 


y 




Hence 1/D must be interpreted quite literally as the inverse of a 
differentiation, i.e. an integration. 


Example 1. — + 13D — 9)y = 8 cos (3a; + a) gives 

8 


2/ = 


D3 _ i2D _ 9 

8 


cos (3a; -f a) 


= cos(3a; + a) = f sin(3a; + a), 
4Jj 


a result that can be verified by substitution. 


When the equation has the more complete form 

F{D)y = Agoscox B^ incox, . , . . (i) 

it is now apparent that the particular integral will have the form 
y = H Goscox + K sincucc (ii) 

There are two courses open to us. We begin by reducing the operator, 
replacing by —co^ wherever possible. The equation then becomes 

(p qD)y = A GQs cox B sin cox. . . . (iii) 

We may either (a) make the substitution (ii) in (iii) and determine 
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H, K by comparison of coefficients; or (h) express the right side of 
(iii) with an amplitude and a phase angle, then apply rule (ii) from 
3, 11. If we adopt the former course, we have 

A = pH -\- ojqK, B=pK — a>qH 

for the determination of H, K. If we pursue the second course anc 
A coswa: + B sinwir = R sin(coa: + a), R = -\/{A^ + B^), tana = .. 

we have y = — R sin (cox + a) 
p + qD 

( ^2 I D2 \ 1/2 

/ + a,v) + tan^ = ^. 

The two results will, of course, merely be two ways of writing the 
same expression. 


Example 2 .— H- 5Z) - 6)y = 21 sin2a; -f 20 cos2ii;. On reducing 
the operator by = —4, we have 

{D — 2)y = 21 sin2cc + 20 cos2a; = 29 sin(2a; + a), tana = 20/21. 

{a) Putting H cos2a; + K sin2a?, 

we have —2H - 2^ = 21, —2H + 2J: = 20, 

whence = - 41 /4, Z = - 1/4. 


Hence 
(h) .From 


y = — (sin2;t’ -f 41 cos2a;)/4. 
(D — 2)y = 29 sin (2a; -{- a) 


we have 


29 

2/ = — sin(2a; + a) 

29 

= — sin(2a; + a + <p)» tan9 == L 


As tan (a + 9) == 41 and 1^ + 41^ = 2 . 29®, the two results agree. 


3, 12. Exceptional Case. 

An exception occurs when the substitution = — a>2 makes 

F{D) identically zero. The usual procedure is then nugatory. This 
occurs when (Z)^ -f- co^) is a factor of F{D); incidentally {A ao^cox + 
B shiojx) is then part of the complementary function. We can resolve 
the difficulty by studying the properties of the function ccsincoa; and 
its companion x cos cox. We have 

I)(x sintu^;) ™ x(I) sinca.7;) + sin cox(Dx) 

= cux cos cox d- sill cox. 
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Similarly, D\x sincoa;) = x{D^ micox) + 2{Dx)(D sinma;) 

= —o^x siucoa? + 2aj oosojx. 

In general, Leibnitz’ theorem on the differentiation of a product gives 
D'^^x sixicox) = x{D^ sincoa?) + nD^'^ sincoa?. 

If we use this result for various values of n, we have 

F{D)x sincaaj = xF{D) sina)a; + F'{D) sincocc. 

The term F(D) sina)a3 is known to be zero by hypothesis. The other 
term F\D) will give a result of the form {a cosojx + h sinoja;). Simi- 
larly, F{D)x goqcox would give {ccobwx-\- cZsincoa?). It appears from 
this that the assumption 

y = Hx coscoa; -f- Kx sin 0)33 . • . . . (i) 

could, by adjustment of constants, be made to fit the failure case of 

f{x) = coso>a3 + 5 sino>x 

by equating to F\D){H coscoa; + K sincox). 

Example, — To find the particular integral of 

(D3 - 2D2 + 9D - 18)2/ = ^ cos 3a; + 48 sin 3a;, 

we note that the substitution D® = — 9 reduces the operator to zero; in fact 
+ 9) is a factor. We accordingly make the assumption (i). The reader is 
advised to work out the effect of the substitution in detail and compare it with 
the following procedure. 

F{D) = I>3 - 2D2 + 9D - 18 -> 0 
F'(D)= 3i)2_42)q. 9 ->-2(9 H- 2D). 

Hence the substitution (i) gives 

F{D)y == F'{D)(H co83:f + K sin 3a;) 

= 6[(2H - ZK) sin 3a; - (3// -j- 2/C) cos 3a;]. 

Comparison gives 2H — ZK = 8, ZH -\- 2K = — 1, 
whence if = 1, A = — 2. The required particular integral is 
y = x{qosZx — 2 sin 3a;). 

The most important application in practice is to find the particular 
integral in the failure case from 

(jD^ + = F sin(6i)a3 -\- (f>), 

y = fl’a;sin(aja3 -f i/f), 


We assume 
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so that F{D)y = F{D)Hx ^m(ojx + i/j), F{D) = co^ 

= HxF{B) sin(coa; + ^) + HF'{D) sin(coa; + ifs) 
= 2HD sin {cux ip) = 2 cdH cos {<ox ^), 

R sin {cox (p) = 2coH sin {cox + ^ + ^rr). 


Hence, by comparison, we have 

2coH = i2, ^ -f- 'Itt = <^, 


so that 


R R 

y = X sin(cox + p — -|7t) = — _ cc cos {cox + cp). 

^co 2cc) 


A symbolic method of obtaining these results will be given later; but 
the method sometimes given, of using a limiting process, is not to 
be recommended. 


EXERCISES 

1* y" — + 15^ = 3 sin 2x. sin {2x + 9).^ 

2. {B^ -|- 13)2/ = 3 cos4a:. [y~B sin (a? V 13 + 9) — oos4a;.] 

3. (i)2 + 2D + 9)2/ = cos 3a;. [y = Re-^ sin(2a;V2 + 9) -f J sinSoi.] 

4. Find the particular integral of 

Zy — 2y' -h 2y" — sin 3a;. 

Verify your answer by substitution. 

5. Find by both methods the particular integral of 

(D^ “ D- + 4D -{- Z)y = 8 sin a: -|- 15 cos a; 
and verify that they agree. 

6. Find the particular integral of 

cos2®.] 

7. What is the particular integral of the equation 

y'" -* + 2/' — lly = 5 sin 2a; — 5 cos 2a;. 

[y = cos 2a; + J sin 2a:.] 

S. Examine bow far th(^ methods t)f the text can be applied when /(a;) has the 
form A cosh coo: |- H sinlvcoa'. Apart from replacing D- by co'^ what other modi- 
lic!ati<)iiH are jUMsessary? 

1). Solve th(^ ecjuation m, " I- //’ r- nR nlncot 
(ir^ dt 

which occMirs in tli<‘ tln'ory of tlu^ ioni/<ul lay<u-. Kind /I, B on tlu^ asHumption that 
it has a solution of t,h<^ form 


7 


A COSO)/ I />*sino)/. 


(G 237) 
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3 , 13 . fix) = ^X. 

The key to this form is that the first and all succeeding differential 
coefficients of are multiples of e”*. We thus have 

2){e“7) = e“(Z)F) + (Z>e“)F = e“(D + a)F. 

Similarly, 

D2(e“F) = e“(2)2F) + 2(De“)(i)F) + (D^^)r 
= er{D + a)2F, 

and in general by Leibnitz’ theorem 

D«(e**F) = e“(D'‘F) + n(De‘’*)(Z)«-iF) + . . . + (Z)"e“)F 
= e**(Z> + a)«F. 

Hence 

F(D){e‘^V} = (a + bD + cD^+ .. .)(e“*F) 

= e‘“{a + b{D + a) + c{D + a)^ + . . .}F 
= ^F{D + a)F, 

i.e. -we can transpose e“ and replace D by (D a). 

It appears that if the equation has the form 

X(D)y = e“Z 

■we might expect to get a particular integral by assuming y = e^F, 
where X and F are of the same fonn, i.e. both polynomial or both 
trigonometrical. 

Example 1. — (D® + 6D + 5)y = 3e® sin2x. 

Since (D + l)^ + 6(D + 1) + 5 = D® + 8D + 12, 

the assumption y = e®(£f sin2« + Z cos 2*) 

gives (D* + 6D + 5){e®(Z sin 2a: + K cos 2*)} 

= + 8D + 12)(ff sin 2a: + K cos 2a:) 

= e“(8D + %){H sin 2* -|- K cos 2a:) 

= 8e®{(ff - 2Z) sm2a: + (2ff + K) cos 2a:}. 

Equating the corresponding parts, -we have 

8(£r-2A;) = 3, H=^-, 

40 

6 

40 ’ 


8(2i? + A:) = 0, K=^ 
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The particular integral is thus 


y = — e^(sm2x — 2 cos 2a;). 

The result might have been reached symbolically. We can write the equation as 

3 


= 


1)2 + 6£) + 5 
3 


i)2 + 8i) + 12 

^ ■ sin2a; 


sin 2a; 
sin 2a; 


1 + X> 


= ?r- 7 T: sin (2a; — (p), tanm = 2. 
o V 5 


This is equivalent to the previous form. 


3, 14. In the simple case where Z is a constant the equation has 
the form 

F{D)y = Ae"^. 

On the grounds that with similar results for other 

powers of D, we have 

F{D)e^ = F{a)e^. 

Hence the assumption y = gives 

F{B)y = F(D)Ce^^ = CF{a)e^^ = Ae^. 

This determines 0, and we have 


as the particular integral. The result might have been obtained sym- 
bolically. We should write the equation as 


= 

F(D) 


F{D + a) 


. 1 . 


We sliould then ignore D as acting on a constant and so reach the 
same result as before. 

The forc'going rcisult is useless if F(a) is zero. This must occur if 
{D — a) is a factor of F(D), in which case is part of the comple- 
mentary function. The ('(jiiation could then be written as 

{4>(D)}{D - a)y = Ae^. 
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By writing \jj{L)y = w we get [B — This case has already 

been investigated in connexion with repeated roots in the complemen- 
tary function, see 3, 2. The result is known to be w = Axe°^^ The 
equation thus reduces to the form 

\ls{B)y — Axe^ 

and the proper assumption would be = (j? + qx)e^^. Substitution 
,p{D)y = il,{D){(p + qx)e<^} 

= er{4,{D + a)}{p + qx) 

= 

A comparison would, in any particular case, determine the coefficients. 
It is left to the reader, using the expansion of ipiD + a), to show that 
the coefficient of x in {ifj{D + a)}(p + qx) is ^^(a), which must accord- 
ingly equal A, Any other terms that occur are multiples of and 
can be discarded into the complementary function; our particular 
integral is 

^ i^(a) ■ 

The same result can be obtained more simply. Presuming that 
i[f(D) does not contain the factor (D ■— a), then 

_Ae^ 

tff(a) 

is certainly a solution of tp(D)u = Ae*^ 

as substitution shows. Putting u = {D — a)y, we conclude that 

F{D)y==(D^a){m}y = ^e<-‘ 

. A 

is satisfied if (D — a)y = . 

»/f(a) 

As pointed out above, the solution of this is known to bo 

Axe"^ 

77T- 

EXERCISES 

[y — Be~^ — 

{y = - 1 - A- 

[y = Je*® — + Ae~^ + 5.] 


1. D- 2)y = 

2 . - D — 2)y = 

3. + D)y = cosh. a;. 
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4. -{■ D + 2)y = 6“*® cos2x-. 

\y — Ae-^ + cos 2a; + J?e^^sin(Ja;A/7 -|- 

L. 12 

5. Find the particular integral of 

(L>3 _ 3i) + l)y = [y = {x^ - 

6. By the use of the substitution y = ue^, prove that the equation 

{D — oCfy^ Ge°^ 

is satisfied if w = Deduce that if F(D) has the repeated factor {D — a)^, 

the equation 

F(D)y = (D - a)^{^D)}y = 
has the particular integral \AxH°-^ l^{aL). 

Apply the method to find the particular integral of 
_ 2)2 — D + l)y = 2e=«, 

and verify the answer by substitution. Generalize the result. 

7. Find the particular integral of the equation 

(D2 - 3Z) -h 2)2/ == e®(l - 2x), [y = e^{x + x^).] 

8. How is the particular integral of the equation F(D)y — e“^cosco£c to be 
found if (D^ + is a factor of F{D + a) ? 

Find the particular integral of 

(D2 -H 5D2 + 17D -h 13)2/ = cos 3a;. 

[ 2 / = — ■ (cos 3a; + 3 sinSa,’)”! . 

20 _J 


3, 15. Symbolic Method. 

An uncritical use of the symbolic method is capable of giving 
the particular integral when/( 2 ;) is a polynoniial. Tlie procedure con- 
sists in expanding 1/J^(Z)) in ascending powers of D by tlie binomial 
theorem, possibly in conjunction with partial fractions. If the result is 


1 _ 
¥(D) ~~ 


+ + • • • 


the equation F{D)y —f(x) is written 


y = 


1 

F{1)) 


fix) ^ (a + . . .)iL + Mx + + ...), 


lilvidently the expansion of AjFil)) ikukI not l)e carried above the 
degree of f(;x). Taking the ])r(*,vi()iis 3, 8, Kxam])l(‘ 1, let 

(3 + 2/; ~ - lF)y 9 - 2;/; -j- 3;^^. 
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We -write — i_ = 4 . ^ 


. since powers above tbe second are not required. 



This gives 
3 9 


Hence 


^ 3 + 2Z) — D2 — Z)3 (9 — 2a! + Sa:^) 

/I W , 7Z)A,„ 


= 5 — 2x -{-x^ 

as before. 

In redemption of a promise (see 3, 12), we reconsider the equation 
(D^ + o)^)y = sincox. 

We regard i sincua; as the imaginary part of e‘‘“, and write 
uo)(,D + ii) 

D — io} 2ico 


1 1 
= ~ _ == 


xe“ 


The imaginary part gives 

y = 


D 2'ict) 2io) 


• — xcoswx. 

2>co 


EXERCISES 

L^pply the symbolic method to the failure case of F(D)y = Ae^ where 

i " "■« “™'«* 

(i) IF{D — 3)jr = 9* + 15. 

(ii) i>=(3D+2)y=12a^4 2. 

(iii) (D2 + 6D+6)y=2a:+4 

(iv) (D2-3D + 2)j,= e»(i_2*). 

(V) (J>+3i)S-4)2, = 5 3ia2x. 
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e®® cos hx dx = 


a2 4. 62 


{a ooshx -b b sin&a?). 


(i)/. 

/ oatc 

xH^^ dx — — (a^x^ — 2ax + 2). 

(iii) Jx^ cos 2a; dx = — J) sin 2a; + ^x cos 2a?. 


3, 16. Applications. 

A good exemplification of the foregoing principles is provided by 
simple series circuits with an alternating voltage. We take the resis- 
tance to be E, the inductance L, capacity C, and the alternating vol- 
tage to be Eq sincoi. Beginning with the simple case where the capacity 
is negligible, we have 

RI + L^ = Eo suxcot = {R + LD)I. 
at 


TMs lias already been discussed as a linear equation of tie first order 
in 2, 19. Using the present methods, -we have the complementary func- 
tion given by Z> = —Rjl, whence I = A exp(— This is the 
transient which rapidly dies out with increasing t. For the particular 
integral, we have 


Z = 


^0 

R + LD 


sinwi = 


Eq sin {ciit — <j>) 


tan <f> = 

E 


The lag and impedance have already been mentioned. 

When the capacity is of some account and the resistance negligible, 
Ohm’s law takes the form 

RI = 0 = Eo ainwt - V - L-, 

dt 


where V is the voltage across the capacity. As § = 07 and 

I =:^ — 

~dt~ W 


we have 


CL%1+ V=E^^mojt, 
dt^ 


Most mechanical systems when slightly disturbed from a position 
of stable equilibrium are capable of making small oscillations. The 
frequencies of these oscillations are part of the dynamics of the system 
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as free ” frequencies. The system may also be com- 

“fnr/'AiI i-u ^ agency; such vibrations are said to be 

an tbeir frequency depends on tbe disturbing agent. As 

viLraf ^ \ ^ 'v^d-screen of a car can often be seen making forced 
ions w en tbe car is stationary witb tbe engine running. 

Jp oi’r, ^ shows that, apart from the disturbing agent 

“ accordance with the complemen- 
tary function. Replacing GL by ly this gives 

V = 22 sin (nt -f- ^), 

where 22, ^ are arbitrary. The particular integral from 
(2)2 + «’*)F = sintoi 


IS 


V = 


rfiEn 


sinn)« = !!!?!L!i^^_ -^osino)# 

2)2 + w 2 - 0)2 1 _ Ciy 

0, alSi rate; 

pp oaches n and the denommator tends to zero. The solution then 
becomes V = -^ntE, cos nt. 

but the facfor^f ^^snt is a guarantee that the phenomenon is periodic; 
It s the auiphtude tends to increase with time! 

the nS^ ^ ^ T ^ amplitude tends to infinity. For one thing 

the truth based ^ rferential equation is only an approximation to 
equilibrb™^ ^ °u «ss™iption that the displacements from 
bvtftZr approximation that replaces sind 

wLniL fomilS^^ become large 

“ resonance ” f+ approaches the free frequency is known as 

on a sCcle- /ang™, as in the\ase of a live load 

telegraphy. ” a o er and, it can be invaluable, as in wireless 

pfetetl*™ ““ Tke com- 

V = A CQsnt 4- B airm.! -f ^incoi .„2 _ 1 

- 0)2 ’ ci; 


n^E. 


0 ' • 


— 2.1 771 



I® LmEAB EQUATION, CONSIAm COE«a™ „ 

AS OJ approaches n the fraction •Tsin It/, \ i / r , 

ttnity. Thus the particular integral hpo ~ ^)} approaches 

TO® All ^triction. on 

^^“loved, Ohm’s law gives 

= Bg sintoi ~V 


or 


dV 

+ = since#. 


where 


A since#, 
CL' 


A 


We can write this as 

(-02 -f 26Z> -f ^2)7 , 

~y, n2 = J_ 

^ CL’ 

complementary Wion gives the 

V^Be-»‘sm(ci + ^)^ c2 = n2_j3 
Ike .teadr state is a. ' 

F= ^ 


; since# 


(w2 - ^2) ^ 26Z) ' 

= <A) 9; 

V{(«’^ - ce 2)2 I- " f - .r -. 

J tl to- 

Tl.oval„„„,te„,^,,.t,'„: to b. very s„,.„“ 

tbs value -26/„. T]„, “Rativc, approaching 

” “: 'ictvrt : 

- ce2)3 tends to zero mdH r ''"PP^C'^ches n, the term 
JWLKRy^G), Tim may be k,^ CS* 'f '' ^PP^'oachos AI2bn or 
;-'»o inlinito. It will appem bf.’ tendency to be- 

. possible amplitnc^Tto s e of ’« ->t oL tl 

-P-'®t»g,„c.ss,att 4 Ll';iS“ 


2 7T, 
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In order to derive the maximum amplitude, we need the quantity 
under the surd in the denominator to be a minimum. We accordingly 
equate to zero its dijSerential coefficient with respect to which gives 

— — co^) 46^ = 0, 

It is instructive to write this in the form 

'n? — 6 ^ _ ^2 _ _j_ ^ 2 ^ 

showing that ?^ > c > co. This means that the forcing frequency 
a>/27r must be less than the free frequency 'nj^TT if the amplitude is to 
be a maximum,. This maximum amplitude can be written 



V('-S)' 

If we differentiate the voltage equation and multiply by C, we get 
the equation for the current as 

{GLD^ + GRD + 1)7 = CEJ) sina>^ = CE^a, sin(a>^ + \rr). 

The steady current, obtained from the particular integral, is 

r QEqO} , , I 1 V 

~ + CBD + 1 

OEqO) . 

~ (1 - GLio^) + CRD ^ 

_ GEqco sin (a}t ^ — (f)) ^ ^ CRoj 

V{(1 - GLco^f + cm^co^y ^ “ 1“ OLa>^^ 

The angle (wt -|- — < 56 ) shows that the current is in phase with the 

voltage if ^ In that case tan(^ is infinite, so that 

CLco^ = 1 . This determines the correct frequency. It further happens 
that the square root simplifies, and we get 

T Eq . ^ 

It 

The effects of the inductance and the capacity have neutralized each 
other. 

We will now briefly consider the corresponding mechanical prob- 
lem. Suppose a vertical spring of stiffness k carries a mass m at the 
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lower end. When x is the vertically downward displacement of m 
from the rest position, let jpx be the damping. Let ns suppose the 
upper end of the spring is vertically movable, so that when its down- 
ward displacement is y the extension of the spring is (a? — y). The 
equation of motion is 

mx = mg — k{x — y) — px 
or, mx-\- px + hx = mg + ky. 

If we suppose the upper end of the spring has a forced periodic motion, 
we can put y = a sina)^, having an amplitude a and a frequency a>/27r. 
The equation becomes 

(mD^ -|_ jpD _|_ = mg ka sina>^. 


If the damping p is not too great, the complementary function gives 
damped free vibrations. Part of the particular integral is x = mgjk, 
giving the extension in the equilibrium position. The other part is 


ha 

mD^ -f- pD h 


smojt 


ka 


sixKjot 


{k — mo)^) + pD 
ka sin(co^ — <^) 
\/{{k — + p'^od^)' 


tan<^ : 


p<i} 


k — 


The rest of the discussion follows lines parallel to the previous elec- 
trical part. 


EXERCISES 

1. A series circuit with an alternating voltage has P = 200 ohms, L = 500 mH, 

0 = 10 [jlF. By solving the equation for the current, estimate the frequency which 
gives a lead of 45° over the voltage. [About 46 cycles per sec.] 

2. A 50 gm. mass hangs from a vertical spring of stiffness 20 gm. wt./cm. 
The damping is 1-4 gm. wt. per cm. /sec. velocity. The support oscillates verti- 
cally with frequency 10 per second and amplitude 1 cm. Find the amplitude of 
tile forced oscillations of the mass. 

3. A rotor with inertia I is driven by a couple which varies with the time, 

and may be taken as A sinca/. The frictional couple in the bearings may bo taken 
as pro})<)rti<)nal to the angular velocity and of magnitude P(). Prove that ulti- 
mately tlic rotor mak(\s forced oscillations of frequency co/ 27 r per second, and 
determine their amplitude. r A -\ 

Loi\/(p2T7^J 
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4. A simple pendulum of length X carries a bob of mass m* If the support 
makes forced lateral vibrations of amplitude c and frequency co/2tt, discuss the 
motion of the bob. Consider in particular the resonance case. 

j^_TO 5 f 0 = ^ (X0 + c sintoi).^ 

6. If in the series circuit, discussed in the text above, the applied voltage is 
damped and has the form JS7oe“^^sinco^, prove that if the resistance is not too 
great the voltage consists of two damped vibrations superposed. The prob em 
is of interest in the theory of wireless telgraphy. 

6. If the p, CO of the last problem are respectively the &, c of the text, the 
equation for the voltage is 

(D2 + 26D + n^)V = sincL 

Prove that in this case the amplitude is proportional to Jf & is very small, 

this may become temporarily large, even though it finally becomes zero. 


APPENDIX TO CHAPTER III 

The reduced linear equation of the second order cannot have more 
than two linearly independent solutions, (See 3 , 1 .) 

The proposition is established by showing that the assumption of 
three linearly independent solutions leads to a contradiction. The 
reader will recall that the two simple simultaneous equations 

act; + 62/ + c = 0, px + qy + r = 0 , 

usually furnish unique values for x and y. There are two exceptions 
to this. In the first case, if 

=j= 

p q r 

the equations are inconsistent, and no values of x and y are capable 
of satisfying the equations simultaneously. In the second case, if 

O' _h _c 

p~~q~r 

the equations are consistent, but they are effectively one and the same 
equation. The value of x can be arbitrarily assigned, and there is a 
unique corresponding value of y. 

Let 2/1, 2/2 ys solutions of the reduced equation 

(1) ay + hy' + cy" = 0. 
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If constants I, m, n exist (not all zero) such that 

( 2 ) ly^ + my^ + ny^ = 0 , 

the solutions are said to be linearly related. If no such constants 
exist, the solutions are said to be linearly independent. The contention 
is that any three such solutions are necessarily linearly related. 
Assuming that they are independent, we have, by hypothesis, 

(3) ay^ + hy^ + cy^' = 0, 

(4) ay^ + by^ cy^" 

(6) ay^ + hj.^ cy^' = 0, 

If we multiply the first by A, the second by /x, and add, it must be 
possible to choose A and /x so that the coefficients of a, b are zero, or 

(6) Aj/i + /x^2 + 2/3 = 

(7) Ay/ + /xy/ + J/3' = 0. 

To deny this is to assert that 

== 

vi vA 

This last equation is equivalent to logy^ = logyg + log^, or y^ = Zcyg. 
Having reached a result that violates our assumption of independence, 
we are driven to the conclusion that A and /x are determinable; but 
notice that so far tliere is no reason for supposing them to be constants. 
The differentiation of (6) gives 

A^// + A'yi + [^y% + H~ Vz ~ 

whence by subtraction of (7) we have 

(8) A'yi + /x'yg = 0. 

Meantime the coefficient of c is automatically zero, and we have the 
additional equation 

A/y/' + /^?// + y/a"-o. 

Taken in conjunction with (7) this gives similarly 
W A'y/+ia'y/-0. 

Concerning (8) and (9), the possibility 

W '!h[ 

Vi 



102 APPLIED DIFFERENTIAL EQUATIONS 

is ruled out. We are accordingly left with 

A' = 0 = 

so that A, fjL are absolute constants and in accordance with (6) the 
three solutions are in fact connected by a linear relation. It only 
remains to add that as no assumptions were made regarding a, b and c, 
the proof is valid whether they be constants or functions of x» 



CHAPTER rV 


Miscellaneous Theorems and Methods 


4, 1. Orthogonal Trajectories. 

The present chapter consists mainly of a number of unrelated 
theorems which are not covered by the previous analysis and have to 
be fitted in somewhere. Their applicability is limited in practice, but 
students are usually expected to show a knowledge of them. We begin 
with what are known as orthogonal trajectories. 

A family of curves that depends on a single parameter is said to 
be singly infinite in number. If two singly infinite families of curves 
are such that every member of the one family crosses every member 
of the other family at right angles, the relation is reciprocal, and the 
families are said to constitute orthogonal trajectories. A simple ex- 
ample is afforded by a sheet of squared paper, where the vertical 
family a? = a is orthogonal to the horizontal family y = b. Similarly, 
the set of radial lines y = mx through the origin is orthogonal to the 
concentric circles y^ = r^; whilst in a plane field of force the lines 
of force are orthogonal to the equipotential lines. It is possible to 
have non-orthogonal trajectories, where the constant angle of inter- 
section is otlier than Jtt; and the idea can be extended to families 
on a curved surface, e.g. lines of longitude and parallels of latitude. 

Considering the two curves, one from each family, that pass 
through any point, the slope of the one curve is variously denoted by 


= tan i[j = 
(lx 


m. 


If the slope of the other curve be denoted by m', the known condition 
for perpendicularity is nim! = — 1. This means that the dyjdx for the 
one curve is the negative reciprocal of the d^yjdx for the other curve. 
Tlie pro(;edurc for finding the ortliogonal trajectories of a given one- 
parameter family now becomes clear. We first eliminate the para- 
meter and so derive the differential equation of the family. On re- 
placing dyidx l)y its negative reciprocal we achieve the differential 
equation of the other family. Integration then leads to the cartesian 
form. 
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If we happen to be working in polar co-ordinates, the angle ^ 
between a curve and its radius vector is given by 

tancf> = r 

dr 

If the same radius vector makes angle (/>' with the corresponding curve 
from the other family, the relation between ^ and (^' is 

^ tan^ tan^' = —1. 

The corresponding procedure is therefore to replace 

de . 1 dr 

"I, 

or, what comes to the same thing, replace 

dd ■, __ 1 dr 

dr ^ dd 


Example 1. — ^The radial lines y = mx give dyjdx = m, and hence 


dy 

ax 


is the differential equation of the family. The orthogonal family would accord- 
ingly be 

y = — X — , xdx ydy = 0. 
dy 


The solution of this is — r% 

a family of concentric circles. 


Example 2. — CoiLsider the circles defined by r = a cos 0 which all pass through 
the origin, and have their centres on the initial line, a being the variable diameter. 
Logarithmic differentiation gives 


Idr 

rdb 


= — tan0 


as the differential equation of the family. The orthogonal family would be de- 
fined by 

r^ = tan0, — =cot0d0. 
dr r 


The variables are separated and integration gives 

logr = log sin 0 -f logc, 

or r = c sin 0. This is another family of circles through the origin and touching 
the initial line. 
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In forming tte differential equation of the orthogonal family by 
replacing (dyjdx) by —{dxidy), it is not inconceivable that the differen- 
tial equation may be unchanged. Such would be the case, for example, 
with the equation 

p\x + Jf) = (1 + f'f, P = ^- 

The modified differential equation could then integrate back only to 
the original from which it derived. This means that the family is its 
own orthogonal trajectory, or is self-orthogonal. Failure to recognize 
the possibility of this usually arises through taking too narrow a 
view of a family. The equation 

4 - = 1 

is frequently regarded as a family of confocal ellipses ; but if we allow 
X to take all values, positive or negative, the family includes the cor- 
responding hyperbolas as well as both co-ordinate axes. 

Example 3. — It is known from a previous exercise (see 1, 8, No. 5) that the 
above family of confocal conics, where X is the variable parameter, has the dif- 
ferential equation 

— &2) = (fl5 -f yp)(xp - y). 

It is readily verified that the substitution of —1/^9 for p makes no change. We 
avoid the trouble of integration by saying tliat the equation must integrate back 
to the original family. A rough sketch of the ellipses and hyperbolas will indicate 
the nature of the problem. 

If we write z iy, where x, y are independent variables, it is 

well known that any function of s necessarily falls into two parts, of 
wliich one is real and the other purely imaginary. It is customary to 
write 

f{z) =:W=U + W, 

where, of course, u and v are functions of x and y. As simple illustrations 
we have 

(1 ) w — u — xP' — y/2, V = 2xy. 

(^1) w log 3, u = 1 log(rr2 4- y^), v = tan'~^ 

The problem of se])arutiiig siudi functions into their real and imaginary 
parts is usually treated in the liiglier ])arts of texts on trigonometry. 
The families defined by giving constant valiuvs to u and v are ortho- 

8 (g237) 
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gonal, a property wliicli makes tkem of outstanding importance in 
such subjects as electrostatics and hydrodynamics. Taking the second 
illustration above, the constancy of u implies the constancy of 
which is a circle; and the constancy of v gives the constancy of yjx, 
which is a straight line through the origin. We revert, in fact, to the 
Example 1 already worked out. 

In view of the independence of x and y, we have in general 

dx ^ dy ^ 

,dv __dw _dwdz __ dw 
dx dx dx dz dx dz* 



Equating the real parts, and also the imaginary parts, we reach 

du dv du dv 

dx dy dy dx' 


These last two equations are known as the Riemann-Cauchy relations. 

When we rob x and y of part of their independence and compel 
them to run in harness by equating u{x, y) to a parametric constant, 
the slope is given by differentiating an implicit function, and we have 

9^6 9u ^ 

dx dy dx ’ 

sotiat (^\ 

\dx/u \dx)j\dy}' 

Similarly, 

\dx)„ \dxjl\^y)- 

In virtue of the Eiemami-Cauchy relations, the product of these two 
slopes is evidently 1, so that the two families are at right angles. 
Hence any number of orthogonal families can be obtained by equating 
to parametric constants the real and imaginary parts of functions of 
the complex variable (x + iy). 
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EXERCISES 

1. Find the orthogonal trajectories of the Boyle’s law curves PF = constant. 

2. A family of circles, with centres on OX, make inhere 
all the circles pass through the same two points. Prove t 
tories to be a family of circles, with centres on OY, havh 
real limiting points. 

3. The family of circles = 2cy touches OX at the origin, 

gonal family is circles touching 07 at the origin. 

4. Consider the family of parabolas with focus at the origin and 
OX. Find their cartesian equation and hence their differential equa 

do you interpret the result of trying to find their orthogonal trajeotoriw« . 

5. r = a sin® 0 leads to r® = 6 cos 0. 

6. r = a cosec® ^0 leads to r = & sec® J0. 

7. Find the orthogonal trajectories oir — a0. 

8. Prove that the family of semi-cubical parabolas cy® = a? gives a family 
of similar and similarly situated ellipses. 

9. Apply the principles of the text by discussing the families defined by the 
transformation w = co&z. 


4, 2. One 'Variable Absent, 

It occasionally happens that one of the variables does not appear 
explicitly in the equation. It may even happen that both variables 
are absent. In these cases the equation can be somewhat simplified 
by lowering its order. We begin with the case where the dependent 
variable is absent. 

When y is absent the equation has the form 


4 1 S' 


We choose a new dependent variable by writing dyjdx = p, so that 
— p', &:c. The equation then takes the form 

F[x, p, p\ . . .) = 0, 

and the order is now lower by unity. Theoretically, we get a solution 
either in the form p = <f>{x) oix = i/j(p). In the former case we replace 
p by dyjdx, so that dyjdx = ^x), and y is given explicitly as a func- 
tion of X. In the second case, differentiation with respect to x gives 

1 _ 
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but as 
we have 


applied dipperential equations 

dx ^ dy 


_ . y = W{T)djp. 

practice it is^just'l^onv^^ ^7+ ^ between « and y, but in 

results as giving x and w -n + *-°^u ®^™iriation and regard tie 
Saving 05 and y parametncally in terms of p. 


1 % 

■I* — — COS a; = 
dx 




This can be written in the form 


Hence on integration 
or 


cota; = - 


p dx 

log sin a; -}- logo = logp 

P = csina; = 

The solution is therefore „ _ „ , „„ 

y — c cos a7. 


Example 2. ^ _l /^V _ * 

dx \dx) ~ ® • 


Here «= is immediately given parametrically as 
a; = log(^? -}- 

^Differentiation gives 
leading to 


1 = L±J? ^ ^ 1 + 2p dp 

P p^ dx \ p 


Whence on integration y = 2p - log(i +^) + ,, 

IS left m parametric form. There is little hope of eliminating p. 

fenT"* » .b«at, the ute, the 


^ \ 

\ dx dx^' • • -y — 0 . 


dx’ dx^’ 

A. befoxe. we put 

^ ^ = dp 

dx? dx ^ dy 

for higher orders, if need be. The equation takes the form 

4 4y ■■)=<>. 
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and the order is lowered by unity. We reach, a solution either in the 
form 'p ~ <j>{y) or «/ = Iii 'the former case we replace p by dyjdx, 
and the variables are separated. In the alternative case we difierentiate 
with respect to oj, and have 

^ dp dx 

so that the variables are again separable. 


Example 3. — Consider the non-linear equation y 


d^y 

dx^' 




The procedure gives 


2/i) “ = 1 + 
dy 


and on separating the variables we reach 

log(l -f- p^) = log 2/2 — logca, 


whence 


Cp = V(l/2 — C2) = C 


^dy 


dx 


Separating the variables again we have 


dx = 


cdy 


whence 
the catenary. 


V(2/2 ~ c2)’ 

jc 4- a = c cosh”^ y = c cosh 

c c 


In certain commonly occurring cases the given equation has such 
a form that other metliocls are readily applicable. Thus the motion 
of a body acted on by a force varying with the time might have the 
equation 


d^x 

m --- 

dt^ 


= a sin(a>^ + 


where x is absent. The solution would be obtained by direct integra- 
tion. If the force depended on the distance rather than the time, we 
might have 


d?“x 

•jiYi - — a sin (p,x -|- 
dtP‘ 


<!>) 


with t a1)sent. Two procedures are now available. We can multiply 
both sides by dx/dl and integrate. This gives 




cos(na; (/>), 


n 



no 
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whicli is tlie equation of energy. Alternatively, we can write tke 
acceleration in tke form 

d?x __dv ^ dv 
dt^ dt ~dx 

Tke transformed equation 

= a sin(^^aI + <t>) 
dx 

kas tke variables separable and we again reack tke equation of energy. 

It must be borne in mind that all we can be sure of wken one vari- 
able is absent, or botk, is that the order of tke equation can be reduced 
by unity. There is no guarantee that even a first integral is then 
obtainable; still less is it certain that the equation is soluble. 


EXERCISES 

1. (l + a2)^+a:^=0. [y = a + b siah-^a;.] 

dx 

2 . y ^= 2 f ^ Y . [ 3 /=— -1 

Ux) r x + aJ 

3. Solve the following equations from the theory of potential: 

[ 7 = a-\-hlogr.] 

4. The radius of curvature of a curve is equal to the normal. If they are on 
opposite sides, prove that the curve is a catenary. If they are on the same side, 
verify the geometrically obvious answer that the curve is a circle with its centre 
on OX. 


dr^ r dr 


0 . 


(U)g + iy_«. 

ar® r dr 


6. Solve in parametric form 

6. Write down the differential equation of aU curves whose radius of curva- 
ture is constant and solve it. 

7. Find a curve with a constant normal, 

. d^x 

8. Solve the equation = a — n^x and interpret the result. 
d^u __ P 


9. The equation 
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occurs in the theory of orbits. The interpretation is that u is the inverse of the 
distance r, h is the constant angular momentum, and P is the central force which 
obeys some law of distance. Solve the equation when P is equal to (i) jjbu^; 
(ii) (xw®. The matter is treated in any text dealing with particle dynamics. 

10. A particle of mass m moves in a straight line under an attraction 
to a fixed point on the line, the force being inversely proportional to the square 
of the distance. The equation of motion is 

d^x {X 
m — = — i_. 
dt^ 

If the particle is moving away from the centre of attraction with velocity u when 
at distance h, what decides whether it will ever return? 

11. The tangent PT and the normal PN at any point P of a curve meet OX 
in T, N respectively. Eind parametrically the curve for which the length of TN 
is constant. 

12. All rectangular hyperbolas with their asymptotes parallel to the co- 
ordinate axes (see 1, 8, No. 10) satisfy the equation 

dxds^ \dx^J * 

Integrate this equation. 

4, 3. First Order Equations of Degree Higher than the First. 

A first order equation may have the form 

Pq + PiP + PiV^ + . • . + PuT"" = 0 , 

where P^, Pj, &c., are fimctions of x and y. If specific values be given 
to X and y the coefficients take numerical values, and we have an 
equation of degree n to find which in general has n distinct values. 
The interpretation is that in general n branches pass through any 
point. Some of these may be imaginary; or there may be a real locus 
along which two or more values of ^ are equal, a matter of interest 
in the. higher theory. 

As a rule, little can be done with this form unless it can in some 
w-ay be factorized as a preliminary step. If we can write the equation 
as 

(p — /i)(p —h) ■ ■ - ip — A) = 0, 

where /ij/o, &c., are functions of x and y, the answer to the problem 
is the aggregate of solutions of the separate equations 

^ or /a or /g, etc. 

dx 
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Example,-~p^ — :px py — xy 0, 

This is equivalent to (p — x)(p y) = 0, 

^=*01 ^=-«. 
dx dx ^ 

The solution is accordingly the pair of results 

2/ = + c, 2 / = cer\ 


[xy = c, x^ — c.] 


EXERCISES 

pyx 

2.^,^+%,smh.= l. [y=c-^, y^c-e-^A 

P)> differentiation with 
^ ^ - 

1= V(23,-a;+l). 

[« = 5> + i log(2i) - 1) + C.] 

as apply if the equation can be solved 

equation ^ differentiate with respect to y. Apply the method to the 


4, 4. Glair aut^s Form, 

_ An outstanding instance of the tKeorem mentioned in Ex. 3 above 
IS the equation 

y=j,X+f('p). 

It is known as Clairaut’s form. If we remember that p=tm<li and 
that y-px IS the intercept on OY, the equation gives a relation 
beWeen the intercept and the slope. The relation must accordingly 
hold throughout the length of any line whose intercept and slope fit 

the given relation. But along any such line, p is constant, so that the 
line would be 


y = ao 4- /(c). 

Treating the problem by the suggested method of differentiation with 
respect to we have 





MISCELLANEOUS THEOREMS AND METHODS 113 

This entails djpjdx — 0, in which case we have p = c and y = cx-^ f{c) 
as before. Alternatively, 

a’+/'b) = 0, 

and the elimination of p between this and the original equation gives 
a specific relation between x and y. It will be noticed that the result 
must be the same as that obtained by eliminating c between 

2^ = cx+/(c) and 0 = a;+/'(c); 

the point of which is that, according to texts on the calculus, this is 
the method of finding the envelope of the family of straight lines. 
Since the envelope is not one of the family and cannot be derived by 
giving a specific value to c, it is known as a singular solution It 
involves no arbitrary constants and the equations 

^ = y = p^+fip) 

really give the co-ordinates parametrically in terms of p or i[f, 

Exam'ple. — y = 

V 

This has the solution y ~ cx ~ , 

c 

The envelope is obtained by eliminating p with the aid of 
0 = X — — or 0 = px — 

P 

On subtracting the squares of both equations in p, ^vo have y^ = 4ax. Thus 
the ordinary solution is a straight line, w'hilst the singular solution is its parabolic 
envelope. The whole problem corresponds to the fact that any point on the para- 
bola y^ = 4flfa; can be expressed parametrically as a; = at^f y = 2at. 


EXERCISES 

1. Find the singular solution of 

y = px- — [{x + yf = 4oy.] 

1 H-ij 

2. Provo that the singular solution of 

y = px-\- V(62 - 1 - a2jp2) 

is an ellipse. 

3. The tangent to a curve makes a triangle of constant area with the co- 
ordinate axes. Prove that the curve is a rectangular hyperbola. 

4. If the tangent to a curve meets the co-ordinate axes in A, B, prove that 
the length of AB is {;px — y)V(l H- p>^)IP- Deduce the form of the curve for 
which this is constant. 
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4 , 5 . The Homogeneous Linear Equation, 

A form that usually receives notice, though of limited applicability, 
is the equation 

ai, + te| + «*g+...+to.g=/W. . • (i) 

It is sometimes called a homogeneous equation, though foreign texts ’ 
use the word in a different sense. The reason for the name becomes 
apparent if we make the substitution y — Acc^. Every term in the 
auxiliary equation then becomes a multiple of x^. This suggests a 
method of finding the complementary function, for our substitution 
will be valid if 

a-j-bm-i- cm(m — 1) + ^ 0. 

This in general gives n suitable values of m. Moreover, iff(x) has the 
form we might hope to find a particular integral by the substi- 
tution y = Ax'^, The result of this substitution is 

{a + Jr + cr{r — 1) • -^Ax^ = ca;% 

which determines A, 

Example 1. — 2y — * 2a; ^ -f 
dx 

For the complementary function we substitute y = x^, which gives 
2 — 2m + m(m — 1) = 0 = — 3m 2, 

so that m = I, 2. The complementary function is 

y= ax hx^. 

For the particular integral we substitute y = This gives 
(2 - 2 . 3 -h 3 . 2)A3? = 

whence A — The full solution is therefore 

y = ax \oi?, 

A httle reflection shows that the above method, appealing in its sim- 
plicity, bristles with objections. What happens if the equation for m 
has coincident or complex roots; or if r is less than n? The necessity 
for conducting a discussion on these points can be obviated by a simple 
procedure, one that replaces the equation by another with constant 
coefficients and thus places at our disposal our previously acquired 
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knowledge of such equations. We make the substitution 


X .= 


dx 

— = OJ. 

de 


We then have 


dy __dy dx dy 

dO dx dd dx 


If, as is customary, we denote d/dB by ^ and continue to use D for 
djdx, the last relation shows that O' is equivalent to xD. It remains 
to examine the form of repeated operations; and here we might as 
well point out the common error of supposing that (xD)^ is x^D^, We 
accordingly consider the identity 

Dix^D^) = x^D^+^ + rx^-^ D\ 

On multiplying by x we have 

xB{x'^D^) = + rx'^D'^, 

which can be arranged as 

^r+l J)r+l — f^xD — t)x^D^, 

On putting r = I, we have 

x^D^ = {xB ^l)xD = (S' - 1)9'. 

Similarly r = 2 gives 

x^B^ = {xB - 2)x^B^ = (9- - 2)(9 - 1)9, 

and so on. The original equation (i) now becomes 

{a + b^ + e^^-l) + . . .}y =f(e^) 

or 


a linear equation with constant coelScients. 


Exdrri'ple 2. — Taking as before 2y — ^ 


dx^ 


wo have {2 - 29 + 9(9 - 1)} y = = {9^ - 39 + 2}y. 

The symbol 9 now plays the role usually allotted to B. The roots for 9 are 1, 2. 
The complomentary function is 

y = Ae^ + 

and the particular integral is 


y = 


I 


^ 2 _ 3 ^ - 1 - 2 
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The solution is y = Ae« + 

We now replace x by the relations 

a; = 6 = loga?, 

and reach y — Ax Bx^ -1- 

as before. 


Example 3. — rc® — + Sa:® ^ + iw/ = 1. 
dotr dx 


We re-write as 


d^^ dx X 


In terms of 0 and S’ this becomes 

{S(A — 1) + 3h + l}y = e-» = (S- + 1)Y 

For the complementary function there is a repeated root = 1 > L have 

jr= (A+ Pe)e-9. 

The particular integral is given sjnnbolically as 
(A + l)“ 

The solution is y = {A + J0®e'“^. 

In terms of x this becomes 

xy A^ Blogx ^ 4(loga;)®. 


^ e-« = e-« i 1 = 

^2 


EXERCISES 


1. Solve 3? — 4x^ < 


dx^ 

2. The equation 


dx 




[y = Ax^ -1- Bx^ + 


d^u 1 1 _ Q 

dr® r dr 


occurs in the theory of thick cylinders. Prove by both methods that its solution is 

A ^ ^ 

%= Ar , 


and that 



is another form of tlie same equation. 

3. The depression of a thick circular disc under normal pressure is approxi- 
mately governed by the equation 

d®^4 1 dw _ w _ 

dr^ r dr 
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Prove that it has the solution 

w = -j- — — . 

T 8 

4. The depression of a thick circular disc with central load P is governed by 

1 dtp 9 P 

dx^ X dx X? X 

Derive the solution 9 = Ax ~ \Px logo;. 

X 

6. In investigations on the strength of rotating cylinders we meet the equation 

u = r ^(r -1- 

dr\ dr) 


Prove that 

6. Solve the equations 


^ ^ dr^ r dr 
...,d^V ,2dV . 

(n) -f- _ = 0, 

dr^ r dr 


which occur in the theory of potential. 

7. Solve the equation 
which occurs in the discussion of the space-charge law for electron tubes. 


d^V , IdF . 
ci5r- r dr 



CHAPTER V 


Simultaneous Equations 


5, 1. Hitterto we liave discussed only equations in wHcL. there 
was one variable dependent on another. We now turn to sets of equa- 
tions in which there is one independent variable, usually taken as the 
time, and two or more other variables dependent on it. The number 
of given equations must equal the number of dependent variables; 
and the problem is to express each dependent variable as an explicit 
function of the time, subject to any prescribed conditions, so that 
each variable is computable for a given instant. 

In the simplest case each equation may contain just two variables. 
They are then separately soluble. 


Example 1. A mass m moves in a plane under an attraction to the origin 
pro^rtional to the distance and of magnitude nr. The arrangement could be 
rea in practice by an elastic string. The components of this force parallel 

e co-ordinate axes are nx and ny. The equations of motion parallel to the 
axes are 

mx == my = — w?/. 

The solutions are A coscoi -f B sincoi, = ri, 

y ^ Q coscoi -h 1) sincoi. 


^garded aa a problem in simultaneous equations, that is the end of the matter. 

'we oare to solve the equations we get coscoJ and siucoi expressed as linear 
unc ions o x an y; hence on squaring and adding we get a quadratic in x and y 
f ^ ^ ^^st be a conic; but as x is certainly not numerically greater 

an ( -|- ), nor y than (C -f- D), the mass makes only a limited excursion 

oonio must be an ellipse. Under special conditions this 
®^ ® circle or a straight line. The investigation of these conditions 
IS left to the reader. It may be as well to point out that, had the path of the 
^SawT investigation, other methods would have been 

If we eliminate n from the difierential equations, we get 


m{xy — sa) = 0 = m f (*y - yx). 


which 
if we 


proves that the angular momentum m(«y - yi) is constant. Alternatively, 
multiply the differential equations respectively by y, and add, we have 


»»(*» + 2?y) + »(a» + yy) = 0, 
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which on integration gives 

im(x^ -f- 2/2) _|_ ^ 2/2) = c. 

This is the eq[uation of energy. 

la. certain other cases the treatment is almost equally simple. 


Example 2, — In an investigation of the motion of an engine governor partially 
controlled by a spring, eq^uations of the following type occur: 


dx 

dt 


cy= d. 


The obvious procedure is to differentiate the first equation and replace dxjdt 
from the second. This gives 


dt^ dt^ dt 


-j- Jccy = kd. 


When once y is determined from this equation, the first equation determines x 
uniquely. 


In the treatment of such cases as usually occur we employ algebraic 
manipulation, possibly in conjunction with differentiation, to eliminate 
all the dependent variables except one. We are then left with an 
ordinary equation in two variables. In the case of the other variables 
it is not generally necessary, nor even desirable, to repeat the process. 
They are better found by retracing the steps of the elimination. An 
example will illuminate the matter. 


Example 3. — - - -f 8a; + ?/ = 0, 
dt 

% + 

at 

Suppose we decide to eliminate y. As only three equations are needed to eliminate 
the two unknowns y and dyjdt, a single differentiation should suffice. We accord- 
ingly have 

+ 8 — 4- ^ = 0 
dt dt 

from the first equation. The next step is pure algebra, and leads to 

d'^x I « 1 dx , gvQ 
— -f 11 — 4- 28a; — 0. 
dt^ dt 

The roots are D = —4, —7, and we have x — It is left to the 
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reader to verify that the elimination of x would give the exactly similar equation 
SO that y = Oe~^^ -{- De-’*. 

We are now apparently in possession of four arbitrary constants; but if we 
choose to substitute back in the original equations, we get two relations between 
the constants and can thus determine any pair in terms of the other pair, so that 
on y wo are really independent. This labour can be avoided by a judicious use 
of the equations. From the first of them we have 


y = — ^ _ 8a: = — 4.4e-«* — Be-’’*, 
at 


^ explicitly and the number of arbitrary constants is only two. 

The matter is more expeditious if we use the symbolic method. We then write 
(D -H 8)a;+ 2/ = 0, 4a; - (D + 3)y 0. 

To eliminate y we “ multiply ” the first equation by {D + 3) and add. This gives 
(D + 3)(D + 8)a; + 4a; = 0 = (2)2 + HD + 28)a;, 
whence D = --4, —7, and the rest proceeds as before. 


In the last example there might very well have been terms in t 
on t e right. This makes no di’^erence to the procedure, and merely 
introduces a particular integral into the solution. 


Example 4.— ^ -f- 8a; -f «/ = 20^2 _ 60^ — 187, 


^ - 4a; + 32/ = -24^2 i02t - 30. 


By operating on the first equation with -f 3^, we have 
dx dy 

5^2 ^ ^7 + + Sy = 60^2 - I40i5 -- 621. 

Subtracting the second equation, we have 
d^x , ,, da; 

^ ^ + 28a; = ~ 242i - 591. 

According to 3, 8, No. 10, this has the particular integral a; = 3/2 — IH 17, 

so that X = Ae~^^ -f- -f 3^2 _ 

whence y = _4^g-4i _ j^^-n _ 4^2 _j_ 22t — 40. 


Unless the equations^ in general have the relatively simple forms 
difficulties of elimination may become insuper- 
able. Fortunately most of the commoner equations are of this simple 
type, and we shall now study a few cases in detail. 
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Consider the case of two heavy rotors on the same shaft, such as 
might be a turbine and a dynamo. Let the rotor on the left have 
inertia 7, with J for the other rotor. When the system is stationary we 
mark on each rotor a vertically upward radius to serve as an indicator. 
Suppose that in any subsequent motion these radii are respectively 
displaced through angles 6, cf) to the right of the vertical, as viewed 
from the right hand, so that the motion is clockwise. As a matter of 
convenience we will assume ^ greater than 6. The angular twist on 
the shaft is {cf> — 6), and if the rigidity is such that G is the couple 
required to give unit twist, the couple is C{cj> — 6). Its effect tends 
to increase 6 and diminish cj). 

If we suppose that the S37stem is running under no effective applied 
couple, which means that there is more or less steady running with 
the power paired-off with the resistance, the separate equations of 
motion are 

le = C{j> - 9), 

= -C{<f> - 9). 

The first thing we notice is that by addition 

I'd + = 0 . 

This means that the rate of change of angular momentum is zero; 
or the angular momentum is constant. This accords with our assump- 
tion that there is no effective applied couple. If we denote the con- 
stant angular momentum by (7 -f- J)cd^ so that 

Id + = (I + J)co, 

tlien oj is the mean angular speed of either rotor or of the whole system. 
It will appear later that each rotor fluctuates about this mean speed. 
We now write the equations of motion in the symbolic form, 

(77)2 + 0)9 -^C^ = 0, 

09 - {JD^ + 0)^ = 0. 

It is immaterial whether we eliminate 9 ot (f>; the equation is the same 
in (uther case. Presuming that we eliminate we have 

{(ID- + C){JD^- + 0) - (72} i9 -= 0 =- {7J7)2 + 0(1 + J)}D^, 

The four roots for I) are two zeros and a pair of conjugate imaginaries; 
so that, if for l)revity we put C(l -f '7)/7J we have 7) == 0, 0, 

±ip, and ^ ^ ^ I ^ jSi + Q sin 


9 


(0 237 ) 
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The constant A is of no consequence since it can be varied at will by 
measuring 6 from some iaitial line other than the vertical. The angular 
velocity is 

8 = B ^{Q cos ^t — P sin ^t). 

If we consider the mean value of this over a long period of time, the 
trigonometrical terms (being alternately positive and negative) have 
a mean value of zero. The interpretation of B is that it is the mean 
angular velocity, previously denoted by a>. To anticipate slightly, the 
equation really gives the Fourier expansion of the angular velocity. 

Hence 9 := A + cot + P cos pt + Q sin 

To determine <!> we substitute in the first equation of motion, whence 

<f> = d + ie/0 


cos Q sin jSi} 



= A + {P cos + Q sin 


The constant A can be removed from both equations by advancing 
the initial line through angle A from the vertical. Evidently both 
rotors have the same mean speed o). Introducing an amplitude and a 
phase angle, we might write 

6 = ojt + jsin(^t + e), R|I = ^/(P^ + Q\ tan e = P/a 


in which case we must write 

R 

<f> = cot — sin(/8^ TT"). 

J 

Two conclusions can at once be drawn. The oscillations which the 
rotors perform about their mean speed are in opposite phase, so that 
the one is at the extremity of its lead when the other is at the extremity 
of its lag. This is shown by the tt in the phase angle. And the factors 
Z, J show that the amplitude for each rotor is inversely proportional 
to its inertia ; the two angular displacements from the mean position 
preserve a constant ratio for all time. 

The fact that the rotors oscillate in opposite directions suggests 
that we examine an intermediate point on the shaft. Choosing a point 
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sucli that tlie left part is to the right part as ) 
placement there is 

e^=», + Bsin(^+.)(e-^)/(.-, 

There is no oscillation here if X/fi = J/Z. Such a point is 
node, and its position divides the distance in the inverse ratio ot u 
inertise, just as the mass-centre of two masses divides the distance in 
the inverse ratio of the masses. 

5, 2. Before proceeding with any further illustrations it is an 
advantage to recall a few simple properties of positive numbers. Let 
p, q he two such; then 

(i) since {p — q)^ is certainly not negative, we have 

(p - qf > 0, 

whence {p — q)^ + > 4-^2 

or {p + q)^ > ipq. 

(ii) Consider two pairs p, q and a?, y in which we may assume > ? 
and x> y. Then ii pq=: xy we cannot have p'> x, q> y ox p <x, 
q<y* In other words, p and q cannot interlace x and y\ either they 
are both inside the a?, y interval or both outside. This is fairly obvious; 
but if we assume that p^q i^ the outside pair, so that {p — q) is greater 
than {x — y), it is not quite so obvious that {p + q) is greater than 
{x -f y). As a numerical illustration let p, x, y, q be respectively 12, 
9, 8, 6. The product pq = T2—xy\ p,q are the outside pair and their 
interval is 6, greater than the x, y interval which is unity. Their sum 
is p q == IS, which is greater than that of the inner pair cc -f- «/ == 17- 
The general proof is quite simple. We have, by hypothesis, 

^pq = 4xy or (p + qf — (p ~ qf =- {^ + yf — {x — yf, 
and as {p — qf > {x — yf 

it follows by addition that 

[p + qf > {x + yf or (p fq)> + y), 

(iii) Conversely, if pq = xy and p-\-q>x + y, then p — q>x — y 
and p, q are the outer pair. 

(iv) If a pair of frequencies (p, q)/27r lie outside another pair 
(x, y)l2Tr, then the corresponding periods ^rrKp, q) lie outside the other 
pair 27rl{x, y). 
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The propositions are useful in treating coupled systems with two 
frequencies. We may express them as: 

(i) If two pairs of numbers have the same product, the. pair with 
the greater difference is external and has the greater sum. 

(ii) If two pairs of numbers have the same sum, the pair with the 
greater difference is external and has the smaller product. 

(iii) Of two pairs with the same sum, the greater product is internal. 
It is instructive to view these propositions in conjunction with the 
rectangular hyperbola xy = constant and the straight line a; + 2/ == 
constant. 

5, 3. Coupled Systems, 

We can now continue with our examples, and as these have hitherto 
been limited by a single frequency we widen the scope. If a simple 
pendulum of length I carries a mass m, the period of oscillation is 
where = gjl. We take a second simple pendulum of length 
A, mass period ^Tr/cog where = gjh^ and attach it to the mass m. 
We presume that this coupled system makes small oscillations in a 
vertical plane. If 6, are respectively the inclinations of I, Ji to the 
vertical at any instant, the corresponding lateral displacements of m 
and M are = Id and hcj). If are the tensions in I 

and h respectively, we have, in view of the small inclination to the 
vertical, Tg = Mg and = (m -f M)g. The equations of horizontal 

motion are Mx^ = and mx^ = - Tj^0; otherwise 

mW = Mg(l> — (M 4- m)gdj 
M(W -j- A^) = — Mgcj>. 

As these are homogeneous in the masses, we lighten the symbolism 
by putting Mjm = p, and fx I — n. Accordingly n is necessarily 
greater than unity, and /x may have any positive value. The equations 
can now be written 

(W^ + ng)d — /x^9!) = 0, (i) 

lD^e + {hD^ + g)cl>==0 (ii) 

It is immaterial whether we eliminate 0 oi (j>\ in either case the sym- 
bolic equation is 

{ID^ + ng)[hD^ + 5^) + [dgD^ = 0. 

On division by Ih this becomes 
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wliich. can be written 

+ o)/) + = 0 

The question then arises, what is the nature of the two roots of this 
quadratic in They are certainly not positive, nor are they pure 
imaginaries They are not complex if 

As n IS greater than unity, this is equivalent to 

+ C02^ > 4a>i^a>2^ 

This IS certainly true, and the roots must be negative We may take 
Z)2 _ — ^ 2 ^ — ^ 2 ^ presume a the greater of the two Incidentally, 
they cannot be equal since this would imply n = l and ^ = 0 = M 
Two new frequencies thus appear in the solution They are 
(a, ^)/^ 7 T, and the question arises, how do they compare with the fre- 
quencies when each pendulum swings separately As a matter of 
convenience we assume coi to be greater than a> 2 , it makes no dif- 
ference except to our method of writing the aigument The theory 
of quadratics gives 

=z n{(jOi^ + ^2^) > "I" ^2^ 

This decides that a^ he outside nco^^, and hence certainly out- 
side coi^, so that a, ^ are external to co^, a >2 The subtraction of 
the equations (i), (ii) gives 

ng6 -- {hD^ + 

whence ^ ^ 

SO that if we assume foi </> the general solution 

cf) = A sin {at y) B sin(j8^ + S), 

then 0 = /I ^ sin {at + y) + b{\ — ^ hin {^1 \- 8) 

Of the two brackets tliat licrc multiply A and B, the foimer is essen- 
tially negative and the latter positive The four constants A, B, y, 
S can be found when four consistent conditions aie postulated, eg 
the initial dispLu onion ts and velocities ol tlio two niassos Two cases 
ai(' outstanding If A is /oro, thon 0, ^ maintain a constant ratio for 
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all time and liave the same sign. If B is isero, the ratio is still con^ 
stant, but negative. These two motions are known as the normal 
modes ; in general^ a motion is compounded of the two. The con- 
ditions under which a normal mode of oscillation can be set up will 
be found among the exercises. 

It is worth while drawing attention to a curious phenomenon in 
connexion with this motion. If the two pendulums are of nearly equal 
length, ox I = h approximately, then coi = mg approximately. We 
know that a cannot be equal to j8; but if we make the upper mass 
relatively large, so that /x is small and = 1 + ]Lt is approximately 
unity, then a and ^ cannot be very disparate. If we further arrange 
that B are fairly close together, then is compounded of two simple 
harmonic motions of nearly equal amplitude and frequency. It is 
known that in such a case the excursion gradually changes from a 
maximum to a minimum and back again. The same thing happens to 
but as its two components have different signs, 9 is large when <j) 
is small, and conversely. The kinetic energy of the motion seems 
gradually to transfer itself from the one mass to the other and back 
again. The phenomenon was first remarked by Euler in connexion 
with a swinging scale-pan. 

As a second illustration of coupled systems we consider a simple 
series circuit, with a condenser of capacity 0^ and inductance Bi, and 
suppose is the current at any instant. We have previously seen that 
if the resistance is negligible, this circuit is oscillatory with a frequency 
given by = IfO^Li, We take a second similar circuit, whose 
elements are distinguished by a different suffix, and couple them. If 
M denote the mutual inductance, we have, by Ohm’s law, 

m dt 

so that, treating the resistance as negligible, 

(1 + = 0 . 

Similarly, (1 + = 0. 

In strict theory = M\ but in practice is definitely less. We 
accordingly lighten the symbolism by writing MjL^ = Ag, 

so that AiAj is less than unity, and we can write = 1 — n, where 
n is small and positive. AVe divide the first equation by C-^Lx, and have 

W + = 0 . 

Similarly, ^ q 
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The elimination of or gives 

(0)1^ + + D2) = (1 n)D^ 

or nD^ + + (jj^) + = 0. 


Proceeding as before, in regarding this as a quadratic in Z)^, the two 
roots are certainly not positive, nor are they pure imaginaries. More- 
over, as is not less than it is definitely greater than 

4na)i^ce)2^. Hence the roots cannot be equal or complex. We accord- 
ingly take them to be Z)^ = —a^, — jS^, where a may be regarded as 
greater than j8. Assuming for convenience that co^ is greater than cog, 
we have, by the theory of quadratics, 


a2 + ^ 

n 




^ + 60 


2 

2 > 


,2fl2 _ ^ < . ^ 2. 

n n 




Hence a^, j8^ are external to still more so are a, j8 external 

to ct)i, 0 ) 2 . If we eliminate D^Zg, we get 

(o>jL^ -j- = AjO>2^Z2> 

SO that if we choose for Z^ the general solution 

— A sin(a^ y) -f- B sin(^^ + S) 

we have 

AiO) 2^Z2 = sin(a^ + y) + sin(j8^ + 8). 

Here again the bracket factors of A and B are one positive and the 
other negative, and we again find that the frequencies of the normal 
modes of a coupled system fall outside the free frequencies of the 
separate systems. The parallel discussion when resistance or damping 
is present is beset with considerable difiB.culties. 


5, 4. Application to Dynamics. 

Simultaneous equations make a natural appearance in solving 
dynamical problems by the use of Lagrange’s equations. If a con- 
servative system has kinetic energy T and potential energy F, the 
equations of motion are 

d /dl\ 9T__aF 
dt\dq) dq dq 
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Here q is any one of the generalized co-ordinates and q is the corres- 
ponding generalized velocity. There is one such equation for each 
co-ordinate, and the total equals the number of degrees of freedom 
possessed by the system. A first integral necessarily exists in the in- 
tegral of energy, and occasionally the principle of linear or angular 
momentum may supply another. The equations are of the second 
order with non-constant coefS.cients and are rarely soluble. It is 
seldom stated in print, but is none the less a fact, that the vast majority 
of dynamical problems are intractable; the soluble cases find their 
way into textbooks for students to practise on. 

A simplification occurs when discussing small oscillations about 
an equilibrium position. It is Imown that in this case the potential 
energy, as measured from the equilibrium position, is a homogeneous 
quadratic in the co-ordinates with constant coefficients. Similarly, 
the kinetic energy is a homogeneous quadratic in the velocities with 
constant coefficients. Limiting ourselves to two co-ordinates for the 
sake of illustration, this gives 

2T = ai3 2a^£^q^ -f 

2F = + ^223a^- 

The corresponding Lagrangian equations are 

%2?2 ”1" “b ^1292 “ 

^ 12^1 ^ 22^2 d" ^12?1 “b ^22^2 “ 

These can be written symbolically as 

"b + ^12)32 = 

{<^12^^ 4 ~ ^12)31 ~b (^22^^ "b ^22)32 ” 

Such a system is necessarily soluble in exponentials. If — — A, 
we have partial solutions of the type A cos(^v' A + </>), where A is a 
root of the equation 

(tZiiA (a^gA — 612) _ ^ 

(<^12^ &12) {^22 A ^22) 1 

formed by eliminating one of the co-ordinates. 

The kinetic energy is necessarily positive; or to adopt the ap- 
proved terminology, the form 2T is “ positive definite ”, whatever the 
number of co-ordinates. It is then known, from a theorem due to 
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Sylvester, that the zeros of the corresponding determinant in A are 
all real. If the form for the potential energy 2V is also positive definite, 
which means dynamically that the system is stable in all co-ordinates, 
then it is known from algebra that the values of A are all positive. 

Still limiting ourselves to the case of two co-ordinates, we there- 
fore have the solutions 

?i ~ cos (iJ'v/Ai “f- a^) -f- A2 cos(^\/A 2 + a2), 

?2 = cos(t\/Xi -|- ^1) B2 cos(^\/A 2 -j- ^2)* 

Of the eight arbitrary constants which appear here, only four are 
independent. In general, when there are n co-ordinates there are 2n 
arbitrary parameters. They are determined by specified initial values 
of the co-ordinates and velocities. 


EXERCISES 


1. Solve the equations 


dx 

dt 


■+ 5x+ 2y=0, 




subject to the initial conditions 


t = Q = y, jc = 3. 

[a; = (3 cos3i — y = sinSi.] 


2. {D + ^)x e\ 

(Z) -h 6)2/ — X— e-K 

g2t 7gi 


hr = + Be-’’*, y = _- + 5_ + yAer** - 

L 27 40 ^ 54 40 J 

3. If the motion of a point x, y is governed by the equations 

d 

3 - + 2 /) = 2 / = ^ + 4, 

dt 

prove that the point can never pass through the origin. 

[x = — 4, y — ae^^] 

4. The co-ordinates of a moving point satisfy the equations 

^^+3.-4y=3. 

dh/ ^ 

dC^ 

Deduce that 2yy — x has the form 7 -]- a cos/, -j - b sin/. 
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b at the origin. Its motion is given by the 
dt ’ dt^ dt 

list be along OX, and that the co-ordinates are 
sinbt). Equations of this type occur in electron 


Tpe 


dt^ 


+ <o2y = 



d^x 


<o2:r= 



jeman effect. Prove that the operator D neces- 
^alue. 

y = prove by substitution that B — ±4 A. 

that the two equations can be written jointly as 

(2)2 _ icj) -j- (^^)z — 0. 

a. possible solution is circular motion with constant angular velocity. 

, in analogy with the two rotors on the same shaft, discuss the problem of 
jWO masses on the same spring. The spring, of stiffness k, has masses M, m 
attached to the left, right respectively. It is given an extension c ; the system is 
placed at rest on a smooth horizontal table and left free to move. In tho subse- 
quent motion, assume that M, m have displacements x, y respectively to tho 
right of their initial positions, so that the extension is (c — a? -h .y)- Write down 
the equation for each mass; interpret their sum and its first and sccoml integrals. 
IJilbinate y and simplify by writing hjM ~ co^^, him ~ co./; theses give tho free 
periods of the separate masses. The general value of x is A - | lit 1 P co&nt -I- 
Q sirint, where = coi^ cog^- The initial conditions load to B 0 — Q, and 
you should reach the result 

X = — (1 — oount), 7/ = — - “ (l (losv//). 

The inference is that the masses are always moving in opposite directions. They 
perform simple harmonic motions of equal frequency, the arnplitudos being 
inversely proportional to the masses. The node is theur mass-cerntre. 

8. In the case of the coupled oscillating circuits discusseil in tho text, assiim- 
ing that the separate circuits have the same capacity and tlu^ saini^ natural fre- 
quency, prove that the periods of the coupled system are given by 

I = - M), i = 0,(X, -I- M). 

a- 

9. In connexion with the stability of an airship we incest the equations 

7)" + ay]' - 60' - cO - (), 

6" - pQ' - <J(} I -ri' = 0. 

c 
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where the coefficients are all constants. Prove that a possible form for 7] is 

+ JP, 

in which case 0 has the form 

Pe"' + Qef“ + — . 

c 

The important difference is that unless C is zero, y) must increase indefinitely on 
account of the secular term Ct, The same does not apply to 0. 

10. In the equations 

(jD^ + a^)x + hDy = 0, 

(D® + ~~ dDx = 0, 

where all the constants are positive, prove that x and y are necessarily combina- 
tions of undamped oscillations. 

11. When the two rotors on the same shaft are a ship’s propeller and the 
rotary parts of the engine, a first approximation is 

iS 4- C(6 — <p) = A sinco^, 

Jep -j- btp — 0(0 — 9). 

This allows for a variable crank- effort and for propeller-resistance varying with 
the speed. Presuming that there is no resonance, prove that 0 and 9 have par- 
ticular integrals of the form J? sin(<oi + e), and that the complementary functions 
are pretty certainly of the form 

E -I- Fe-i^ -f sin((3i + 8). 

The first two terms are not in doubt. 

12. Establish the following results in connexion with the double pendulum: 

(i) The quicker normal mode can be established by starting the masses with no 
initial displacements, the initial velocities being in opposite directions and in the 
ratio 9/0 = f'lds case the masses are always moving in opposite 

directi<.)ns. Their displacements keep a constant ratio; so do their velocities. 

(ii) The slower mode can be started from rest if the initial displacements 
liave tlie ratio 9/0 = ol^Kol^ — coi^). In this case the masses are always moving 
in like directions. Their displacements keep a constant ratio ; so do their veloci- 
ties. 

In the case of the energy transfer, verify the statement in the text that 0 is 
largo when 9 is small. Provo also that the maximum amplitude of 9 is large 
compared with that of 0. Incidentally, this last statement can be rendered highly 
probable from first principles. 


CHAPTER VI 


Fourier Series 

6, 1 . A competent mathematical student might easily spend several 
months learning what is known of Fourier series. At the end of that 
time he would find that a good deal remained to be cleared up. Need- 
less to say, the present chapter has no pretensions to completeness, 
and like all unspecialized expositions it demands a good deal of un- 
critical acceptance. The justification for its presence is that some ^ 
slight knowledge of Fourier series is necessary for a comprehension of 
partial differential equations even in their elementary applications. 
The presentation is reduced to a minimum consistent with adequacy ; 
there are several more lengthy expositions available. 

6, 1*1. Jean Baptiste Fourier was a French physicist who went to 
Egypt with Napoleon’s army. Like Gaspard Monge, the founder of 
descriptive geometry, he was left behind when Napoleon withdrew. 
In 1807 he startled the Paris Academy with the heretical proposition 
that a finite, one- valued function /(a;) could be expressed over a finite 
range by a series of the form 

f(x) = ^0 -f- % cosa? -f- ^2 cos -f- . . • 

+ 6^ since -f- 62 sin 20? 

a series which nowadays universally bears his name. Lagrange was 
frankly incredulous, and ever since then mathematicians have been 
arguing as to how far Fourier was right. The argument still goes on; 
meanwhile less sophisticated people see in Fourier’s theorem a tool 
that does the job and accept it as such. The three main questions that 
naturally present themselves are: 

(i) How the coeflicients are 'to be determined for a given /(cc). 

(ii) Whether the resulting series will necessarily be convergent 
(otherwise it has little meaning). 

(iii) Whether the series, if convergent, will converge to the corres- 
ponding value of f{x) for all admissible values of x (otherwise it is not 
a strict representation of f{x)). 

We leave the second and third of these questions to be answered in 
the affirmative by the mathematicians. The first then presents little 
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difficulty if we have no scruples about applying term-by-term integra- 
tion to a series; the matter is dealt with later. 

6, 2. To get the idea, erect two ordinates on OX, as far apart or 
as close together as you like. This is the “ finite range ” mentioned 
above; in practice it may be anything from the thickness of a boiler 
tube to the length of a submarine cable. Passing from one of these 
ordinates to the other, you draw any sort of graph you like. It need 
not be a continuous curve ; parts of it may look as if they had dropped 
out of place, but there are one or two restrictions (see fig. 1 ). In the 
first place it must nowhere go up to infinity, like the graph of tan x. 
Nor must it double back on itself and risk being cut more than once 
by the same ordinate. Horizontally there must be no gaps (otherwise 



there is no value for the ordinate); nor any overlapping of separate 
parts (otherwise we get more than one value for certain ordinates). 
Vertical gaps, corresponding to discontinuities, are permitted. So are 
negative and zero values; part of OX may be included. This is the 
one- valued function mentioned above, and the contention is that the 
equation of the graph ” can be expressed by a Fourier series. 

A possible objection is that, at a discontinuity, the ordinate is met 
twice. A sufficient answer is : omit the last point of the one part or 
the first point of the other, and then ask yourself how much difference 
that is likely to make to the result. Better still, split the difference 
by omitting both, and take their mid-point as a substitute for the 
pair; because that is exactly what theory (the theory which we shall 
not discuss) indicates as the proper thing to do. You will find it written 
in the treatises as i[/(x + 0) -\-f(x — 0)], which is exactly what has 
just been said. 

It is hardly surprising that the magnitude of the range is of no 
consequence so long as it is finite; for the number that measures it 
miglit have any magnitude, according to the unit of measurement. 
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We take it as 27 r, aad consider tte range as extending eitker from 
— TT to +77* or from 0 to 27r; tkere are certain slight advantages in the 
former. 

6, 3. Looking at the Fourier series, we can see that if x be changed 
by 277 (or for that matter by any positive or negative integral multiple 
of 277)5 each term retains its value. Accordingly, if we draw the graph 
of the series, then whatever it looks like between 0 and 277, it looks 
exactly the same between 277 and 477, or 477 and 677; and so on, left 
and right. In other words, it gives a repeating pattern, such as might 
be a dog-tooth moulding or a scalloped edge. On the other hand, the 
function we are working with, maybe a bending moment diagram, 
may cease to exist outside the range; or if we are working with a 
vertical parabola, nose downwards, between a? = 77 and x = — 77, it 
may go to infinity outside the range, whereas the graph of the corres- 
ponding Fourier series would resemble a chain hung from a line of 
equidistant posts. The point is that inside the range we can make the 
Fourier series fit as closely as we like to any figure we Hke by taking 
a sufficient number of terms. What happens outside the range is not 
our concern, except that we must not attempt to use the Fourier 
series outside the range for which it was formed. 

Having decided to accept the proposition as part of our equipment, 
it is not difficult to find how to use it, especially if we prepare the 
ground a little in advance. We begin with a word on periodic functions. 
Iff(x) =f(x ~j- j3) for all values of x, thenf(x) is said to be a periodic 
function and J 3 is called a period. Since the statement is true by hypo- 
thesis when X is replaced by (x + j 3 } or (x — j8), we have 

/(^ - i8) =f(x} =f(x + jS) =f(x + 2 ^)... . 

If is the smallest number for which this is true, then p is called 
''the period As common examples, since is a periodic function of 
period 277; cos^2cc is a periodic function with period ^77. 

As to changing the period, if we substitute x = nX, we have 

f(nX) =f{nX + ;8) =/{n(z + j. 

The only difierence between the first and last of these forms is that 
where the one contains X the other contains (X -f jS/n). Hence, if 
we call the first F(X), then we must call the last F{X -f- ^/n), and we 
have 

F{X) = F 
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The period is now j8/n, and this can be made to take any value by 
properly choosing n. The case that interests us most is where ^ is the 
27 t of theory and is the A of practice, being the length of a girder 
maybe. With p = 27 t and ^/n = A, we have n = 27 t/A. Hence the 
rule: to change a function from period 2?t to period A, replace x by 
277Cc/A. Conversely, to change from period A to 27 t, replace x by Aa;/27T. 


6, 4. Some Definite Integrals. 

We shall have to make frequent use of certain definite integrals. 
If m, n are any two positive integers, it is easily shown that 

/ cosmxdx = 0= sinnxdx. 

Jo Jo 


The results are in fact intuitive from the graphs ofg = cosmx and 
y = sin nx. The other integrals which we shall require are all contained 
in the expression 


/*" sin sin 

/ mx 
cos cos 


nxdx. 


The verification or acceptance of the following statements is left to 
the reader: (i) If the integers are different, the four results are all 
zero, (ii) If the functions are different, the result is zero, (hi) The 
only time we get a non-zero result is when the functions are the same 
and the integers are the same. Then we have 



TT = 



^\X!?nxdx, 


6 , 5. Determination of the Coefficients. 

We can now approach the proposition that in the range 
— TT <x < -{-7T we have 

f(^x) = ciq-\- COS 2 C -|- cos 2 a:; + . , . 

+ 6 ^ since + 62 sin 2 cc + . . . . 

It is international usage and almost traditional to take b as the 
coefficient of sine, and a as the coefficient of cosine. The suffix agrees 
with the multiple of x. One slight variation is that theory prefers to 
use laQ for the independent term. 

The first question is how the coefficients are to be determined. 
Any one of them will serve as an illustration, so we take a^, which 
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multiplies cos 3 cc. Multiply bott sides by cos 3a; and integrate from 
—TT to +77. In accordance with the integrals just mentioned, every 
term on the right gives zero, with a single exception. We have 

f f (^) cos 3 a; dx = a^f cos^ 3 a; dx = Tra^. 

•'-TT J-jj. 

Another coefficient, such as b^, would be obtained by multiplying 
both sides by the co-factor of 64, i.e. sin ix and integrating from — w to 
+77. Hence, in general, 

= -J f{x) Gosnxdx; bn = — f(x) sinnxdx. 

The absolute term is naturally an exception. To find its value we 
integrate the equation as it stands. Every term on the right, except 
the first, gives zero, and we have 

f f(x)dx = ao rdx = 2wff.o. 

*'- 3 r 

This^terprets as 277 is the base and the left side is the area, we 
see at is the mean ordinate; a useful piece of information, as it 
can irequently be written down at sight. 


6 . A Useful Application. 

At this stage we can consider the problem of finding the Fourier 
representation of that part of the parabola y = that lies in the 
range — n- < a; < .jt. We have 


X _ CQg j. 2a; -|- . . . 

+ 61 sina: + sin 2a: + . . . , 

p„bl™ ia to determine the coeffloiente. If the mean ordirwt 

that (though it is fairly common kiiowledg 

th.t It most be one-third of the tenninel ordinate), we have 


SttUo = fx^dx = 277^/3 

and Og = ,72/3. por the other coefficients we have 
1 

^- = ~J_^^^cosnxdx-, bn = lrx2^innxdx. 

77 *'-»r 

Xheee can be evjnated by repeated integration by parte. It is probably 
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quicker to obtain them by differentiating twice with respect to n the 
indefinite integrals of cosnir and ^innx. This gives 


GQ^nx 


r ^ sinTO f . 7 

— / Gosnxdx ; — / ^mnxdx = 

r . T xcosnx . sin-nx 

/ X ^mnxdx = — — — — + — 
n 91“ 

r , xsinnx cosnx 

^ I X cosnxdx — — — 

J n 

r o 7 a:^sinm , 2x cosnx 2 sinnx 

/ cosnxdx = + — — ^—5 

n -nr 


To- 7 x^coi 

/ x“ sinnxra = 

J n 

The insertion of the limits gives 


cosnx 2xsinnx 2 cosnx 

+ “"“2 + 3 • 


f X? smnxdx = 0; T x^ cosnxdx = 

J «/-7r 


477 cosnTT 


n“ 


It appears from this that all the 6’s are zero, and there are no sine 
terms. It will be seen later that this could have been stated at the 
outset. The value of the coefficient is (4 cosn7T)/n^, so that by 
giving n successive integer values we have 

% = — 4 / 1 ^, % = 4 - 4 / 2 ^, 1*3 = — 4 / 3 ^, 

and so on. Hence 

a:® = ^ — 4:|^coaa: — ^C032a; + ^cosSir — . . .j. (i) 

This is the Fourier series which represents the parabola ?/ = x^ in the 
range — 77 < x < 77 . At the risk of being tedious we again point out 
that, outside the range, the parabola and its representation part com- 
pany. The parabola goes to infinity, whereas the graph of the Fourier 
series looks like festoons left and right (fig. 2). Inside the range the 
fit can be made as close as we like by taking a sufficient number of 
terms. 

The ordinate at each end of the range is 77 ^. We can lift the axis 
OX through this distance by putting 1/1 — y — The figure now 
looks like a parabolic channel with OX-^ as ground level. The width 
of the channel, at present 277 , can be changed to A by replacing x by 
10 (G 237) 
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‘2>TrxlX, Notice that this merely alters the horizontal scale of drawing; 
the depth is unchanged. We can alter the central depth from to h 
by putting Hence 



We now have a representation of a parabolic channel of width A and 
central depth h. By changing the sign of i.e. inverting the figure, 
we have a parabohc arch of span A and rise A, the axes being ground- 
level and centre-line. If we then replace h by we have the 

bending moment diagram of a simply supported beam, of length A, 
bearing uniform load w per xmit length. The fact that a bending- 
moment diagram is conventionally drawn positive downwards makes 
no difference. 


w}? \ 1 


^ttX 

~x ^ 


47735 

T 


+ . 



6, 7. Simplifications, 

It hegms to appear likely that a problem in Fourier series in volves 
a good deal of integration. That usuaUy is the case; fortunately, the 
abom can frequently be economized by a few simple observations. 
Consider a curve which is symmetrical about 07, so that the left side 
reflection in 07 of the right side; written algebraically, 
(a:) ( x). If we need the area between a: = c and x = — c, we 
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can evidently take the right half and double it. Hence for a sym- 
metrical curve y = F{x) we have 



A simple example of a symmetrical curve is y — cosaj. 

If we now reflect the left half of our symmetrical curve in OX and 
use the parts in the first and third quadrants, we have a function 
which is said to be skew; written algebraically, F{x) = —F{—x). 

A simple example is «/ = sin®. The area of any such skew. curve taken 
between x = c and a; = — c is evidently zero. It is easily proved that: 

(i) the product of two symmetrical functions is symmetrical; 

(ii) the product of two skew functions is symmetrical ; 

(iii) the product of a skew fimction and a symmetrical function is 
skew. 

This terminology is not universal. The functions are frequently 
referred to as even and odd; but these adjectives are later required 
with a different connotation and experience shows that skew and 

symmetrical are preferable. , » n ^ xt,- 

Certain important consequences immediately follow from this. 
Suppose we happen to be working with a symmetrical function 
y =f{x). When we attempt to find the sine terms, we have 

1 

6^ — _ / J{x) Qinnx dx. 

The integrand is the product oif(x), which is given as S3Tnmetrical, 
and sinnx which is skew. The integrand is therefore skew and is 
zero. There are no sines. Hence the important result : asymmetrical 
function can he expressed in cosines only, and a funciion expressed in 
cosines is symmetrical. 

This substantiates the remark in 6, 6 about the representation of 
y _ The function is symmetrical, and hence the Fourier series 
contains only cosines. In the same way it follows that a skew function 
can be expressed in sines only; and a function expressed in sines is sUw. 

When the function is skew and we determine b„ as above, we have 
fix) skew and sinM skew. Hence the integrand is symmetrical. We 
can therefore double the integral over the half-range and write 

9 

bn~- / /(’^O 

77*^0 
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L word of caution is desirable here; whenever this form is used, the 
X) mus e taken at its value in the integration range 0 to tt. This is 
ii^or ant the mathematical expression of f{x) is frequently 

fn ^ ^ Grent parts of the range. It is a simple exercise for the 
a er o prove similarly that if/(cc) is symmetrical, we can write 


f fix) cos TO dx. 

TT-^O 


We can illustrate this last formula by our parabola. We have 


2 /*"■ 
== - / x^ 

TT^O 


COS nxdx 


_ 2 "x 

TT _ 


"r sin TO ^ 2aj cos to 


2 sinTOT 

•n? Jn 


tem is the only one that survives the substitution of 
the hrmts and we have a„ = (4 cosn.)/^^ as before. 

calculating the coefficients by doubling the 
funcfin is not confined to skew and symmetric 

\ ^PP es to two other types as well. Consider a function 

renrod.^^^^^ S < a; < in which the right half is a 
bo^v were displaced 

neriod ;<i ^ halves would coincide. The 

P lod IS now really w, and mathematically we have 

F{x) = F{x - w) = F{x + w). 

mav calT^" cosju: and sinn* are of this type, which we 

may call Type I. As an example we have the function Lfined by 

0<x<n, 

— 7T < a; < 0. 

In such a case we evidently have 


y = e- 
y = e~^* + 


f_F(x)dx = 2f^F{x)dx. 


reprtdS^ottheTft r Tf w ^ 

4kced bodl a if were 

mirrored in OX. We now have ° ^ ^ 

F(x) = ^F{x -F{x + tt), 
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and if n is odd, then cosw and sin^ia; are both of this Type 11. Evi- 
dently the integral of such a function, taken over the range — tt to tt, 
is zero. An example is the function defined by {vide infra, fig. 3) 

y z= 0 < £C < 77, 

y = — —77 < cc < 0. 

We can now state that two functions of the same type have a product 
of Type I; two functions of different types have a product of Type II. 



The proofs are quite simple. If Ffx), Ffx) are two functions of Type I, 
we have, by hypothesis, 

Ff^x) = F^i^x - 77 ), Ff(x) = F.f^x - 77 ). 

Hence F^{x)F^{x) = Ff,x — '7T)F.fx — tt) 

or F{x) = F{x — 77), 

so that the product is of Type I. Alternatively, if both functions are 
of Type II, we have, by hypothesis, 

F-fx) = —F^{x ~ tt), F4:x) == —F.fx — tt), 

whence Ffx)F2^{x) — -\-F^{x — TT)F.f^x — 77) 

or F{x) = F{x — tt), 

so that the product is again of Type 1. This establishes the first state- 
ment; the second can be proved analogously. 

We apply these principles to the determination of the Fourier 
coefficients and begin by supposing that /(;/;) is of Type I. The in- 
tegrand for a.f^ or is of Type II if n is odd, so that the integral is 
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zero. Alternatively, if n is even, the integrand is of Type I, and tli( 
integral can be doubled over the half-range. Hence the important result 
•^J jW =j{^ — tt) there are no coefficients of odd suffix; the co^ 
dents of even suffix can be determined by doubling the integral over the half 
range. Such a function is said to be expressible in even harniondcs ” 
lu a similar manner, by making obvious changes in tbe wording 
we prove that: 

f(d) = —~f{x — tt) there are no coefficients of even suffix; the coeffi 
cients of odd suffix can be determined by doubling the integral over th 
half -range. Such a function is said to be expressible in odd harmonics 
In this case is zero. 


As an example we consider (fig. 3) the function mentioned previously an 
defined by 

2/ = e-®, 0 < a; < TT, 

y == -e-(^ + ’r), < a; < 0. 

This fulfils the conditions for being expressible in odd harmonics and we have 
/(a;) = ai cosa; + cos 3a; cos 5a; . . . 

+ 6i sina; -f- 63 sin 3 a; -f 65 sin 5 a; ... 


where 


= 2 f(x) cosnxdx 
Jo 



TT 

cosna;da; 


2(1 + e-”) 
+ 1 ) ’ 



sm.nxdx 


= 2 


/. 


IT 

ainnxdx 


2n{\ + e“"‘) 
+ 1 ) 


IS e observed that the value given to f(x) in the integrand is its value in tl 
r^ge o integration 0 to tt. We completely ignore the fact that its value in tl 
o er -range is differently expressed. This gives the Fourier series for tl 


^ = y. cosTia; + n sin?ia; 

2(1 4- e-^) ’ 


n odd. 


. . (i) 


ere we may draw attention to a minor point that sometim 
amsses s^dents. If we give n an even value in the foregoing calc 
a ion o t e coefficients, the result is not zero. This sometimes occ 
sions surprise, seeing that the coefficients of even suffix are known 
^ ® ®^l^^ation is that both integrand and limits have be 

fhfto \ e assumption that n is odd; if we invalidate this hyr 
Tb ^ ^ 4- ^ wondered at that we get an unexpected resu 

nnW ^ ^ fimction may be expressible in even harmoni 

only, or odd harmomcs only, coupled with the fact that it may 
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skew or symmetrical, leads to four possibilities. A fiinction may be 
expressible in (i) even cosines; (ii) even sines; (iii) odd cosines; (iv) 
odd sines. In each of these cases the coefficients can be calculated by 
taking four times the integral over the quarter-range. The reader 
should have no difficulty in convincing himself, both algebraically and 
graphically, that a function which comes under a specified one of these 
four possibilities is defined in the full range when it is defined in « 
quarter-range. 

To prove the statement we begin by considering an F{x) which is 
symmetrical and of Tyq)e I, i.e. expressible in even cosine harmonics, 
since ultimately all four cases reduce to this. The function by hypo- 
thesis has the properties 

F(—x) = F{x) = F{x — 7 t) = F{tt — x) 

for all values of x. On replacing x by (Itt — x), we have 
F{\Tr — a?) = F{\ 7 t -f x), 

which proves that F{x) is symmetrical about x = Jtt as well as about 
03 = 0. Hence 

r F(x)dx = r F{x)dx = \ f F{x)dx 
Jq •'0 

and f Fix) dx = 2 f Fix) dx = i f Fix) dx. 

Let us apply this to the calculation of the coefficients in any one 
of the aforementioned cases, say case (iv), odd sines. We have by 
hypothesis 

fix) = bi sino3 63 sm 3 x b^smbx . . 

The determination of depends on integrating /(a?) sin woj, with n odd. 
Both factors of this integrand are skew and of Type II; hence their 
product is symmetrical and of Type I, like the F{x) mentioned above. 

Hence bn = - f(x) ^mnxdx = - / f{x) ^mnxdx. 

77 7T"'0 

The proof of the other three cases is exactly similar, and can be left 
to the reader. 

As an example, consider the function whose graph is a repetition of the graph 
of coscc in the range — tt < a; < 0. Its definition is 

y — coso:, — -Tc < a: < 0, 

y = — coso:, 0 < a; < tt. 
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Pig 4 shows It to be skew and of Type I, hence 


We have 


Thus 


y am 2 a; 4' 64811140; + 6^ sin Go; -]- 
7 4 

= - I J{x) amnscdx 

—-r 


4 r*^ , 4 n 

oosjc sin?ia;aa; = — - 




~ 1)tc 

1 


This last example illustrates a point in theory The function is discontinuous 
when a; = 0, the left half range gives the corresponding value y ^ I, whereas 
he right half range gives — 1 Theory indicates that the series will give neither 
value, but a value midway between This is evidently correct 



Fig i 


When there is no discernible symmetry or regularity in the given 
ction, there is no means of economizing the labour of calculation, 
an each coefficient has to be separately worked out If the function 
^ varmusly defined in different parts of the range and each coefficient 
epends on more than one integral, the work can become very tedious 
11 earned to the higher harmonics Thus, if 

y =/iW, -77- < a; < c, 

y <c. TTy 

we have ^ coBnxdx -f- J f^[x)Q,o^nxdx^ 

and similarly for the other coefficients 
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6, 8 . Analysis in a Prescribed Mode, 

It is frequently desirable in practice to analyse a given function in 
some specified way, such as even harmonics only; or maybe odd sines. 
When the given function has a single specification, viz. (i) cosines, 
(ii) sines, (iii) odd harmonics, or (iv) even harmonics, we regard the 
function as being defined in the right half-range. The left half-range is 
then filled in, either mentally or graphically, in accordance with the 
specification, i.e. symmetrically for cosines, skew for sines, and so on. 
The student should take some simple graph, say y = e"® in the range 
0, 1, and complete the figure for analysis in each of the four given 
modes; this makes the total range equal to 2. 

When the required mode of analysis has a double specification, e.g. 
odd cosine harmonics, the given function is considered as filling the 
first quarter-range to the right of the origin. The rest of the range is 
then filled in to comply with the specification. Taking the previous 
example ot y = e-^ in the range 0, 1, the reader should have no diffi- 
culty in convincing himself that the specification “ even sine har- 
monics ” is not different from sines only and the same is true 
reading cosine for sine. 

The conditions of a problem sometimes dictate the mode of analysis. 
Thus, if a horizontal beam be uniformly loaded and simply supported 
at quarter-span from each end, the shearing force diagram must be 
even sines if the origin is the middle of the beam. 

In nearly all such problems as occur in practice the period is not 
the 2?? of theory. This poses a dilemma: shall we alter the rules for 
calculating the coefficients so as to fit the new range, or shall we alter 
the range (and the function with it) so as to comply with the estab- 
lished rules? The author has no misgivings about the second course 
being preferable, especially as the rules for altering the period have 
already been examined. Sometimes it is even better to alter both the 
vertical and horizontal scale for the sake of getting a simpler arrange- 
ment: this has already been exemplified by using the parabola y = 
to give both a parabolic arch and a bending-moment diagram. 

As a further illustration, take the shearing-forco diagram just mentioned. 
We should begin by analysing in oven sine harmonics the function defined by 

y = —a:, 0 < X < Jtt (fig, 5). 

y ~ sin 2^: -\- sin4a; , 

~ - f “ xsiiinxdx, n oven, 

t^Jq 


Tliis gives 
with 
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xco^nx 

n 




Jo 


= - COS^ WTC. 

n 

y = — sin2ic -{- J sin 4a; — J sin 6a; + (i) 

Presuming that X is the length of the beam and w the load per unit length, two 
changes will reconcile the theoretical figure with the shearing-force diagram. 
They are (i) the period to be X instead of 2tz, (ii) the terminal ordinate to be w?X/4 
instead of Jtt. This gives 

wXI . 4nx . St:x . . 1271* , ] 



6, 9. Series. 

Many interesting scries can be obtained from Fourier series by* 
giving particular values to the variable. The results can all be ob- 
tained l)y otlier incans, and they often serve as useful checks on one’s 
working. At points where tlie function is continuous, the substitution 
gives the corresponding value of the function; but wliere the function 
is discontinuous, the substitution gives the mid-point of the discon- 
tinuity. . rr.1 • • 

As a first illustration we take tlie serii^s 0, 8 (i). The function is 

continuous at the origin, and the stories gives the correct value zero. 
It is discontinuous at x Att, and the seri(‘s giv(\s the inid-pomt of the 
discontinuity. It is continuous at x = tt/I, and gives the well-known 
r(vsiilt 
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The series 6, 6 (i) represents a function which is continuous every- 
where. On giving x the values 0, tt, we have 

77^ 1 

- 12 ““P 

^^ = 1 
6 ' P 

The half-sum of these gives 

77^ 1 

P 

It is then easy to show that the value x = 77/4 leads to 

z! =1-1 + + 

8V2 32 52 ^ 72 ^ -r • • • , 

and other curious results can be deduced. 

6, 10. We append a number of worked examples illustrating var; 
points in the theory and practice. 

Example 1. — Consider the function defined by 
f(x) = Xf Jtc < a; < Jtc, 
f(x) = —TV — X, —TV < X < — Jt:, 
f(x) = TV — X, -It: < X < TV, 

A sketch shows that it is expressible in odd sines and we have 
4 r ^ 

xsinnxdxy odd, 

ttJq 

__ 4 fsinw-a; a; cos?za:”|^’^ 

tvLt^ 71 Jq 

4 ri • 1 1 
TT U 2 - J 

Hence f{x) = ^ [1 sin* - p sin3.r + ^ sin 5® . . 

This example is useful as showing the manner in which the successive terms 
gradually approximate to the function. The first term is itself quite a good ap- 
proximation, but it suffers from two defects (see fig. 6). It begins by rising too 
steeply, with a slope 4- /tv instead of unity; and it docs not rise high enough, 
reaching only to a height 4/77 = 1-27, whereas the vertex of the graph has an 
ordinate Itv — 1-57. 

The second term (4/07r)sin 3a; may be regarded as a first correction. It improves 


— _ 4- JL __ 

22 ^ 32 * * • ^ 

+ la + p + --- • 
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the central height to 40/071 = 1-42, but it rather overdoes the correction for. 
initial slope. If 

2/ = - fsina; — - sin3a:Y 
\ 9 / 

yQ = ^(qo^x ~ i cosSa;^ 

TT \ 3 /o 

= i- = 0-85. 

Stt 

The second term is negative between 0 and tt/S, or between 2t:/3 and tt. It is 
positive between tt/S and 2tc/3, and its general tendency is to correct the first 



harmonic nearer to the straight-line graph. The later terms may be regarded as 
finer additional corrections. Ultimately the initial slope at the origin, as defined 
by the series, is 



3 5 



= 1 . 


and the ordinate at a; = Jt: is 



TT L 


L+i 

32^ 52 





Both these values are correct. 


Example 2. — ^A function y = f{x) is defined by 

- + - = 1, 0 < ic < 2p, 

p q 

It is required to express it in a series of period 4p. 

We begin by drawing a rough sketch of the graph, then add a previous period 
left of the origin. W e can now regard a period as covering the range -2p<x< 2p. 
This is evidently symmetrical and expressible in odd cosine harmonics. Its 
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coefficients are therefore to be calculated by taking four times the integral over 
the quarter period. As the quarter period is ^ and not Itt, we must either alter 
the rules for determining the coefficients or alter the graph. The latter is pre- 
ferable and the result can be achieved by a comparison with 

^ y = Jtt, 0 < a; < ^TT. 


This is admittedly in error, both for height and base; but the readjustment can 
be made after the coefficients have been calculated. We now have 
4 /•i"' 

cos%a;<f.r, n odd, 


_ 4 r TT 


X . 1 

, sinna; — - ^mnx — — cos?ia: 
tcL27i n Jo 


Hence 


r = i fi: cosa; 4- — cosSa; H- — coq5x + . . .1 


as the representation of 

y = — Xy 0 < X < I'TT. 


The vertical height should be q instead of -Jtt, and the period should be 4p insteaa 
of 27r. Hence 


8^r Tra: , I 37ra; , 1 6v:x , “| 

y = ^ \ cos — - - — cos 4 - — cos 4 " • • • • 

^ 7:2 L 2 ;? ' 32 2p 52 2p J 


We can check at various points. Putting a; = 0 gives y = q, whilst x — p gives 

7/ = 0. 


Example 3. — A function is defined by 

y = I — cosa*, 0 < a* < Jtt, 
y — sin a*, -Jt: < .r < tc (fig 7). 

It is required to express it as a Fourier series of even harmonics. 


We have 


/*1T 

(1 — (io^x)dx 4- / sin a* fZa; 

0 -'iTT 


and ay = -J-. This can bo chocked from first principles. 


rir 

(1 — cosa;) co^2x(ix -|- / sin a; cos2a;cZa; 
Jo Jirr 


r "1 

r 1 

}> sin 2a’ — }, sin a — J siiilU; ] - 

\ cosa — J cos 3a 

L“ “ Jo 

L" -li,r 

-1. 
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^ Jtt pir 

jTrSj = / (1 ~ cosa;)sin2a;<ia; + / sin a; sin 2a; 

Jo ’ J^TT 



cos 2a; -}- f cos® a; 



TT 

in- 


= -i- 

The higher coefficients can be calculated similarly, and we have 

2 2 

^ J — — cos2a; — — sin2a; .... 
n Stt 



6 , 10*1. Uniqueness of Period, 

A function of a single variable can have only one fundamental real 
period. For suppose that a and j8 are real periods oif{x)^ then by hypo- 
thesis 

/ W =/(a5 + =/(a; + hp) =/(cc ha kp) 

for all positive and negative integral values of h and h. If a and 
are commensurate, let co be their greatest common measure, and put 
a = mco, p — nco. Then m and n are relatively prime. It is known 
from the theory of continued fractions that in tliis case we can find 
positive or negative integers h, h such that hm kn = 1. Hence 

fix) =fix + ha + kp) =f{x + w), 

and 60 is a period. Moreover, every other period 
pa + g'jS = (pm + qn)oj 

and must be a multiple of co, so that in this case there is only one 
fundamental period. 

If, on the contrary, it were possible for a and j8 to be incommen- 
surate, it is possible to find positive or negative integers A, k such that 
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ha + /c^ is smaller than any assignable number we like to name in 
advance. Hence in this case there is no real period, and a, jS cannot 
be incommensurate. 


6, 10*2. The Principle of Least Squares, 

Suppose that the series 

S{x) = a + 6a? + . 

is an approximate representation of some function F{x) ia a r’- 
range 0 < a: < A. The difference at any point between the • 

F{x) and its calculated value 8{x) is known as the error. Acc( 
the principle of least squares, the sum of the squares of the erroxo, v 

f{F{a^-S{x)fdxo, 

should be a minimum. This definite integral is a function of the para- 
meters a, 6, c, &c., and if we denote it by <f> {a, .) the conditions 

for a minimum value of ^ are 

dcj) ^ dcf) d<f> 

da db dc 


This is the orthodox method of finding the coefficients a, 6, c, &c., in 
any given case. 

Applying this to any function f{x) and its Fourier series 
s{x) = + «! cosa? -f- ao cos 2a? + . . . 

+ 6i sina? + 6^ sin2a? + . . . 

we have 

{f{x)-s{x)yclx=J^^ {f{x)Ydx—2j^ /{x)s{x)dx + {s{x)ydx 

to he a minimum. If c be indifferently any one of the coefficients, this 
gives g .2. 9 

X ^ "" Jo Wc 


If c be interpreted as we have 

/ f(x) cosnxdx -- / s(x) co^nxdx = nan. 

Jo 

The conclusion is that the rule for determining the Fourier coefficients 
agrees with the principle of least squares. 
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6, 10-3. The Problem of Dido. 

What is the greatest plane area that can he enclosed by a boundary 
of given length? Suppose that a simple closed curve of length A sur- 
rounds the origin and crosses OX sit A. If P be any point on the curve 
and s be the length of the arc AP measured counterclockwise, the 
X, y co-ordinates of P are uniquely determined when s is known. More- 
over, they will be periodic functions of s, with period A, since the addi 
tion of A to 5 gives the same point P. We may therefore write 


I V- I 

cos7^ sin9'i ; 

A A 


„ 2775 , ^7 . 2775 

j/ = Cq + cos7^ — + Lidn sm7^ . 

A A 


If we choose a new independent variable 6 = 2775 / A, the range 0 <C 5 <; 
is equivalent to 0 < 6 < 277 and the co-ordinates become 

x = aQ-{- S(a„ OQBnd + 6nSinn0); j/ = + S(c,rt oo^nO + 


The fundamental arc-formula 


\ds} ^ \ds/ 

(dx\^ /dy^^ ^ Y 


and if this last relation be integrated from 0 to 277 , we have 


ri-ridy +(!)>»= 


7r2>i2(a„2 cj -(- d„^). 


n = 1, 2, . . . , 


This gives the length of the curve in terms of the coefficients. T1 
area of the curve is given by 


/"27r 

= / (xdy — yilx) = nl,n{a„dn — b„Cn). 

Jo 


We now have 


A2 9 ^ 

^ — = S{(wa„ - d„r + [nK + c„)2 + («2 _ 


The expression on the right is certainly not negative, so that in generj 
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the area A is less than We could have A == A^/ 47 r j 

na^ — d,, = 0 = nb,, + c,, = ( 71 ^ — l)(dj + c^^). 

For all values of n greater than unity this implies 
Gn = 0 = d^ = a^ = 6 ^. 

When — 1 we have ~ d-^, ~ — Cj. Hence the co-ordinates are 

x = a^-\-ay cosa; + sina;; 2 / = Cq — 6^ cosa; + % sina;, 
so that the curve is a circle. 

The above elegant proof is due to Hurwitz; the problem is usually 
treated by the calculus of variations. For the classical reference, see 
Virgil’s Ae^ieid, I, 368. 


EXERCISES 

1. If f{x) = X in the range — tt < a; < tu, prove 

j,, . ^/sina; sm2;K , sin 3d; \ 


Note that the value x = -J-tt gives Leibnitz’s series 

1 


TT _ 

4 


} -I- 1 _ ?■. 4_ 

35 7 


2. The symmetric function f{x) = |d:|, (— tt < re < tc) gives 
, , 4 /ooHx , cos 3d; , cos5d; , \ 


This is continuous at the origin, and gives 

_ 1 . 1 , 1 
8 U 32 5 ^ 


+ 


3. If f{x) = — 1 when — tc < a; < 0 and f{x)= +1 when 0 < a; < tt, then 


, 4 /siiid; , sin 

f{x) --= f . H- 

TC \ L 


sin3a‘ 
3 


-h 


sin 5x 

7 . — H' 

5 




Note that this series can be obtained by dilTerentiating the previous result in 
No. 2. Diflerentiation is permissible provided tliat the resulting series is con- 
vergent. Integration is always pca’inissible but may involve the determination of 
a constant. 


4. Tlie expansion \x = 


siud; 

1 


sin 2d; , sin 3a: 


3 


is valid in tlie range — tt < a’ < tu. Integrate this and detcnninc any constant 
at the origin. Verify that the nvadt accords with (), (> (i). 

11 


(G 237) 
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5. Let f{x) = a; sin a; when —tu < a; < tt, then 

m =l-i cos* - 2(^ _ 00 ^ 

\1.3 2.4 ^ 




A check by putting a; = Jtu gives 


1 


4 2 1.3 3.5 ^ 

which is a thinly disguised form of Leibnitz’s series. 

6. The rectified sine curve, f{x) = |sina;|, ^tc < x < tc, gives 

w = 1, 2, . . . . 


It K 4n‘- l’ 


Check by putting x = ^-tt. 

7. Analyse the function defined by 

2/ = a:, 0 < a; < TT, 

2 /=«+ 7r, — TT < a; < 0. 

Verify that the value a; = 0 gives the middle of the discontinuity, 

[y = ^TT — {sin2a; + J sin4a; + J- sin 6a; + • • *}•] 

8. A function is defined by «/ = a;^ in the range 0 < a; < 1. Prove that (i) if 
it is analysed in sines, we have 

— 4) sinTua; — sm27ra; + sin Stcx • • -J • 

(ii) If it is analysed in even harmonics, we have 

^ i cos27Ta; + 7^ cos47T:a; -h . . . 

4:7Z^ 

— - sin27Ta; — — sin47Ta;. 

TC 2tu 

Check this last result at the origin. 

9. Express x^X — a;) in a sine series of period 2X. Deduce that 

32 33 53 ■ 

10. A function is defined as/(a;) = 1 — cosa; in the range 0 < a; < ^ tc. Express 
it as an odd sine series. 

What function does the series represent in the range Jtc < a: < tt ? 

[1 -1- cosa;.] 

11. From the result 6, 7 (i), deduce 


(i) — tanh - = . — -i- ^ ^ 

4: 2 P + 1 32 + 1 ^ 53 + 1 


(ii) - sech - = \ — 

4 2 12 4- 1 32 + 1 ^ 52 1 


+ 
■ + 


“ + 

5 





rOURIER SERIES 


155 


12. If 


prove that M = 


ilf — (X — c)x when 0 < a; < c, 
M — x)c when c < x <\ 


2X2 f . TCC 


TT^ I 


27rc . 27ra; 


{sin — sin _ sin — sin 
X X 22 X 


. 27ra; , ] 


13. The formula for the bending moment at any point of a simply supported 
beam bearing uniform load w per unit length has been given at the end of 6, 6. 
Verify that the central bending moment is wX^/S and zero at each end. 

14. It is known (but difficult to prove) that there is only one Fourier series 
for a function defined in the range — tc < a; < tc. Prove that if the function is 
defined in only part of the range — tt < a < a; < p < tc, it can be represei 

by an infinite number of Fourier series. 

15. Prove that f{x) + f{—x) is symmetrical. What is the analogous skew 
function ? 

Deduce that any function can be expressed as the sum of a skew function 
and a symmetrical function. 

lif{x) has a period 2 tc, write down a related function that is certainly expres- 
sible in even harmonics. 


16. If m, n are two positive integers, prove that 


/: 


cosmd 008*^0 (20 = 0, 


provided that either (i) m is greater than n, or (ii) m, n are one even, the other 
odd. 

If m = w the value is 7 t/2”“^. 


17. When m is not an integer and — tt < a; < tt, prove that 


_ __ 2msin?7i7r / 1 ___ cosa; 


cos 2 .'c 


\2'm2 m2 - 12 


m/ 


cos Sx 


,2 -22 ni’‘- 32 




Note that x — t : gives 


7T COtmTT = - + S - 


2 m 


, n= 1,2, . . 


..l2 — 72,2 

If the last result bo integrated with respect to m between 0 and x, we get 


expressing sin nx as an infinite product. The value x == ^ then gives Wallis’s 
product 

71 2 2 4 4 6 

2 “ 1 ■ 3 * 3 * 5 ■ 5 * * ‘ * 


18. The speed of a rotor is not constant, but all revolutions take the same 
time, measured when and where you like. Prove that the angular velocity is inde- 
pendent of the point at which it is measured, and is a periodic function of the time. 
What is the period ? 
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19. If y ~ f(x) be expressed in a Fourier series in the range — tc < a; < it;, 
prove that the mean value of y'^ is greater than the square of the mean value of y* 

A rectangular strip of glass is shortened by breakage, the break nowhere 
doubling back on itself. Taking either part, prove that the distance of the centre 
of gravity from the clean end is greater than half the mean length. 

20. A simply supported beam of length X has density of loading w per unit 
length at distance x from the middle of the beam and 

, 2tzx . 

V) = ai cos — + . • • 

X ' 

, , . 27t:x , 

+ Ox sin - — + . . . . 

X 

Calculate the reactions and verify that their sum is 

21. An automatic recording instrument gives a polar diagram in the form 
of a closed curve surrounding the origin. The mean radius is the radius of a cirolo 
having the same area. The diagram is re«drawn on squared paper, using equidis- 
tant radii as equidistant ordinates. The mean ordinate is the height of a rectangle 
on the same base and having the same area. Prove that the mean radius is greater 
than the mean ordinate. 

22. Deduce directly from the Fourier series that a symmetric function, de- 

fined by f(x) = /(— is expressible in cosines only. Proceed similarly for tho 
functions defined by f(x) = f(x) = f{x -h tt); f(x) = — /(a’ + tv)* 

The case of the function defined by 

f(in + x)= f(in — x)= /(--Jtt — x), 
in even cosine harmonics, is an exercise in integration. 


23. Analyse the function of period 16 defined by 


y = o, 

0 < a; < 1, 

7 < o; < 9, 15 

2/= 1, 

1 < a; < 3, 

5 < a; < 7, 

2/ =2, 

3 X <c 


2/ = -1, 

9 < X < 11, 

13 < a; < 15, 

2/= -2, 

11 < a; < 13. 


24. Analyse the 

function of period 4 defined by 


2/ = K + 1, 

— 2 < a; < —1, 


2/= — 1, 

— 1 < a; < 0, 


2/ = — * + 1, 

0 < a; < 1, 


22 = « - 1. 

1 < a; < 2. 


15 < a; < 16, 



CHAPTER Vn 


Partial Differential Equations 

7, 1. It is presumed that the reader is already familiar with the 
idea of partial differential coefficients and the methods of obtaining 
them. They make their appearance whenever a measurable quantity 
is determined by more than one other independent quantity: thus the 
length of a metal bar may depend on the temperature and the load. 

It has already been pointed out that ordinary differential equations 
can be derived by eliminating the parameters from a family, and the 
result expresses a property common to the whole family. Similar 
remarks hold for partial differential equations, except that we are no 
longer limited to arbitrary parameters but may eliminate arbitrary 
functions as well. For example, all equations of the form 

« =f{x) + 

can be written as — — = 0 

dxdy 

and the precise forms of/ and F are immaterial. 

There is one essential difference, whicli will be pointed out but not 
proved. In the case of ordinary differential equations the number of 
parameters in the family determines the order of the eliminant. The 
analogous statement does not hold in partial dili’erential equations; 
in fact, in any given case the result of elimination is not even neces- 
sarily unique. This need not concern us overmuch, since we do not 
propose to spend our time eliminating arbitrary functions. The main 
point is that in solving partial differential equations we must be pre- 
pared to see arbitrary functions make their appearance in the solution. 
The chief difficulty in most problems is in deciding what forms these 
arbitrary functions sliall take. 

When tlie number of variables is three it is an aid to comprehen- 
sion to vi(‘w the matter geometrically. We can regard the axis OZ 
as vertically u])ward, OY to the right, and OX towards the reader. 
It can not 1)C too strongly empliasized that if x and y are independent 
variables, then dy/dx lias no meaning and does not exist. It is some- 
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times stated quite erroneously, especially in texts on thermodynamics, 

^ at it as the value zero. As to which are the independent variables 
in any particular case, that may be a matter of choice. A unit mass 
o gas with a characteristic equation has the three co-ordinates P, 
V and P, and there are six partial differential coefficients; but dV/dT 
exists only on condition that P is an independent variable. 

Example. Consider a surface whose section by any horizontal plane is a circle 
with Its centre on OZ; in other words, a surface of revolution. In general, the 
ra us o s circle vdll be different at different levels. If in any particular case 
we t e connexion between the radius and the height, we could write down 
e spec c equation of the cylinder, cone, sphere, or whatever it was. But if we 
m^ely know that there is a connexion between the radius and the height, of the 
so 3.t etermines the one when the other is known, without being told its 
specific nature, we write 

r = /( 2 :), z=F{r), 

This could just as well be written 

r^=cp{z)=:x^ + y^, 

or in v^ous other forms, all being the general cartesian equation of surfaces of 
revo ^ ion a out OZ. If we regard x, y as the independent variables, we have from 
the last form on differentiation 

dz dx Qz By 

Hence a; — = ?/ ?? 

By ^ Bx 

The arbitrary function has disappeared, and we have a partial differential eq nation 
in its place. ^ 


7, 2. An example of outstanding importance, that well repays any 
time spent on it, is 

y=J{x + ct) + F{x-ct) (i) 

We begin with its interpretation by considering the plane curve 
^ origin be moved a distance a to tbe right, the equation 

ecomes y f{x a). It is more convenient to regard tbe axes as 
bxed and tbe curve as transported bodily to tbe left; this gives tbe 
same result. If instead of a single movement we bave a continuous 
movement at constant velocity c, tbe displacement at any time t is ci. 
Hence tbe equation y =/(a; + a) represents a curve y =f{x) being 
Carrie to t e left with constant velocity c. A similar interpretation 
applies to F{x — ci), moving to the right. 
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u — X Ct, V = x — ct, 

^ _dv du __ _ dv 

dx dx dt~^~~ 

^1 ==^PJ^ + 4.^^ 

dx dudx dv dx du dv^ 

dt du dt dv dt ^du 
dx^ du^ 9y2' 0^2 ^0^2 3^2 y 

dt^ dx^‘ ’ 

This is the partial differential equation formed by eliminating the arbi- 
trary functions from (i). Conversely, in, lieu of solving this equation 
(ii) we can say it has the solution (i). As both the functions are com- 
pletely arbitrary, we can make one of them a constant, or even zero 
if it suits our purpose. The important point is that this equation (ii) 
represents phenomena travelling left or right, or both, with constant 
velocity c. It is known as D’Alembert’s equation. 

7, 2*1. A particular case of supreme importance occurs when 
= — 1. The interpretation as a travelling phenomenon has now to 
be dropped; but the formal analysis still holds good, and we have 
that /(a; -j- it) and F{x — it) are solutions of 

9 ^ 

9 a;^ ~dfi 

This last equation is a two-dimensional form of the more general 

9 ^y d^ dH 

^ ^ ^ ^2 - • 

Known as Laplace’s equation, this dominates the whole of classical 
mathematical physics. We see that its two-dimensional form 

92 y dH __ ^ 
dx^ dy^ 

is satisfied by any function of cither of the two conjugate complex 
variables x + iy. 


Put 
so that 
and 

Hence 
so that 
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7, 3. The importance of the form f{x + ct) lies in its application 
to travelling phenomena such as electric currents, sound waves, water- 
hammer in pipes, and so on. When the initial form/(£c) is known, the 
form at any later instant can be written down by merely replacing a? 
hy X — ct ox X + at, according as the movement is to the right or left. 
As a simple choice let us suppose that / and F both have the form 
A sinaaj. We then have 

y = A sma{x ct)~\r A sina(iz; ~ ct) 

= 2 A sinacc cos act 

This travels neither to the left nor right. It is a stationary wave 
j/ocsinair of length or period 27r/a, its amplitude 2A cos act being 
variable with the time. At distances x = 0, +7r/a, +:27r/a, &c., the 
ordinate y is permanently zero; such points are the nodes. Midway 
between the nodes the ordinate y periodically varies between ±2.4; 
such places are known as loops. It is one of the fimdamentals of physics 
that two waves travelling in opposite directions may give stationary 
waves with nodes and loops. 

In the study of any given phenomenon, f{x) is usually in part 
defoied over some finite range with specified end-conditions. The 
range may be anything from the thickness of a boiler tube to the 
length of a submarine cable. This robs /(x) of some degree of arbitrari- 
ness. Those who are familiar with Fourier series will know that an 
arbitrary function /(x) over a given finite range can be replaced by a 
trigonometrical series. The trouble in practice is to choose the right 
type of series and determine the coefficients. 

7, 4. Longitudinal Waves, 

We can now turn to some of the practical applications, and we 
begin with longitudinal waves along a bar. In a working pile-driver 
the monkey is hauled up to a certain height and automatically re- 
leased to fall on the head of the pile. In accordance with elementary 
dynamics the pile is immediately driven farther into the ground. It 
would be nearer the truth to say that the impact of the monkey causes 
a localized compression which surges down the pile. On the wave 
reaching the foot of the pile, the shoe is driven farther down. Any 
suck-back is mainly stopped by the adhesion of the subsoil, and only 
a small portion of the return compression upsurge reaches the top to 
give the monkey a slight rebound. 

Consider a horizontal bar of length A to receive a blow at the left 
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end, and suppose that one effect of this is to displace a cross-section 
of the bar, initially at distance x from some bench mark, to a distance 
X -{-u. Note that u is not necessarily small; it may be of the same 
order as x if the bar is free to move. 

A section initially at distance x + dX' is correspondingly moved to 
X u dx du. This means that the portion of the bar whose length 
was dx has become dx + du. If du is positive there is extension and 
the stress must be tensile. The strain is dujdx, and the force over the 
cross-section is 

F = Ea^^, 

OX 

where E is Young’s modulus and a the cross-sectional area. Similarly, 
the force at distance x dxia 

F^dF = F + '^^dx. 

ax 

The mass of the element between these two sections is apdx if p is the 
density. As the actual movement of the element is u, its velocity is 
du/dt, and its acceleration d^u/dfi. This last is caused by the excess of 
force at one end over the other. Presuming for the sake of argument 
that the force is tensile, we have F to the left at the left, and F + dF 
at the right to the riglit, tlie balance being dF to the right. On using 
the ascertained value of F the equation of motion is 



where E/p and is independent of the sectional area. The result 
shows that waves of tension, or compression, or both, surge along the 
bar with velocity \/(E/p). 

The solution of (i) is known to be of the form/(;r -|- ct), OTf(x — ct), 
or a combination of the two. Alternatively, we can employ terms of 
the type given in 7, Tlie particular form to be adopted depends upon 
the conditions at the ends of the bar. If an end is fixed, there is no 
motion then* for all time and u must be zero whatever the value 
of^. If the lix(Hl end is at the left, any form including the factor sin^^a; 
will serve, simu' this is /(vro when is zero, irres])ectivc of the time. 
If both ends are fix(‘(l, a factor sin('/i7r.7;/A) will suffice if n is an integer, 
for this vanishes both for x = 0 and for x — A. 
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At an end whioh. is really free, i.e. has no stress applied, the con- 
dition is that the stress must be zero. As the stress is tensile or com- 
pressive according as du/dx is positive or negative, a free end means 
that du/dx is zero. The conditions for a bar fixed at the left and free 
at the right would be met by a factor sin iniTx/2X) if is an odd integer ; 
for the differential coefficient with respect to x when iu = A is a mul- 
tiple of cos (n7r/2) which is zero for n odd. 

Confining our attention to the case of a bar fixed at the left and 
ee at the right, we have as an appropriate solution of (i) 


, ^ . niTX 

^ ^ sin cos 

2A 


cnTrt 


^ e form of the equation (i) shows that if solutions, so like- 

wise is their sum. If one single term does not suffice for our require- 
ments in any particular case, we are at liberty to take a series of them 

0 the necessary type. In the form that we have adopted, the cosine 
CO as well be a sine; the important point is that, as smo)X has a 
period 27r/oj^ the above sine term has a period or length 4:X/n where n 

^ curve be sketched for simple odd values of n, 

1 ^11 appear that the left end is always a node and the right, or free, 
end is a loop. 


7, 4 1, The present arrangement of the bar, with one end fixed and 
one end free, found practical application in the Hopkinson pressure- 
bar for measuring the strength of explosives. Fuller details of the 
p ysics of this case and of similar cases need a knowledge of Fourier 
series, and the treatment can he found in any texb on sound. 

j 4 2. t is probably difficult for the reader to resist a feeling of dis- 
appomtoent that the solution is not more cut and dried. He should 
remem er that except in artificial cases the data in this type of problem 
are somew at nebulous. When a hammer strikes the head of a chisel 
mere IS High local compression; but nobody knows its distribution, 
and It would pretty certainly be complex anyway. Similarly, a thunder- 
u rnay in uce a high potential as a bound charge on an overhead 
mnsmissmn line. IVhat the distribution is we do not know; what we 
know, rather regretfully, is that if the charge is unbound by the cloud 
sc argmg in a ash of lightning, a high potential will surge right and 

left along the Ime. This is our/(^ + 0^) and ^ 

branches of appHed mathematics the difficulties of direct 
attack on problems are so great that inverse methods are adopted. A 
solution of some fimdamental partial differential equation having 
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been obtained, usually by changing the type of co-ordinates employed, 
we then endeavour to find the problem of which this is the solution 

7, 5 Transverse Waves 

Consider a thin flexible wire or inextensible strmg stretched be- 
tween two points and vibrating at right angles to its length It is 
presumed that the flexural rigidity is negligible, so that the question 
of shear does not enter into account Takmg the undisturbed position 
of the string as x axis, let P (with displacement y) be any pomt in the 
disturbed position at distance x from the left end, T the tension at P, 
and ifj the slope of the tangent The horizontal component at P is 
Z == T cos^ At an adjacent point Q at distance x + dx, the corres- 
ponding component is Z + dX, so that the resultant is dX to the 
right Presuming that the element PQ has no motion in the direction 
of its length, we have dX = 0, or 

Z = P cos ^ = const 

The angle ifj is very small, even when the vibrations are visible, so that 
without serious error we may write 

i/r = miifj = tan0 = = 

^ ^ ^ ds dx 

As cosifj IS practically unity, we have T constant This is the usual 
assumption, and the cflcct of gravity is ignored 

The inWiXrd, or rcstoiing, component at P is Y = T sin^, so that 
at Q it IS outward and of magnitude Y -\- dY The resultant is dY 
outward, and tins causes the acceleration d^y/dfi The mass of the 
clement PQ is mdx, if m is the mass per unit length, and its equation 
of motion IS 

dY i (T ^ g mete, 

dx dx‘^ ot^ 


or 


o 3-y dh/ o T 

?r/ dl^ m 


If the string has its ends fixed at distance A apart, we have 


fj — A sin 


uttx 
- cos 
A 


cnirt 


as a suitable solution when n is an integer This makes y always zero 
if 05 IS A or zero 
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In the simplest case, n = 1, and 

. . ttX Crrt 

2 / = -4 sm cos — . 

A A 

The string always has the form of half a sine wave of period 2 A. The 
amplitude 4 cos(c 7 r/./A) varies with the time; this, of course, con- 
stitutes the vibration. The number of vibrations per second is c/2 A 
and is known as the fundamental. It increases with increasing T, but 
decreases with increasing A or m. A glance inside a piano will illustrate 
the point. If = 2, the string has the form of a complete sine wave 
of length A and the frequency is now c/A, or doubled. There is an inter- 
mediate node, and the tone is known as the first harmonic; or, musi- 
cally, the octave. The higher harmonics correspond to higher integer 
values of n, 

7, 5*1. It is an extremely difficult matter to produce a pure tone, 
and recent research shows that the human ear has a knack of supplying 
the harmonics, even when they are not produced. All instruments 
produce harmonics with their fundamental, and the combination 
gives them their characteristic quality, or timbre, that enables us to 
distinguish one from another. Readers interested in the matter should 
read Jeans’ Science and Music. The stretched wire has found practical 
application in the Maihak extensometer. 

7, 6. The solution of our last two problems has been not so much 
a matter of solving a partial difierential equation as of applying a 
known solution ; we have been trading on the fact that /(a? + ^0 
f{x — ct) are solutions of 

= c2 

0 ^^ dx^' 

When we get away from an equation so simple as this it is desirable 
to have a general method that covers most of the commonly occurring 
cases. 

If a variable T depends on two independent variables x and y, the 
standard method is to substitute V = XY, where Z is a function of 2 C 
alone, and Y oiy alone. The hope is that in the resulting equation we 
can separate the terms containing x from those containing y. An 
equation of the form j{x) -|- = 0, where x and y are quite inde- 

pendent variables, can hold only if f[x) = const. = —F{y). The 
above substitution may thus lead to two ordinary differential equations 
for the determination of X and F. 



PARTIAL DIFFERENTIAL EQUATIONS 


m 


Example 1. — Consider Laplace’s equation in two dimensions. 


?!Z 4- ?!Z = 0 

dy^ 


The substitution V = XY gives 




whence 


1 d^X _ 
X dx^ ' 


1 d^Y 
Ydy^' 


If we equate each of these to the constant we have the two equations 

dx^ dif 

These have the solutions X = e”®, Y = 

so that V == e^^^ + *3^1. 

Alternatively, X = sinhwa:, cosh??.a?; Y = sin?^y, cos 7 i?/, 

so that V = sinny cosh wo;, or any linear combination of similar forms with arbi- 
trary coefficients. 


Example 2. — Consider similarly the equation 

The procedure V = XT gives 


dV _ d^V 
dt dx^ 


dt dx^ 

1 ^ 1 dT 

or - , = const. = 

A dx^ mT dt 

There are no limitations on this constant; it need not be real, so we examine the 
ix^sult of choosing a complex constant {a + ih)^. This gives the two equations 

^ (a + ibfX; ^4- = w.T{{a^ - ¥) -f 2iab}, 
dt 

The former is satisfied by D = + ib), so that a solution could be 

X = e“«"^ 

The latter is satisfied by 

T — exp {mt(a^ — h^)}Qxip(2vrmht), 

Jointly, wo have 

V — XT ™ Q—ax eintia^—h^) oxpih {2mM — x). 

As this has a real and an imaginary pa.rt, wo might have 
y z - Q -ox ptntOi'^-h-) fiuil)[2nuft — x). 

The sine shows this to be some sort of wave travelling with velocity 2ma, It is 
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damped in space by the exponential factor Whether it grows or decays with 
time depends on whether a is greater or less than 6, presuming that m is positive. 

The variety of choice in the arbitrary constant opens up wide possibilities. 

If we choose a negative value — c^, we have 

Xdx^ ^ mT~dt' 

This gives X = sinca;, ooscic; T = and an admissible value of F is 

F = coscii’. 

This represents a stationary wave distribution damped in time. We get an 
interesting corollary if we take a composite solution formed by giving c the suc- 
cessive integer values. We have 

F == cosa; -|- cos2aj -f cos 3a; + . . - . 

The initial value of 7, obtained by equating t to zero, is 

F = Ai cosa; cos2a; + AgCosSa; • 

The wave lengths of these components successively decrease; but tlieir negative 
exponential damping factors decrease far more rapidly. The short-wave com- 
ponents are the most heavily damped. 

We might even take a zero constant, so that 

= 0 = -i — 

X dx^ mT dt 

These give T constant and X — a bx, so that V = A Bx, This result, 
being invariable with time, is known as a “ steady state In the present instance 
it is a straight-line distribution. 

The conclusion to be drawn from the foregoing is that the solution 
of a partial differential equation is usually a very flexible affair ; witli 
a little ingenuity it can he made to cover a wide variety of cases. In 
practice one usually has a pointer to the sort of solution required, if 
only in the fact that effects usually die off at a distance. 

7, 7. Heat Conduction, 

Consider the conduction of heat along a uniform unlagged bar. 
Take a section P at distance x from the left and let Q at cc + eZii? be an 
adjacent section. If heat H crosses the section P from the left, then 
H + dH similarly crosses Q. Suppose E is the amount emitted by tho 
surface of the element PQ, and let R be the addition of heat to the 
element itself, shown by a rise of temperature. W*e then have 

H=^E^R-\-E + dH, 



PARTIAL DIFFERENTIAL EQUATIONS 


167 


where the quantities can be taken to apply per second. We have 

de 


H = —as 


dx 


where a is the cross-sectional area, s the conductivity, and 9 the tem- 
perature at distance x from the left. Also E = dhjpdx, where h is the 
emissivity and f the perimeter, so that fdx is the surface area. The 
access of heat is 


R==jMpadx, 

dt 


where p is the density and h the specific heat. The equation (i) becomes 


dhpdx + ~ padx = as dx^ 

dt dx^ 


or 

where 


s as 


(ii) 


This equation is slightly less simple than our last example; but no 
more difficult to solve. Note that if the bar is lagged to prevent radia- 
tion, h = 0 = B, and we reach the form previously given in 7, 6 . 
Alternatively, if the steady state has been achieved, so that dd/dt = 0, 
the equation (ii) ceases to be partial and takes a form already dis- 
cussed in 3, 4-2. 

The substitution 6 = XT leads to 


1 d^X 
Xd^ 


AdT , , 

— B — const. 

T dt 


If, as is usual, wo desire a solution that is trigonometrical in a?, we take 
the constant to be —'n?. This gives 

X = P Gosnx + Q sin^a;; T — 

where c = {n^ + B)jA. 

Hence 6 = c cosra + Q sinna;), 

where P, Q, n are arbitrary. The initial value, given by ^ = 0, is 
0 ^ R sin {nx + (/>), 

or the sum of any number of similar terms. 
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7, 8. The Transverse Vibrations of a RocL 


The vibrations of a rod, as distinct from a wire, are mainly due to 
the rod’s flexural rigidity. We consider an element contained between 
a section at A, distance x from the left, and a neighbouring section at 
B, at distance x -f- dx. Taking couples as counterclockwise positive, 
and y to be the lateral displacement of the neutral axis at A, the bend- 
ing moment M at A is 




El- 


da? 


The corresponding couple at B is ilf + dM, so that there is a resultant 
dM counterclockwise. This is counterbalanced by a couple due to the 
two shears. Presuming that the shear is Q outwards at A, it will be 
Q + dQ inwards at B, and we have dM = Qdx. There is now a re- 
sultant force dQ inwards (or —dQ outwards), and this causes the 
acceleration d^y/dfi. Taking m as the mass per unit length, we have, 
neglecting gravity, 


mdx%^ =. —dQ - 




or 


^ El dfi 


As a departure from the routine procedure, and knowing that the 
rod vibrates, we might put 

y = X sinipt + c/)) 

and hope to determine the possible values of f. This substitution gives 


and 


da? El 

X = A cosax + R sinax + 0 coshaaj + T) sink ax 


(see 3, 6, Exercise 7). The three ratios of the four coefficients, together 
with a or p, give four unknowns. They are deternniicd from the four 
terminal conditions, two at each end. 

As all the possible cases are treated similarly, let us suppose the 
left end clamped and the right end merely lield. Taking the origin at 
the left, we have 

dy 


X = {) = y — 


dx 
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SO that Z = 0 = _ 

dx' 

and ^ -L (7 = 0 = S 4 - D. 

Hence X = Aiconax — coshaa;) + 5(sinaa: — sinha®). 

If A be the length of the bar, we have at the right Z = 0 when a: = A, 
so that 0 = A(cosaA — coshaA) + 5(sinaA — sinhaA). 

A further condition is that no couple is applied at the right, so that 

= 0 = — 

3x2 • 

Hence 0 = — Aa^(co8aA + coshaA) — 5a2(sinaA -f- sinhaA). 

On dividing by we have on addition and subtration 
A cosaA + B sinaA = 0, 

A coshaA + B sinhaA = 0. 

The elimination of the ratio A/B gives tan aA == tanhaA, so that our 
answer depends on the solution of the transcendental equation 

tancr; = tank a?. 


The graplis of both of tliese functions pass through the origin at 45 ° and 
a rougli sketcli shows that the first root is slightly short of 57 t/ 4. The 
higlier roots are given apj)roxirnately l)y the successive addition of tt , 
so that 


Tlio fre([U(‘ncy of tlie slowest mode of vibration is jo/27r where 

’-aarj)’ 


Comparing the' result witli tlie cornssponding result for a vibrating 
string, we s(‘(‘ t]ia,t the. siin])le ndation lietween the fundamental and 
the various harmonics no longer holds. 


7, 9. WAirh/i// of Hhafts. 

The fori'going discussion is (*los(*ly allied to a ph(‘nomenon known 
as th(‘ whirling of slnilts. It is a ma,tt(‘r of (‘X])(U‘i(‘nc,<‘ that long rotors 

(G237) 
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at certain speeds, known as critical speeds, exhibit a species of in- 
stability accompanied by considerable vibration. Their length de- 
parts from the dead straight line, and to put it crudely for the sake of 
emphasis they behave rather like a skipping rope. Judging by the fact 
that scientific papers on the subject continue to be published, the 
dynamics of the problem is still a matter for discussion; but the exis- 
tence of the phenomenon is not in dispute. These critical speeds are 
not necessarily unique; there may be more than one of them, and, 
in fact, a high-speed rotor like a steam turbine is habitually operated 
above its first critical speed. 

We can adopt a simplified treatment by assuming that our 
element AB is displaced a distance y from the original centre line and 
rotates with angular velocity co in a circle of radius y. Since its mass 
is mcZaj, a force directed to the centre and of magnitude mou^ydx is re- 
quired to maintain the circular motion. This is the so-called centrifugal 
force, and it is supplied by the element of shear dQ. Hence 

mco^dx = dQ = '^dx = EI^dx, 


or 



mo)^ 

'eT 


The solution has already been given. The values of a, and hence the 
values of oj, will be determined by the mode of fixing the shaft. Com- 
paring our present a with our previous a in 7, 8, we see that for a 
given mode of support they are determined in the same manner, and 
hence for a specified shaft they must have the same values. For 
example, if A is the length and both ends are in long bearings, we have 
y = 0 = y' both when x = 0 and when x = X. Hence the solution 
depends on cos a A = cosh a A or on cosaA = cosh a A as the case may be; 
see the reference to 3, 6, given in 7, 8. It follows that co and p will 
be the same and =p/27r. In other words, the rotational fre- 
quency when whirling is the free frequency when transversely vibrat- 
ing. This is strong evidence in favour of the belief that whirling is 
closely allied to resonance. 

7, 10. It occasionally happens that a partial difierential equation is 
the eliminant from two or more partial simultaneous equations. We 
consider as an illustration the case of a leaky transmission line. Let It 
be the resistance, 0 the capacity and L the inductance, all per unit 
length. Let G be the leakance; this is defined for unit voltage per unit 
length. Consider two sections A and B at distances x and x dx from 
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the left: presume that the voltage is F at 4 and I is the current to 
the right. At B the corresponding quantities will be V + dV and 
I + dl, so that the voltage drop from A to 5 is ~dV. The quantities 
relating to our element AB are dR, dG and dL. Ohm’s law gives 

IdR = -dV--dL. 

dt 


Whatever current passes A and fails to pass B must either leak away 
or charge-up the capacity. Hence per second 

I=VdO + ^-IdQ + I + dI. 

ot 

0-pr 

Since dR = Rdx, dV = — dx, &c., we have the simultaneous equations 


-a-’'® +4 




. (i) 
. (iil 


We can eliminate I by operating on (i) with djdx and on (ii) with 
The result is 




(iii) 


Certain variants of this equation are known by special names. If 
R and G are small, or the frequency high, the dominant elements are 
G and L. The equation then has the form 




(iv) 


This form, known as the radio equation”, has already been discussed. 
It is known to represent waves travelling with the velocity l/^/{GL), 
the same for all wave lengths. 

In tek^graph work the variations in 7 or F are small enough to 
permit the ignoration of L. The cables are well insulated, and G is 
small. The equation thus reduces to 


02 F 
dx^ 



(v) 
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and is known as tlie ‘‘ telegraph equation The same form applies 
to the conduction of heat along a lagged bar, and has already been 
discussed. 

A leaky telegraph wire is characterized by negligible capacity and 
inductance. In this case the equation ceases to be partial and becomes 
the ordinary equation 




This can be solved in hyperbolic functions; the quantity a = \/{GE) 
is known as the '' attenuation constant 

Reverting to the equation (iii), the possible solutions are certain 
to be very varied ; but since there is a certain amount of leakance, the 
transmissions will weaken at a distance. We might therefore legiti- 
mately assume V = This gives 


dW 

dx^ 


= — 2a — + o?U 

. dx^ dx 


i 


= [cl ^ + (OiJ + QL) ^ 


At first sight we appear to have made confusion worse confounded; 
but as the transmissions are to travel along the line we might tenta- 
tively put TJ = sinj8(a5 — vt). This is a sine wave of length 27 t/^ 
travelling with velocity v. On dropping the exponential factor and 
substituting we have 

. (a^ — j8^) sin 6 — 2a^ cos 6 = {RG — CLv^^^) sin d — pv{RC + GL) cos 6, 


where d has been written for ^(x — vt). If this relation is to hold for 
all values of x and t, the corresponding coefl&cients must be equal, and 
we have 


= GLv^p, 2a = v{RC + GL). 


The results show that the velocity v is dependent on the damping a, 
whilst and the wave length are dependent on v and a jointly. Accord- 
ingly the waves travel at various speeds, dependent on their wave 
length, and are variously affected by the damping. In practice this is 
highly objectionable. A transmitted signal has numerous sine and 
cosine components, and if these travel at different speeds the signal 
may arrive at the receiving end distorted beyond recognition. It will 
be observed, however, that if = RG the velocity is uniquely given 
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as = \jGL. In this case 4co? = v^RO + whence 
iRG = {RG + GL)^IGL. 

This is equivalent to {RG — GLf = 0, or RG = GL. With thn 
ditions satisfied, all wave lengths travel at the same speed an 
like attentuation. This state of affairs is so desirable that special 
are taken to ensure it. Details will be found in any text dealing 
Pupin’s theory of the loaded cable. 

7, 11. We append a number of worked examples illustrative of the 
types of difficulties encountered. 


Example 1. — In a telegraph cable of length X where the voltage is governed 
by the equation 7, 10 (v), the receiving end is earthed and the transmitting end 
has a constant applied voltage F,,. When a steady state has been reached the 
transmitting end is suddenly earthed. It is required to find the voltage distri- 
bution at any subsequent time. 

In the steady state, dV /8t — 0, so thatS^F/dre^ = 0, and we have the straight- 
line distribution V — a bx. As end conditions for the determination of these 
arbitrary constants, we have = 0 when x — "k, and V = Vq when x = 0. Hence 


F = 



(i) 


This result is obvious from a sketch. 

Subsequently the voltage is to be zero at both ends. This suggests that we 
seek a solution of 7, 10 (v) in terms of sin(r/-TT:a;/X), where n is an integer; for this 
has the property of being zero both when x — 0 and when a; = X, irrespective of 
the time. The substitution 

T/ ‘ 

V = T sin 

X 


gives 
so that 



CB 


(IT 
(it ’ 


T = exp(—n^cLi), a = 




Hence we have the tentative solution 


V = 


H sin 


mzx 


(ii) 


valid at time t. The initial value of this, when t = 0, is 

IITZX 


V = 


(iii) 


The pr<.)blcm now is to make the voltage distribution (iii) coincide with (1), witli 
the additional fact that V 0 when x--- 0 owing to the earthing of the trans- 
mitting end. W(i ha,V(^ reieour.se to hViiirier series, and considcu' the function de- 
li ned by 


U 


TU - 0 
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It is left to the reader to verify that if this be expressed in sines over a range 2tZ) 
we have y = 2[sina5 + J sin2a; + J sinSa; -f . . .]. 

Two modifications are now required. They are, firstly, the theoretical half-range 
7T is to be changed to X ; secondly, the peak-height is to be changed from tt to Fq. 
This gives 

y = _ Fo sin — -f- Jsin — -f Jsin + . . . 

TT I— A X X J 

as the voltage distribution at the instant of earthing the transmission end. In 
accordance with (ii) the voltage distribution at any subsequent time t is 

F ^ - Fo r sin ~ + sin sin -f- 

L X X X J 


Example 2, — ^It is required to find a solution of the equation 
dr^ er 502 

such that w shall vanish on the periphery of an ellipse. 

It wiU be observed that there is a particular integral 
w = h hb + cr^ 

provided 4c = a. Hence if we put w = u-{'h'{-Jcd-\- we are left to solve the 
equation 


> 


du , d^u 


+ ^^ + 


dr 502 


= 0. 


This can be solved by the general method of 7, 6, and if we take u — B, cosw0 
or jB sinw0, we have the homogeneous equation 


dr® dr 


Employing the method of 4, 5, we have i? = r” or r~^. 

Since an ellipse is of the second order we can take % = 2, and we have as a 
likely solution 

w = Ar® cos 20 -f Hr® sin 20 + ^ + Jar®. 

On replacing the trigonometrical terms by cartesians, we have 
w = x\A H- Ja) + 2Bxy -f y\\a - A) h. 


This certainly makes w vanish on the periphery of an ellipse if we make B zero, 
give I a negative value, and take A to be positive and less than Ja. The level 
lines for w are then similar and similarly situated ellipses. It is evidently not 
essential that B should be zero; there are other suitable values that would fulfil 
the conditions of the problem. 


Example 3.— To find the partial differential equation of all developable sur- 
faces. 

A developable surface may be defined as the envelope of a plane whose equa- 
tion contains a single parameter. We can take as the variable plane 

aa; -f 6 y -f C2! + d = 0, 
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where each of the coefficients is a function of some parameter (3. On differen- 
tiating separately with respect to x and y, we have 

. dz ^ . dz 

dx dy 

As each of the fractions ajc and 5/c is a function of p, the one is a function of the 
other and we have 

dx ^\dy/ 

To eliminate the arbitrary function / we again differentiate separately with re- 
spect to X and y. This gives 

/52\ dH _ dh 

dx^ dxdy \dy/ dxdy dy'^ \^y/' 

On eliminating /' by cross-multiplication, we have 

dx^ dy^ \dxdy) 

as the eq[uation of all developable surfaces. It is customary to use the notation 

dx dy dx^ * dxdy * dy^ * 

so that the result is usually written rt = s^. 

Example 4. — ^A uniform plate of thickness X has a temperature distribution 
which is uniform over planes parallel to its faces. It cools by radiation into a 
medium at temperature zero. Discuss the temperature changes, neglecting any 
effects at the edges. 

This seemingly innocent problem opens up a new field of difficulties. Take 
a normal to the faces as x axis and the origin at the middle of the plate. There is 
a one-dimensional heat-transfer, so that from 7, 7 (ii) we can take 

ae ^ ^ a 20 

The rate of radiation depends on the conductivity, emissivity and the negative 
temperature gradient. Hence 

A0 = — — when X = JX, 
dx 

where h is some constant. Similarly, 

= -j- — when X — — J-X. 
dx 

As a tentative solution we can take 

G = e-^^'\A cosco; + B sincx), 

SO that — = e-^^"^(cB goscx — cA sinca;). 

dx 
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So far c is arbitrary, but it will appear later that its possible values are dic- 
tated by the surface conditions. The boundary condition on the right gives 

h{A eosJcX + B sin-JrcX) = c(A sin-J-cX — B cos JcX). 

Similarly at the left we have 

h{A cos JcX — B sinJcX) == c{A sin JcA -f B cos-^cX). 

Hence A{h cos JcX — c sin JcX) + ■B(c cos JcX + h sin JcX) = 0, 

A{h cos JcX — c sinJcX) — B{c cos^cX + h sin JcX) = 0. 

If we give B the value zero, we assume that the temperature distribution is sym- 
metrical about the middle of the plate. Similarly, to make A zero is to posit a 
skew distribution. In general, therefore, neither A nor B will be zero. This 

necessitates both , , ^ ^ 

Ji cos JcX — c sin J-cX = 0, 

and 
so that 


c cos JcX + h sin JcX = 0, 


tan JcX = - and 


The two results can be reconciled by doubling the angle, which gives the unique 
result 

. . 2hc 

tanCX = -r; — 

as the equation for determining c. It is more conveniently written in the form 

c h 
cotcX = - i-. 

2h 2c 

By sketching the graphs of the two sides, the right side being a hyperbola, we 
see that there are positive roots between 0 and -Jtt, tt and 37r/2, &c., but otherwise 
the roots are irregularly disposed. If we call the roots Cj, c^, &c., we have the 

solution Q oosc^o; + R^sinc^a;) exp(— 

The initial temperature distribution, given by i = 0, is 
00 = cos c^a; -}- By. sinc^a:). 

Whether this can be made to coincide with any arbitrary distribution /(.r) is 
somewhat analogous to a problem in Fourier series, with the very considerable 
difference that the c’s no longer have integral ratios. The matter is discussed 
further in texts on heat conduction, e.g. Carslaw, The Cojiduction of Heat. 


EXERCISES 

1. Verify that the alternative forms of the surface of revolution, viz. 
(i) r == f(z); (ii) z = F(x^ + y^), lead to the partial differential equation given in 
the text 7, 1. 

2. A moving horizontal line intersects OZ and rotates as it rises. If its plan 
makes 6 with OX when its height is z, we have 2 = / (G) or 0 = F(z). As tanO=y/a:, 
we can \vrite the family as 2 = (p(tan0), or yjx — ^(z), and so on. The surface is 
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a helicoid, like a screw of variable pitch. In the language of geometry it is ruled 
but not developable. Prove that, whatever form we take for the cartesian equa- 
tion, the partial differential equation is 

dz . dz 
a; — + y — = 0, 
dx dy 

and compare the result with Euler’s theorem on homogeneous functions. 

3. A moving straight line always passes through the origin, and hence de- 
scribes some sort of cone. Its direction cosines are xjr, y/r and zjr, where 
-)- 2/2 2 : 2 ^ and a surface could be defined by a relation between any 

two of the direction cosines. Moreover, if the line be inclined at cp to OZ, and if 
its plan be inclined at 0 to OX, a relation between 0 and cp would define a surface. 
Verify that in any case the cartesian equation of the conical surface satisfies the 
equation 

dz , dz 
z — X — -f V — , 
dx dy 

and comes in the class of developable surfaces. 


4. Prove that ?/ = Ae~^^ sin satisfies 


c — , where c = p^/a. 
dt 


5. Verify by substitution that any term of the form 


is a solution of 


. sin sm 
2 / = A nx cnt 
^ cos cos 


0. By means of the substitution u — x -\- iy, v = x — iy, and the fact that 


show that the equation 


_ di) c}n ^ dQ dv 
dx du dx dv dx^ 

d^ ^ ^ 
dx^ dy^ 


transforms to 


and therefore has the solution 0 f{u) -|- F{v). 


7. Pnwe that a -f- b -f- = 
solutions of 


0 has the solution z — f(hx — ay). Hence obtain 


dz d"^ 

(i) a b H- 0. 

dx dy 

.... dz , j dz , ^ 

(ii) a -I- b -1- cx = 0. 

dx dy 

(iii) (I -1- h -I- '■•3 -- 0. 

dx dy 
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8. Prove that 2 = 6“^ sinaa; sin — 2 / is a solution of 

c 

= c2 

for all values of a, and deduce other similar solutions, including those involving 
hyperbolic functions. 


9. Prove that Laplace’s equation in two dimensions (see 7, 2-1) is separately 
satisfied by (i) the real part, (ii) the imaginary part of Ux + iy). Deduce that 
log (a:® 4- 2 /^) is a solution. 

What linear combinations of a:, y, x\ y\ xy are solutions? 

10. Pind the most general non-homogeneous quadratic in x and y which is 
a particular integral of 

d'^v __ - 

11. Pind cubic polynomial solutions of Laplace’s equation in two dimensions, 
and show that 

V = A{x — y)(x^ + 4a;y + y^) 

is a solution such that the equipotential curves F = constant are orthogonal to 
the three straight lines 

+ y)(x^ - 4:xy + y^) = 0. 


12. It is required to find solutions of the equation 

= 0 , 


S®F a®F 
aa^ ^ dy^ ^ ^ 


which shall make V zero when x = ±a, y = ±h. Prove that 
V = A 

cos a cos b 

is suitable provided certain relations hold among the constants. Deduce that if 
a — 0 their smallest permissible value is nlpV2. 

of the' form method of 7, 6 necessarily fails when applied to equations 

- 3*2 a*z 

® ——z 4“ ^ 4~ c — = 0 

dx dy dy^ 

Obtain solutions by the assumption z = and examine the possible cases. 

fevi!' /-l^ation 7, 10 (iv) from first principles; likewise the 

telegraph equation 7, 10 (v). 

IS. In a unEorm bar of length X the cross-section at distance a: from one end 

monil t 0- that the torque at the section is 

p portional to ^jSx, and deduce that waves of torsion are transmitted along 
the bar m accordance with an equation of D’Alembert’s type. 



PABTIAL DIFFERENTIAL EQUATIONS 


179 


What are the conditions for (i) a free end, (ii) a fixed end, (iii) a loaded end ? 

A uniform vertical rod of length X has the upper end fixed. The lower end 
carries a wheel of inertia I. If the wheel receives an impulsive couple, discuss the 
resulting oscillations. 

16. A uniform straight rod with one end clamped and the other end free 
vibrates transversely. With the notation of 7, 8, prove that the period is given 
by cosa-X coshaX -1-1=0, and deduce that the first root is aX = 1*87 approxi- 
mately. 

17. A uniform bar vibrating transversely is subjected to a pull P. Prove 
that the equation of motion is 

_ P ^ _ Q 

dx* Eidx^'^Eiet^ 

Assuming that y has a factor cos prove by considering some particular mode 
of fixing that the effect of P is to speed-up the rate of vibration. 

18. Discuss the forced vibrations of a stretched string when the mid-point 
has 2/ = p cos(co^ +9). Take the origin at the undisplaced middle, so that the 
end conditions are y = 0, a; = 

19. The motion of a vibrating membrane is given by the equation 

dho d^w _ d'^w 

Assuming w to be periodic in t, find solutions that vanish on the periphery of a 
square. 

20. Obtain solutions of the equation 

8t^ du^ du^ it* 

which occurs in the theory of the vibrating piezo-electric rod. 

21. The face of a semi-infinite solid is subjected to a temperature 6 which 
varies with the time t in accordance with 0 = ^ sinco^. Assuming that the ampli- 
tude of temperature variation diminishes with the depth of penetration, prove 
that in the notation of 7, 7, 

0 = Ae“^^sin(co^ — pz), p^ = cop hj^s. 

[The phrase “ a semi-infinite solid ” is usually taken to mean a solid bounded 
by one plane face which is unlimited in all directions, the solid existing on one 
side only of the plane and to an unlimited depth, e.g, the surface of the ocean.] 

22. Provo that the functions (i) V = (ii) F = log(»‘ + s) are solutions 
of Laplace’s equation in throe dimensions. 

8 F F 

23. Verify that tlio equation - = k % ^ has the solution 

dt our 

V= «Hoxp(- 
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24. Waves are propagated vertically through the atmosphere in accordance 
with the equation 

c® — = — + 
dt^ . 

Find solutions of this equation. 

25. Taking the equation of the surface of revolution in 7, 1 in the form 
xq = y'Pi prove by differentiation that the surface is not developable unless 

+ y^) -H p2/ = 0. 

26. Prove that the equation 7, 7 (ii) can be transformed to the type used in 
7, 6, Ex. 2, by a substitution of the form 

0 = 


27. A uniform bar of length X is heat-insulated throughout its length and also 
at one end. The other end radiates into a medium at temperature zero. Prove 
that, in the notation of 7, 11, Ex. 4, the temperature distribution can be ex- 
pressed in a cosine series dependent on the equation c tancX = h. 



CHAPTER VIII 


The Method of Isoclinals 

8, 1 . It has already been noted that the vast majority of equations 
are insoluble and practically no progress in analytical methods of 
solution has been made for a century or more. The discussion has 
gone into other fields involving the complex variable and the theory 
of functions. Soluble equations find their way into textbooks for 
students to practise on, and an indiscrete silence is usually main- 
tained about the vast insoluble remainder. An unfortunate result is 
the dissemination of the idea that an equation is necessarily soluble 
if only one could hit on, the requisite trick. The scientific investigator 
is soon disilluded about this, and gets accustomed to meeting equations 
whose analytical solution defeats the best of mathematicians. But the 
matter cannot be left there. The scientist, faced with the necessity 
of getting some sort of solution somehow, is compelled to adopt other 
tactics for devising a non-analytical solution that suffices for the 
purpose in hand. It is in this field that most progress has latterly 
been made, and the various methods adopted can be classified as 
graphical and numerical. 

It should be evident that if a relation holds between symbols repre- 
senting anything but pure numbers, the various terms must be dimen- 
sionally similar. A temperature cannot be added to a velocity, and 
the cost of fuel cannot be squared. If we write p + where is a 
pressure, a force per unit area, then p has the dimensions 
If ^ is a volume it has the dimensions I?, and hence the constant a, 
whatever its numerical value, must have the dimensions ML^T~^ if 
the plus sign is to have any significance. 

A differential equation, like any other equation, must be dimen- 
sionally uniform if it is to make sense, and this may involve the pre- 
sence of certain dimensional constants. And if similar quantities are 
expressed in the same unit, then numerical coefficients may appear; 
energy in the form of calories may be added to ergs of work if the 
mechanical equivalent of heat is present. A cliange in the units may 
apparently obliterate a constant ])y reducing it to unity, in which 
form it would not be print(Hl ; luit if the idea of dimensions is retained, 
the constant is tacitly present. Thus in x -[- the symbols either 

isi 
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represent pure numbers or else tbe expression is equivalent to ax + 
where a has unit value and the same dimensions as x, whatever they 
happen to be. 

Once the equation is properly balanced in this sense, the idea of 
dimensions can be dropped and the symbols treated as pure numbers. 
We shall accordingly treat a differential equation as a relation between 
numbers in the present chapter. We at once find that a good deal of 
information can be obtained without solution. 

Consider the equation 


It is desired to know the curvature at the origin of any curve which 
satisfies this equation and passes through the origin at 60° to OX. 

The uninspired procedure is to attempt to solve the equation, 
hoping to get a solution with two arbitrary constants since it is of the 
second order. One could expect to determine these constants from 
the two given conditions that when a; = 0, j/ = 0 and y' = Having 
now got the equation to the curve, we can find the first and second 
differential coefficients of y. Their values can be calculated at the origin 
and then substituted in the formula for the curvature. 

All this is a waste of time, apart from the insuperable difficulty of 
solving the equation. Direct substitution gives y" = 2 — y'S = 0-268 
under the conditions a? = 0 = y, t/' = = 1-732. Hence the curva- 


y 


ture given by - = 

p (1 + y'^) 


A,Of?Q 

, = = 0-0335 approximately. The 

8 


point to note is that if numerical values are given to some of the un- 
knowns X, y, y\ &c., these can be directly substituted in the differen- 
tial equation, thereby providing a little further information. In prac- 
tice this is frequently the only course open to us. 

8, 2. Consider now the first-order, first-degree equation, which can 
be written p =/(a ?5 y). It represents a one-parameter family of curves. 
One member of the family in general passes through each point of the 
plane and its slope at that point is given by substituting the co- 
ordinates in p =f{x, y). We assume that/(a;, y) has a unique value 
when X, y are known. No two members of the family can cross, since 
at any point the slope p is then uniquely determined. 

These statements caU for modification in particular instances, and 
two cases call for notice. Consider firstly the equation 

- 
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The two straight lines y = a; and y = —x divide the x, y plane into 
four regions. In the upper and lower of these regions we have y greater 
than X in absolute value, so that {x^ — y^f is imaginary. This is an 
exception to the rule that one member of the family passes through 
each point. No member of the family intrudes into the upper and 
lower regions; the family is conjdned to the regions left and right. 

In the second case, consider the equation 

When we attempt to find the slope of the particular member at the 
origin, we are faced with 

^ = 1 — 
dx x^ ’ 

and the right side is indeterminate for the simultaneous values x — Q = y. 
We can examine the origin more closely by drawing the line y = kx. 
Let this swing round by varying k till x and y become infinitesimal, 
then K — p. This gives /c = 1 — 2/c^, which leads to the two values 
^ = —1, in opposition to our assumption that p is everywhere 
uniquely determinate. 

The equation is soluble as a homogeneous form and leads to the 
one-parameter family of quartics Aaf(x — 2y) — {x ^ y), as can be 
easily verified. These all pass through the origin; thus providing 
another exception to the rule that one single member of the family 
passes through each point. The renewed attempt to find the slope at 
the origin by putting y = kx in the solution and letting x become 
infinitesimal is now rewarded with the unique result /c = — 1.; But the 
knot would be more difficult to untie had the equation the slightly 
modified and less tractable form. 

In spite of these and similar exceptions, the rule holds in general that 
V y) represents a one-parameter family of curves of which one 

only ]){is8f‘S through each point of the x, y plane and the slope at any 
point is uniquely determinate. 

8, 3. Isoclinals. 

We can introduce a slight modification by giving p a specific numeri- 
cal value c, thus leading to a curve, not in the family, whose equation 
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poi^t A on this curve; then a member of the 
means that tliP member’s slope there is c. This 

m^bef of tie Z'l corresponding 

named ^ -’^^ve is accordingly 

parallel lines of c,!^’ I* numerous points by short 

family The view ° a fust glimpse of the general trend of the 

alXrt irvT T i^oclinals 

what is known as the corresponding short lines. This creates 

known as a directional field, analogous to a field of force. 



Example.— The family ^ = a- _ 1 1,„„ +. • ,. , 

„ „ ^dx -Jiasth6isoclmals2/(a;-c)=l. Putting 

rs y c — 0, we draw the rectangular hyperbola xv ~ ^ fi • 
oonvemenoe to the first quadrant This^^v , ^ ~ °°®fimng ourselves for 
the locus of maxima and^S^ W™ 7 • ' f it is 
lines. These will be hori“S!^ sini! Vh^ a number of short 

elinaLs are this same hyperbola disnlaperl slope is zero. The other iso- 

c IS positive or negative. We then sketch th i according as 

«ay c = 0-5. givi^ pix -05)= is!? ^soohnal for some other value of c, 

Other isoclinals can be similarly treated fovcZ pj'i? '?fv, 
mg negative values. The memberoi of i-hc f n correspond- 

j> %. 8 b.gta to «. .h. .w'r,” ■«. <>«■. 

dr.s.xtr&ThS 
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side. We mark positive and negative lengths 0-5, 1-0, &c., on the per- 
pendicular at its end. The join of one of these to 0 gives the slope 
which can be transferred across the paper by set-square or parallel 
rulers. Having drawn to scale the requisite number of isoclinals reason- 
ably close together, the “ shorts ” should be made to meet about 
midway between consecutive isoclinals, thus producing a sort of link 
polygon which can be smoothed off with a French curve. 

The values c = 0*5, 1*0, &c., may prove in some cases to be too 
disperse and have to be replaced by c = 0*1, 0*2, &c. The suitable 
values will become apparent after a couple of isoclinals are drawn. 
When a specified integral curve is required, only short portions of^the 
isoclinals need be drawn; nor need these be necessarily taken at 
equidistant values of c. In addition, it is frequently useful to note how 
the integral curves cross the co-ordinate axes by equating a; or y to 
zero. 


EXERCISES 

1. Using only positive values of c, sketch the isoclinals and integral curves for 
the equation 

+V(x + y). 
ax 

Note that all the family lies above the locus of minima; also a new origin on this 
locus leaves the equation unchanged, hence the integral curves are identic^ in 
shape and orientation. Examine how they cross the co-ordinate axes. is 
equation can be solved by separation of the variables (see 2, 5, No. 26), but t e 
analytical result is not very informative for shape. 

2. Sketch the isoclinals above the a; axis and short portions of the integral 
curves for 

2 ^ = 2/(2/ + 2a;). 
dx 

The isoclinals are hyperbolas with asymptotes in common. The x axis is one of 
the integral curves. 

3. Indicate the form of the integral curves in the first quadrant for 

-f V(a:2+ 22^2). 

dx 

The isoclinals are similar and similarly situated ellipses. 


4. Prove that all the family ^=+^{x-f) he within a parabola. Sketch 

doc 

portions of a few of the integral curves starting in the fourth quadrant and end- 
ing on the x axis. / g 237 'I 
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5. Using a ten centimetre unit, determine graphically the solution of i, 

d^x y 

which starts from a; = 0, y = 2*4, and terminates where x = 0-7. If there is a 
minimum in this range, find its value and position. \x — 0-43, y = 2-31.] 


8 , 4 . Locus of Inflections. 

The shorts usually cross the isoclinals, carrying the integral curve 
with them; hut there is the possibility that at certain places a short 
may be tangent to its isoclinal. We have to examine and interpret 
this. Consider one of the previous isoclinals, y{x + 1) = 1, where 
each short has the slope —1. The slope of the isoclinal itself varies 
continuously from zero at the extreme right to infinity negative at the 
top, so that at some point it must have the slope —1 where its short 
will be tangent (see fig. 8). Let P be the point of contact and let Q, 
R be points on the short, above and below P respectively. The values 
of c at $ and R are both negative and greater than unity in absolute 
value since the points are left of the isoclinal c — — 1. Hence the in- 
tegral curve is steeper at Q, R than at P. This means that an integral 
curve inflects on contact with an isoclinal. 

As we move along any curve and approach an inflection, the centre 
of curvature recedes to infinity. It returns from infinity on the other 
side of the curve after we have passed the inflection, so that at the 
inflection itself p is infinite and hence y" = 0. This is the usual con- 
dition for an inflection. The same thing can be proved analytically 
from our conception of an inflection as the contact of an isoclinal 
with an integral curve. Let our difierential equation be y, p) = 0, 
so that an isoclinal is y, c) = 0, and its slope at any point is given by 

dx dy dx 


This slope is literally the slope of the isoclinal itself and not to be 
confused with the slope c which characterizes the isoclinal. 

If y (and hence p) was known as a function of x, substitution in the 
equation would produce an identity. Hence 

dx dy dx~^ dp dx~~ 


for the integral curve, 
traction leads to 


If dyjdx is the same in both equations, sub- 
dp d^y ^ 

dx dx^ 
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as before. Tlie alternative possibility dcl>jdp = 0 need not detain us 
now; but there is the farther condition y'" =(= 0. 

The curve defined by y" = 0 is a useful datum when expressed 
explicitly in terms of x, y, for it gives the locus of all points where the 
integral curves are inflected and touch the isoclinals. Reverting to 
our previous example, we have 



whence 


^ = 1 4- i ^ = 1 4- 

dx 2 /® * 


SO that y” = 0 leads to xy — I as the locus. 

The shape is not obvious, but we can arrive at it from the follow- 
ing considerations: 

(i) The y axis is crossed once only, at a? = 0, 2/ = 1* 

(ii) For any positive x the ordinate is positive, so that the fourth 
quadrant is blanlc. 

(iii) There is no value of x corresponding to y = 0; the x axis is 
never crossed. 

(iv) For very small values of y we can neglect 2/®. This leaves xy 
nearly unity, so that x is large and its sign is the sign of y. The locus 
is therefore doubly asymptotic to the x axis, in the first and third 
quadrants. 

(v) Writing the locus in the form x y'^ = y-'^ shows that for 
large values of y it has approximately the parabolic form a? + 2 /® = 0. 
The sign of {x + y^) at any point of the plane is positive or negative 
according as the point is outside or inside the parabola. The above 
form shows that (and therefore y) is correspondingly positive or 
negative. The locus therefore lies above the parabola in the second 
quadrant and inside the parabola in the third. 

(vi) A cubic equation has either one or three real roots. Hence 
any ordinate meets the locus once or thrice, depending on the value 
of X. Regarding the locus as a cubic in y, the condition that it has 
two equal roots leads to cc = —3/4^ with the corresponding y = —1/2^. 
The number of real values of y is then 3 or 1 according as the ordinate 
is left or right of this crucial ordinate. 

(vii) The locus never meets the critical isoclinal xy = \, and it 
inflects where it crosses the y axis. 

These elementary considerations suffice to give a reasonably good 
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picture of the locus; it appears dot-dash in fig. 9, where the crucial 
ordinate and the asymptotic parabola are also shown. 

8, 6, We can now consider the differential equation more fully, and 
we begin by inserting the lower branches of the hyperbolic isoclinals 
(actually only one is inserted, to avoid encumbering the figure). Note 
that if ^ = 0, y' is infinite, so that the x axis is crossed vertically if at 
aU. Also a? == 0 gives y* = — so that the slope is downwards or 
upwards according as we are above or below the origin, and it 
diminishes in absolute value as we recede. 



Fig. 9 


We can trace another integral curve by starting at some point well 
down on the y axis and moving left. The curve begins to descend with 
gradually lessening steepness till it crosses the critical isoclinal ocy = 1 
horizontally, after which it begins to rise with increasing steepness 
till it meets the locus. There it inflects and turns away asymptotically 
to the X axis. 

Returning to our starting point on the y axis, we now move to the 
right. The steepness of the curve continuously increases, and there 
being no inflections in the fourth quadrant we ultimately cross the 
X axis vertically. This brings us among large negative values of c, 
and the curve turns away to the left, inflects across the locus and 
proceeds upwards with increasing steepness which never becomes 
vertical till the curve is at infinity. 

The insertion of a few more such integral curves leads to the com 
elusion that the family divides into two sections according as they 
have a miuimum on the upper or lower branch of the critical isoclinal. 
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It is interesting to note tliat the apparent simplicity of the differential 
equation is very little augury of a simple solution. 

In the foregoing analysis we have tacitly dropped the assumption 
that the equation is of the first degree. This calls for no special com- 
ment j p) ~ being of the first order, is still a one-parameter 

family. If its degree in p is above the first, it simply means that more 
one member of the family passes through each point, the actual 
number being in fact the degree in p. 

EXERCISES 

1. Sketch the koclinals for the system defined by ^ = a: — j/*. They are a 

ax 

repetition of the cricical isoclinal displaced, left or right. Prove that the locus of 
inflections is 2y{x — y^) — 1, whose shape is deducible from the example worked 
above. Note that the slope is positive or negative according as we are inside 
or outside the critical isoclinal. Sketch first the integral curve through the origin, 
and note that (i) integral curves that cross the positive part of the y axis are asymp- 
totic to this curve on the right; (ii) integral curves that cross the positive part 
of the a: axis have a minimum; (iii) part of the family passes from infinity to 
infinity with a single inflection. 

2. Rationalizing a previous exercise, sketch the isoclinals for the system 

Two integral curves now pass through each point with equal but opposite slopes. 
The locus of inflections can be written = a:2(l — 42/2), which proves that the 
ordinate is loss than in absolute value, and approaches this value as x tends 
to infinity. The curve passes through the origin, and there is symmetry about 
both axes. Sketch the integral curves. 

3. Consider the family defined by 



Note that the interior oiy^x^ is blank; elsewhere there are two curves tlnough 
each point. There is symmetry about the y axis, and the locus of inflections is 
y — — 3a;2. The integral curves which start on 2/ = have a cusp there and never 
cross the y axis. The rest of the family cross the negative part of the y axis and 
pass from infinity to infinity with a single inflection. 


8, 6. Asymptotes. 

The next datum to be sought is the rectilineal asymptote. Where 
such exists, the slope dyjdx and the ratio yjx tend to equality as the 
point moves off to infinity. We therefore substitute y=pxm the 
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equation and let x become indefinitely large; more correctly, we let 
Ijx become indefinitely small. Certain of the terms then become 
negligible in comparison with others, and their neglect may lead to 
an equation for If one such value is the presumption is that x 
and y jointly become infinite in the direction and ratio defined by 

y = 2 /' == 

We next try to place the asymptote more definitely by substituting 
+ Several things may happen on letting Ijx 

become indefinitely small: 

(i) The ensuing value of a may prove impossible, and we conclude 
that no such asymptote exists. 

(ii) We may get no definite information about a. The presumption 
then is that any value of a will suffice and each integral curve has its 
own individual asymptote. 

(iii) A definite value of a may be forthcoming, and we conclude 
that y = p^x + a is an asymptote for the family. There is here the 
further possibility that the consistent relations y = piX + a, y' ^ Pi 
may satisfy the equation without x necessarily becoming infinite. In 
this case the line is a solution and part of the family. 

The special case of horizontal asymptotes is best dealt with directly 
by substituting y = a, y' =0, and seeing in what circumstances, if 
any, a definite value of a is forthcoming. The case of vertical asymp- 
totes can be similarly treated by putting x = a, dxjdy = 0. The 
foregoing will be illustrated in the worked examples which follow. 
For the moment we turn to a little elementary algebra. 

8, 7. The Discriminant, 

If a polynomial F(x) with literal coefficients has a repeated linear 
factor, the equation F{x) = 0 has a repeated root, and we can write 

F{x) = (sc — a)^f(x) = 0. 

If we equate the derivative of this to zero, we get 

F'{x) = (a? — a)^f'{x) + n{x •— a)”-^/(£c) = 0. 

These two equations are simultaneously true for the common value 
x = a. The elimination of x would give a relation between the literal 
coefficients which is known as the discriminant, and the vanishing 
of this discriminant is the condition that the equation F{x) = 0 
should have repeated roots. The simplest example is the quadratic 
ax^ + + c = 0, whose discriminant is — 4ac. 
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Itl 


We apply these ideas to the one parameter family (f>{x, y, p) = 0, 
and their isochnals y, c) = 0 Regarding this latter as an equation 
in c, the condition for equal roots i;vould be foand by eliminatmg c 


between 


y, c) 


dc 


But it IS demonstrated in texts on the differential calculus that this 
is the method of finding the envelope of the family y, c) = 0 
We conclude that the c discriminant includes (possibly amongst 
other things) the envelope of the isochnals 

The same discriminant would be obtained by eliminating p 


between 


2 /, = 0 = 


dp 


and we conclude that it may contain the envelope of the integral 
family Furthermore, a cusp is a place where two values of p become 
equal, so we may expect the discriminant to give the cusp-locus also 
Even this does not exhaust its possibihties, for it may contain the 
tac-locus and the nodal-locus, but for information on these matters 
we refer the reader to the books mentioned later 


8, 8 Worlei Exampleb 

We append a number of worked examples illustrating the theory 
developed above 


Example 1 — Consider m greater detail a previous exercise (2, 5, No 
the rationalized form 





26) m 


There are two curves with equal but opposite slopes through each pomt except 
in the half plane below x-\- y=0, which is blank This Ime is the locus of maxima 
and mimma, it is also the p discriminant, giving the equal values p = ±0, and 
a sketch shows it is a cusp locus The isochnals are the parallel Imes x + y= 

Differentiation gives = 1 + 

and xg xin ^y'y " + = y" 

The test for inflections y" = 0 involves y' = - I and hence y'" = 0, so there 
xie no inflections 

Tho seirch for asymptotes gives p^ — x ov p^/x = I p whence 

/q - 1, as X 00 Wo now put 2/ = -a; + cf ?/ = - 1 m the equation whence 
I ^ X — X a and a ~ 1 We conclude that a; + ?/ = 1 is an as 3 /mptote, but 
note that it satisfies the equation identically and is therefore part of the solution 
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Tlie change of origin to any point on a; -f y == 0 leaves the equation u] 
changed; we conclude that the family is a repetition of a single member di 
placed in the north-west or south-east direction. The form of the family is show 
in fig. 10. 



Example 2. — Consider the equation 

It can be written (i? — 1)^ = 4(y — a?) 1, 

which proves that the half-plane is blank below the line y = x — Elsewhere 
there are two members through each point. The isoclinals are the parallel lines 

y = a; H- ic(c - 2). 

The locus of maxima and minima is y = a;. The search for inflexions gives 
2pp' — 2p' = 4(p - 1), 
or 2ip - l)(p' - 2) = 0. 

The two alternatives p = 1, j?' = 2, both lead to p" = 0, and there are no in- 
flexions. The search for asymptotes leads to 

p^ — 2p — 4(pa: — x), 
or p{p— 2)/a;= 4(p- 1), 

and Pi = 1. The substitution y = cc -f- a, y' = 1 leads to 0 = 4ct -f- 1 and 
^ = —i* It looks as though y = a; — J is an asymptote; but the discriminant 
gives p = 1 and 1 on the isoclinal y = x — which is therefore touched by 
the integral curves and is their envelope. It is part of the solution. The form of 
the family is shown in fig. 11. 
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Fig. 11 


Example 3. — ^The family is defined by 

There is symmetry about OX but not about OY» The isoclinals are 

= 4c(c — y), 

a set of vertical parabolas with a common focus at the origin; the whole of the 
plane is covered, with two curves at each point. 

The locus of maxima-minima, p = 0, gives 07. The p-discriminant, condi- 
tion for equal roots, gives 0, which is simply the origin, where there 

is a double cusp. 

The search for asymptotes gives 

= 4p2, 

and leads nowhere; there are no asymptotes. 

Seeking for inflexions by differentiation, we have 

2x + -h 4p'?/ = Spp\ 

whence p' = 0 gives 4p2 = —2x. By eliminating p, we have 

{a^ 2x)^ = —^xi/. 

This gives (i) a: = 0 and 07 is a locus of inflexions; (ii) x{x + 2)® = — St/®, 
which shows that a; is negative. This part of the locus (shown dotted in the figure) 
has zero ordinate at the origin and at a; = — 2. Further left it opens out in- 
df^finitely like a semi-cubical parabola; there is a maximum ordinate where 
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a; = ■— 2/3. Of the integral curves that come up from the south-west, those to 
pass below the origin are inflected where they cross OY ; the remainder infl^ 
where they meet the locus. In fig. 12 only the lower isoclinals are shown, toge € 
with three integral curves coming up from the bottom-left. For completeness 
the figure should be mirrored in OX. 



EXERCISES 


1. Discuss the family defined by 

Prove (i) that it lies between two vertical asymptotes that are part of the solution; 
(ii) there are no minima, - ma-TiTn a. , but there is a vertical locus of inflexions; (iii) 
the family is the repetition of a single curve displaced vertically. 


2. Sketch the family defined by the equation 



Prove (i) that it is external to a certain parabola which is a locus of cusps; 
(ii) there is a parabolic inflexion-locus but no asymptote; (iii) there is symmetry 
about OY hut not about OX. 


THE METHOD OF mOOimAW > ^ 

3 In the family 4^^ — 2^ + = 0, 

prove that the plane xs blank between two horizontal lines which are the locus 
of maxima nunima These two Imes are the envelope of the integral curves and ^ 
part of the solution Each member of the family has its own two asymptotes 
Sketch the family 

4 Sketch the family defined by the equation 

4:^+(a;—yY = 4 
dx 

Prove that there is a maxima minima locus but no mfiexion locus The whole 
plane is covered and the family has one asymptote m common, it is part of 
the solution Each member of the family has an mdividual asymptote 

5 ^l = y\2x-y) 
dx 

6 ^ = x+(y‘-4)i 
dx 

7 ^ = a + (4 - y^)i 
dx 



8 - 3y" + 2y)'g^ 2x{l - y) 

9 ^ + ev = x 
dx 

(See Miscellaneous Exercises, No 22 ) 



11 Sketch the isoclinals and the integral curves for the equation 


a^= 1 
dx 


Note that the system and its mfiexion locus (cc^ — l)y = x are skew symmetric 
This inflexion locus has throe separate branches One which inflects through the 
ongm lies between ic = ^1 The other two are asymptotic to these Imes and to 
the X axis in the first and third quadrant 

The equation is soluble as a Imear form, but the formal solution is less re 
vealing than the graphical work 


Two exhaustive applications of isoclinal theory aro given in Die 
Differentialgleichunqen des Irigenieurs, by Wilhelm Hort (Spiinger) 
The first, on water-flow, is by J Massau, ‘ Memoire sur I’Integration 
graphique et ses Applications ” The second is by C Cranz and E 
Kothe, “ Zur Losung des Hauptproblems der ausseren Balhstik, etc ” 
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The subject is ably treated with great detail in Numerical Studies 
in Differential Equations (Watts) by H. Levy and E. A. Baggott. 

The slight but necessary knowledge of curve-tracing can be ac- 
quired from J. Edwards, A Treatise on the Differential Calculus; P. 
Frost, Curve Tracing; H. Hilton, Plane Algebraic Curves; J. L. 
Coolidge, Algebraic Plane Curves. 

For a somewhat difierent application of semi-graphical methods, 
see Journal Inst. Elec. Eng.^ LXXIX (1936), p. 362. 



CHAPTER IX 


Numerical Methods of Solution 

9 , 1 . There are graphical methods for refining the solution by 
isoclinals ; but numerical work is invariably more accurate than graphi- 
cal work, nor need it take much longer, and the results are easier to 
check. 

Numerical methods are always limited to some definite range of 
values and are of two types. The first type seeks to express j/ as a 
series in x, so that y can be calculated by substitution for any x in the 
given range. Taylor’s and Picard’s methods both fall in this category. 
The second type seeks to draw up a table of corresponding values of 
X and y\ the methods of Runge and Euler, amongst others, fall into 
this class. In any case, enough initial conditions must be given to 
make the solution unique. 

The first type is less attractive in practice than it sounds to be. 
It suffers from the following drawbacks: (i) the range of values for x 
has to be restricted to ensure the convergence of the series; (ii) the 
derivation of the successive terms may rapidly become complicated; 
(iii) the calculation of y for numerous values of x may become very 
tedious. All the same, this type is very useful in simple cases, and 
every method has its drawbacks anyway. We begin with Taylor’s 
method as being the simplest to understand. 


9, 2. Taylor’s Method. 

Taylor’s theorem states that if A, be a point on the curve y =zf(x), 
then the following expansion is valid for small values of x — h under 
certain general conditions which usually hold : 

y-k = {x- h)f'(h) + + . . . . 

This can be applied to find a curve which starts from the point h, Jc, 
and satisfies the differential equation y, p) = 0 . Differentiation 
gives a relation involving p' which we may write <l)i{x, y, p, p') = 0. 
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Further difEerentiation gives a relation involving p" which we may 
write y, Pi p\ p**) = 0, and so on. The substitution 
y = Tcm the first equation supplies y. The form <j>-^ then supplies p\ 
whilst <j)2 in turn supplies p'\ and so on. As these are respectively 
equal to /'(A), /"(A) and/"'' (A), the coefiicients in the Taylor series are 
now known, and the solution is relatively complete. The following is 
an example of the procedure : 


Example . — ^Pind the integral curve which passes through the point a; — 0, 
y = 2*4, and satisfies the equation 

dx y 

Hence calculate its minimum ordinate and find where it is situated. 

For convenience we write temporarily 2*4a = 1. Successive differentiation 
then gives 


2/ = a;— - 

y 


-a, 




2y^ 


= 1 - a3, 

= — 3a®, 




and so on. The following values then ensue: 


a = 0-41667 
a2 = 0-17361 
a® = 0-07234 
= 0-03014 


a® = 0-01256 
a« = 0-00523 
= 000218 


2/' = -0-4167 
= 0-9277 
= 0-1359 
= 0-1783. 


The requisite series is 

2/ = 2-4 - 0-4167a; + 0-4639a;2 + 0-0226a:3 o-0074a:4 . . . 


So much for the series, for what it is worth; it remains to see what use can be 
made of it. The minimum value of the ordinate is obtained by equating the 
derivative of this to zero, i.e. from the equation 

0= -0-4167 + 0-9277a; + 0-0680a;2 + 0-0297a;® .... 


Limiting ourselves to these four terms, Horner’s method will rapidly give 
X = 0-433 and the substitution of this in the Taylor series gives y ~ 2-309 to 
three places. This serves as a check on the working, for the reciprocal of 0-433 is 
2-309, and it is known from previous work (see 8, 3, No. 5) that the minimum 
lies on the critical isoclinal xy 1. 
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EXERCISES 

1. Find the Taylor series for the integral curve of 

dx 

through the point (0, 1). 

[ 2 / = 1 -h 0-5x -f 0-75^ + 0*458a:3 4 . o*396a;« .... 

Note the slow convergence except for small values of x.] 

2. Prove that the solution of 

I'-l- ev = x+l 
ax 

through (0, 0) has the form 

2 6 S 

3. The solution of 

through (1, 0) has the form 

2 / = (a: - 1) -f 0-5(0: - 1)^ - 0-0833( f + 0-0521( )4 . . . ; 

Find where it meets the critical isoclinal a: + y = 0 by putting y = — 1, 

and solving for t. This should give t = 0-600 to three places, and the Taylor 
series then gives the calculated value y= -0-400, which is correct to three 
places. Note the impossibility of reversing the process by starting on the line 
a; + 2 / == 0. 


4. Find the solution of 


dsc^ 


+ = y* 

dx 


as a Taylor series under the conditions x — Q,y = 1, 2/^ == 0-3. 

[y = 1 -f 0-3a: + 0-5a:2 _ o-076o:^ . . . .] 

5. Find the curve through x = 0-5, 2 / = 0 satisfying 

^ = *2 + 0-5y= - 0-3. 
dx 


6. A solution passes through x = 1-5, y = 0. Find the first 

dx 

four terms of its Taylor series. 

[y=(x- 1-5) - 0-75( f + 0-0416( f + 0-1719( )« . . . .] 
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9, 3. Picard's Method 

Picard’s method in its simplest form can be used to find an integral 
curve through. A, h satisfying the equation f =/(a;, y). The method 
can be extended to equations above the first order and to simultaneous 
equations. The gist of the matter is iteration to give successive approxi- 
mation. At the beginning of the range h to x, the ordinate y has the 
value h. We make the erroneous assumption that the variable y has 
the constant value h. This is substituted in the equation, which then 
takes the form dyfdx = F{x), and can be integrated from h to x. The 
result is a new ordinate, which we may call given by an equation 
of the form y^ — = ijs-^{x). This new ordinate is substituted back in 

the differential equation, giving it a slightly different form dyjdx = Fi{x)^ 
which can again be integrated from h to cr. The result is a new ordinate 
which we may call y^, given by an equation of the form yg — k = 

After which the process can be repeated as often as we please; it is 
halted when the required accuracy is attained. 

The justification of the method, which will not be attempted here, 
involves proving the convergence of the process and demonstrating 
that the resulting series is a solution. 


Example . — Find the solution of ~ = a? + 2 /^ which passes through the origin. 

dx 


As 2 ^ is initially zero, we substitute this value and the equation becomes 
dyidx = X. This leads to a new ordinate = ix^, which is substituted back in 
the equation, whence 


This gives an ordinate 


!=*+?■ 


which in turn leads to 
whence 


dy __ 

— ^ _L ^ J_ 

’ ~ ^ m ^ 4400’ 


and so on. If the last term is equivalent to we have x not greater than 0*75 
and the series will give five-place accuracy in the range 0 < a; < 0*75. 


When the integral curve starts from some point (A, k) other than 
the origin, it is better to modify the equation by transferring to a new 
origin at (A, k). The modified equation then runs 

dy 
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.here Fix. y) ta no mdependont t«m. » tlntt W. «)-»- “““ 
ScS“ W W wnt.n, enoneon., 

^=:p0 + ^(®> 
dx 

T>n«! ffives a new oidinate on 
since the initial value of «/ is follows It is sometimes 

integration, so that oUnuld be exarmned at the new 

^glested tbn. tl, t p«<*.oo Ittle to 

origin as a preliminary to turtner 
recommend it 

. dy which passes 

E^mple -It IS desired to find the solution of - - 

through (1, —1) 

We begin by transferring the origin, so that 
(!r+ D- ( 2 /- 1 )“ = 

wliere a, ^ ^xe as 

The examination of the ®®^^*^Xatety?oLlude that is neghgible 

yet unknown, and x, y are sma 
m comparison with y, and substitution gives 

^ ^^n-i = ir+2o»» 

n With a:”-’-, whatever the value of n 

Here agam »" is negligible m oompariso 

We are left with nax^ i = a:, so a 

„_1 = 1, 11=2, na=l. ^ 

The approximate form of ^dlyTy^^ proced^of 

The same result is achieved which then reads y - 

the initial ordmate zero hack m the equation, we have 

y, = 1012 as before On substituting this vaiu ^ 


^ = o; + a:® — -T> 
dx * 

afi 

’ 20 ’ 


2 / 2 = 2 ■^3 ■ 


whence 

which m turn IS substituted back in the tion will contam terms 

" It'hTstage a glance ahead is desimbk ^ 

uptothetenthpower One step more and J^ehal ^ 

t£rd which for ordmary purposes is conditions determined by the r^g 

and the limits of accuraey SuTOOse we 
With this stipulation our equation read ^ 


2^(3 cc^ 13a^ 

^=a; + »® + V“' 4 ~" 30 * 
dx 


(g237) 


14 
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whence by integration 
The next step gives 
whence 


2/s — 2 - T- j j 

dx ^ 3 ^ 12 30 ' 

^ . (x? . . a? 

^*==2 + 3 + 6 


and so on. 

From a glance at the successive approximations in the present example it 
appears that each approximation adds to the preceding approximations one term 
more than is substantiated by succeeding approximations. Thus the initial 
Ja;® in is substantiated in which adds This in turn is substantiated in y^, 
which adds a:*/6j and it can be verified that will agree with y^ to the four terms 
given. 

What accuracy will this give, and over what range ? If the last term is equiva- 
lent to 10”^, the first three terms will give three-place accuracy for the range 
0 < a; < 0-35. 

This would not solve the problem of finding where our integral curve meets 
the X axis, at ?/ = 1 in the modified equation; nor would such a problem be solved 
in practice by taking more terms of the series. This is far too cumbersome. We 
should calculate the ordinate at the end of the range and then transfer the origin 
there. The calculation would then be repeated for a new range, and possibly 
again. 

The success of the Picard method is obviously limited by the difficulty of 
performing the successive integrations. Unless these are particularly simple tbe 
method is of little use, a statement that can be substantiated by applying the 
method to the example which was previously solved by Taylor’s method; but 
one should not on that account conclude that Taylor’s method was necessarily 
superior to Picard’s, 


EXERCISES 

1. Solve the equation ^ == _ ^2 

dx 

at (0, 0) and prove that three terms will give five-place accuracy for the range 
0<x< 0*66. [y = ia:® ~ 0-01687a;’ + 0-00096:rii . . . .] 

2. Examine the equation — = + y — 1 

dx 

at (0, 1) and show that six terms will give five-place accuracy in the range 
0 < a; < 0*2. 

3. Find the solution of 

dx 

through (0, 1) and prove that seven terms will give five-place accuracy over the 
range 0 < rr < 0*6. 
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Verify that four terms of the solution of 





through (0 0) will give seven place accuracy m the range 0 < x < 0 5 


5 By changing the origm apply Picard s method to the solution of 

ax 


through *=16 y = 0 Note ho-w it compares with the Taylor expansion oh 
tamed m 9 2 No 6 


9 4 Evler s Method 

The alternative to the senes method which has ]ust been discussed 
IS a step process m which we attempt to find the ordmate mcrement 
hy correspondmg to a small abscissa increment Sx If the imtial pomt 
be (h k) we thus achieve a new point defined by 

Ai = A + 8n; ki = k + Sy 


This point m turn is used as the starting pomt for the calculation of 
further increments the ultimate result is a table of corre^ondmg 
values under the given imtial conditions 

The difficulty in the theory of the solution is m finding a self 
checking technique for the calculation of by In the practice of the 
method one meets the usual dilemma the tedium of calculation is 
avoided at the cost of accuracy It is not unknown for three expert 
computers to work day in day out for six months on end m tabulatmg 
the values for a single equation 

The simplest approach to a solution of a first order first degree 
equation p =f{x y) is due to Euler and is based on the fundamental 
statement 


9 


dx bx 


It follows at once that by must be approximately equal top bx the 
degree of accuracy depending on the smallness of 8a; 

Example — For intervals of 0 1 tabulate the solution of 

^l = (x+ yf 
dx 


which starts from (J J) 
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Initially, p== {x + yY = (4 + i)* == 1» 

and for an increment Sa; = 0*1 we have 

St/ = = 0*1. 

At the end of the increment we have 

a; = 0*5 4- 0*1 = 0*6 = y, 

so that p — (0-6 4- 0-6)^ = 1-44. 

The next increment is Sa; = 0*1, % = 0*144, 

whence a: 0*6 4- 0*1 = 0-7, = 0*6 4- 0*144 = 0*744. 

For the third step p = (0*7 4- 0-744)^ = 2*085, 

and the increments are = 0*1, = 0-2085. 

These give ic = 0-8, y = 0*9525. 

The tabulated values so far are thus: 

a; = 0-6 0*6 0*7 0*8 

y = 0-6 0*6 0*744 0*9525. 

An assessment of the accuracy can now be made; as a matter of fact, the 
equation is soluble by separation of the variables (2, 5, No. 25), and with the 
given initial conditions leads to 

a; 4- 2/ = tan^a; + ~ 

The calculated value for x= 0*8 is t/ == 1*0958, so that the error is already 0*1433 
or nearly thirteen per cent. The inaccuracy could be diminished by working 
with smaller increments; but the method is obviously crude and needs refine- 
ment. 

9, 5. The Euler Method, Improved, 

Consider a curve, starting from P, in which y and y' both increase 
with X, so that the curve rises and is concave upwards. Mark an 
abscissa PA and erect an ordinate AC which is cut at B below C by 
the tangent at P. Hitherto we have put 

PA = See, tan^PP = p, AB = p Sx, 

and we have considered P to be a point approximately on the curve. 
It is apparent why the error with such a curve is cumulative. 

The mean-value theorem in the difierential calculus shows that 
at some point on, the curve between P and C the tangent is parallel 
to PC, The point C could be located if we knew the slope of PC, which 
is greater than the slope at P but less than the slope at 0. If we split 
the difference by taking the half-sum of these two latter slopes, we 
may expect a value which, though not necessarily correct, is better 
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tTian either taken separately. The objection is, of course, that we 
cannot calculate the slope at C since G is not determinable; but if 
we make the best of a bad job by using B as equivalent to 0, we can 
write 

p = ^{Pp + Pb)> ^y = p 

Tliis will give sl point above JB^ and. tlie process can be repeated to 
give another point JB 2 still nearer to 0. The calculation is stopped 
when there is no variation in the result; after which we proceed to the 
next increment. 

Bmmple.~~Ta,ku)g the same equation as before and working to four places, 
the slope at B, the end of the first increment, is 

^ = ( 0*6 -h 0 * 6)2 ^ 1 . 44 . 
dx 

At the beginning the slope is ^3 = 1 , so we take the mean slope as 
= i(l + 1*44) = 1*22. 

For an increment 8x = 0 * 1 , this gives 

8^ = pSx = 0*122 

and provides Bi with a? = 0 * 6 , ^ = 0*622* 

We repeat by calculating the slope at Bi as 

^ = ( 0-6 + 0-622)2 = 1.222* = 1-4933. 
dx 

Taking the mean slope as bet-ween P and Pj, -we have 

^ = ^(1 + 1-4933) = 1-2407 

and § 2 / = 0-1247, x = 0-6, y = 0-6247. 

The end-slope is now 

(0-6 + 0-6247)* = 1-2247* = 1-4999, 

which provides a new mean slope 

i(l -f- 1-4999) = 1-2500 

and 3*/= 0-1250, a: = 0-6, y = 0-6260. 

Continuing, (0-6 0-6250)* = 1-2260* = 1-5006, 

y = J(1 -f 1-6006) = 1-2503, = 0-1250. 

There is no change in the increment hy between the last two calculated values; 
wo have reached the limit of accuracy with 

X = 0 - 6 , 0-6 

y = 0-5, 0-0250. 

It can bo verified from the known solution that the error here is in excess by about 
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2 in the third decimal place. If the solution is to be continued we commence the 
next iucrement with the initial values 

X = 0*6, y = 0-626, p = 1-5006. 

The increments are then §a;=0-l, § 2 / =0-1501. 

These give x = 0-7, y = 0-7761 

as B at the end of the new increment, so that 

p = 1-476U = 2-1759. 

The first mean-slope for the new increment is 

i(l-5006 -f 2-1759) = 1-8383. 

The work then proceeds as before. 

This modification of the Euler method is an improvement on the 
simpler method which precedes it; but it still suffers from the same 
vital defect, that it gives no indication of the order of magnitude of 
any error incurred. The only way to overcome this defect is to find out 
algebraically what the answer ought to be and then invent a technique 
for calculating it with errors of known magnitude. 


9j 6. Bungees Method, 

Suppose we knew tkat y = F{x) was the solution of ® = f(x, v) 
through (A, A). We could then write 


We should also have 

lc+hy = F(h + hx) = F{h) + F'{h)hx + \F"{h)Bx^ + . . , 

= F'{h) Sx + iF''(k) 8x^ + ... . 

The coefficients on the right can be calculated by total difEerentiation 
TOth respect to x. To simplify the procedure we borrow a notation 
irom partial differentiation by writing 

/{A, k)=:f, K = f ^L=f - f p 

dh dk dhdk — /ai, 

The total differentiation otf{x, y) then gives 

=/l +/2/. 


&c. 


or, 
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B7 repeating the difEerentiation, we have 

=/ii +/1/2 + 

The increment hy is then given^ as far as the third order terms in So?, 
by the relation 

8 y=fSx 

+ i(/ll +fxfz + 2/12/ +/2^/ +f22P)^^ 

We observe that the first line here is the simple Euler method If the 
above expression is used in its entirety, we know that the error begins 
to appear in terms of the order ^at is now required is a simple 
technique for performing the calculation with the above expression 
This technique is associated with the name of the German mathe- 
matician, C Runge 

Notice for a start that if we calculated the slope at E, the middle 
of PB, we should get 

Pi =/(^ + k \ hy) =f(h + -^Sa;, k ^fSx) 

= / + iifl +/2/) 8^ + i(/ll + 2/12/ +/22/^) 8352 -f- . , . 


If we apply this slope to the range 8x for calculating Sy, we get a 
value which is correct m the 8a; and Sa;^ terms , but it fails m the 8a;® 
terms Runge remedies the deficiency by a double application of the 
Euler method 

He accepts the slope p at the beginning of the range and the slope 
Pi at the end of the increment He then finds a particular slope p" 
at the end of the increment By a proper choice of p", a Simpson- 
rule combination (p -f 4 pi -f p")l^ gives the result correct as far as 
8a;® The search for the appropriate p" is conducted as follows Takmg 
the slope p at P, we find B from = p 8a; The slope p' at B is calcu- 

latedas f =f(h + dx, k + 8 y,) 

=f{h + 8a;, k-\- p 8x) 


This slope p' is transferred to P and used to calculate a new pomt B' 
from 82/2 = p' 8a; The slope p" at B' is calculated as 

p" =f{h + Sa;, k + 82/2) 

=f(h + 8a;, k + p'Sa;) 
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It can be verified that the Taylor expansions of and are 

p' =/+ (A +A/)Sx + kAi + 2A2/+A2/')8^" + . . . , 
v" =/+ (A +/2j^')Sa5 + i(Ai + W +/22?'') + . . . 

=/+(A+A/)S^H-i(Ai+2A/2+2Ay+2A2/+A2A)S^^ . • 

No use whatever is made of p' beyond its service in calculating 'p'\ 
Looking at the range PA, we find we have three available slopes. They 
are p at the beginning, p^ in the middle, and p” at the end. There is 
no abstruse theory behind the next statement. It just happens that 
if we combine these in a Simpson-rule we get a slope {p -}- 
which is the correct value as far as terms in hx^. It is simple algebra 
to Verify this. The increments are then connected by 

Sy == (55 + ipx + i?") Saj/ 6 , 

which is correct up to Sa;^. It only remains to get a simple methodical 
arrangement of the working. 

It is found better in practice to write 

{p + + p")/6 ^Vi + + V'") - i?i}. 

The steps are then: 

(i) calculate p, p' and p" ; 

(ii) take the half-sum + p '') ; 

(iii) calculate p-^ and subtract from (ii) ; 

(iv) add a third of the difference (iii) to p^\ 

(v) the increment 8y is obtained by multiplying See by (iv). 

Example. Runge exemplified his method by solving 

dy_y — X 
dx y X 

through 1) as far as a: = 1. Eor a reason which will be given later, the range 
was covered in three unequal increments, 0-2, 0*3 and 0-5. The equation is soluble 
as a homogeneous form, so the results obtained can be checked against directly 
calculable values. Taking as a first increment Sx = 0-2, we have 

p = 1, Bx= 0-2, = 0*2, B = 0-2, 1-2. 

^ 1.2 0*2 

~ r-2 + 0-2 ^ ^ 3/2 = 0-1429, B' = 0-2, 1-1429. 

.,1-1429 - 0-2 

^ 1-1429 -f 0-2 ~ + 1: + = 0-1, 1-1. 
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— 2i = 0 8333. 
11 + 01 


82 / = 0 8392 X 0 2 
= 0 1678 

For the next step "w e have 
0 9678 


??= 1 
= 0 7021 

sum = 1 7021 = p p'* 

\ sum = 0 8511 = l(p + p'') 

^1= 0 8333 

diff = 0 0178 = lip + p") - Pj^ 
J diff = 0 0059 
slope = 0 8392 

a; = 0 2, 2/ = 1 1678 


p = 
p' = 
p-^ 


1 3678 

0 8801 
1 8801 

0 8082 
1 8082 

0 9240 

1 6240 


= 0 7076, Sa; = 0 3, hj^ = 0 2123, .5 = 0 5, 1 3801. 
= 0 4681, §2/2 = 0 1404, 5' = 0 5, 1 3082 
= 0 4470, 5 = 0 2 + 4(0 3), 1 1678 + 4(0 2123) 


= 0 6690. 


8?/ = 0 5718 X 0 3 
= 01715 


= 0 35, 1 2740 

iJ = 0 7076 
p" = 0 4470 
sum = 1 1546 
4 sum = 0 5773 
Pi = 0 5690 
diff = 0 0083 
Jdiff =0 0028 
slope = 0 5718 

a; = 0 5, y = \ 3393 


For the third step 
0 8393 


p = = 0 4563, Bx=0% Byi = 0 2282, 5= 10, 1 5675 

^ 1 8393 


p' = 0 2210, By, = 0 1105, 5' = 1 0, 1 4498. 

^ 2 5675 


V - 


0 507' 
2"507i 
0 4498 
2l4^ 


= 0 1830, 5 = 0 75, 1 4534 
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0-7034 

2-2034 


= 0-3192. 


By = 0-3195 x 0-5 
== 0-1598. 


p = 0-4563 
0-1836 
sum = 0-6399 
J sum = 0-3200 
0-3192 
diff = 0-0008 
J diff = 0-0003 
slope = 0-3195 


X = 1-0, y = 1-4991. 

It is known from tke calculable value that this result is in excess by about 8 in 
the fourth decimal place. 


The accuracy of the method depends on the negligibility of the 
fourth and higher powers of See. When the curve is turning over and 
losing steepness, the vertical increments tend to diminish and one is 
justified in stepping-out horizontally; that is what happened above. 
Conversely, if the curve begins to rise steeply the vertical increments 
tend to become unreliably large unless one cuts down the horizontal 
steps. The above form of working is not necessarily to be adopted as 
standard; experience shows that individual workers modify the 
arrangement to their own liking. The great thing is to keep it syste- 
matized. 

Several writers have suggested modifications of Range’s method. 
One of the neatest, due to Heun, is thus. 

S^i = Saj p' =f(h + ^8x, k + 

8^2 = p'8x p" =f(h + fSx, k + f Sj/a), 

wience Sy == Up + dp") Sx, 

and the error begins with dcc^. 

The numerical work is inevitably lengthy if the range of values for 
X is at all extended. Methods of extrapolating beyond a limited range 
by using a table of difierences have been invented to lighten the labour. 
None of these will be treated here; the best known is due to Adams 
and Bashforth. The graphical and numerical treatment of differential 
equations, including simultaneous and partial, now covers a wide 
field, and the only book specifically devoted to the matter is the work 
by Levy and Baggott already mentioned. 
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EXERCISES 


1 Apply both Euler’s simple method and its modified form to the equation 

dx a;® + 2/2 

Assume that the solution starts from x= 1, y == 2, and extend it as far as a; = 15 
in increments of 0 1 Compare your answers with the calculable result 2 4271 

2 Apply Runge’s method to the above equation over the same range (i) m 
one step, (ii) in two steps 

3 Solve the equation ^ = (a; -|- yY 

dx 

by Runge’s method for the initial conditions x == 0 ^ = y 
[a; = 0 5 0 6 0 7, 

2/ = 0 5 0 6231 0 8087, 

so that the calculable error is an excess of about 3 m the fourth decimal place ] 


4 It IS known (see 8, 8, No 11) that the solution of 


through a; = 1 5, 2/ = 0, has a maximum value Employ Runge’s method to 
locate it [The following values can be obtained 

x=l6 17 19 2 1 23 25 27 

2/= 0 0 1712 0 2874 0 3574 0 3919 0 4011 0 3941 

The last entry shows that the maximum is passed Incidentally, it must satisfy 
the condition xy == 1 The correspondmg products for the last three entries are 
0 9014, 1 0028 and 1 0421 This shows that the maximum must he between the 
penultimate and antepenultimate entries Proportional parts then give 
a; = 2 490, whence y = 0 4016 ] 


6 It IS known that the solution of 

^ + e» = » 
dx 

through 0, 0 has a minimum near a; = 0 6, Locate it more precisely by Runge s 
method 



CHAPTER X 


Equations in Three Variables 

10 , 1 . Geometrical Preliminaries. 

Gathered together in this chapter is a number of properties of 
equations in three variables. The various equations are simultaneous, 
ordinary, or partial; but a connecting thread runs through them, and 
they all occur in diverse fields of applied mathematics. 

Certain geometrical preliminaries are almost indispensable. Not 
only do they facilitate comprehension, but they indicate the nature 
of the solution to be expected and suggest the method of attack. 
They are summarily treated here, and can be amplified from texts 
specifically devoted to the analytical geometry of three dimensions. 

The direction of a straight line in space is specified by three num- 
bers called the direction cosines, and usually denoted by I, m, n. They 
are connected by the relation = 1. Any three numbers 

proportional to these are called direction ratios, so that the same line 
can have direction ratios 2:1: —2 or direction cosines §, — |- 
Two lines are parallel if they have the same direction cosines; the 
two lines specified by {I, m, n) and (I', m\ n') are perpendicular if 
IV + mm' + nn' = 0, and the same relation holds for direction 
ratios. 

A space curve which is not plane is said to be skew. Common 
examples are the edge of a screw thread and the path of a smoke 
particle. Just as a straight line is specified by the equations of the 
two planes of which it is the intersection, so a skew curve may be 
specified as the intersection of two surfaces. These are not unique 
since any third surface through the common intersection would serve 
equally well. 

If A, B be two adjacent points on a skew curve at interval ds with 
components dx, dy, dz, these latter are the direction ratios of the 
tangent at A, the actual direction cosines being dx/ds, dyjds, dzjds. 
Consequently the equation 

Xdx Ydy + Zdz = 0 

implies that the arc-element is perpendicular to the direction specified 
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by the directioa ratios X 


Y Z Similarly, the equations 


Ax dy dz 

X'^Y^Z 


imply that the arc-element is parallel to this direction 

The orientation of a plane in space is specified by the direction 
cosmes of its normal If a surface has the equation y, z) = 0 , the 
tangent plane at any point is perpendicular to the normal, whose 
direction ratios are 


3 ^ 

dx 


dy dz 


Alternatively, if the equation of the surface is written z =f{x, y), 
the direction ratios are 

_L 

dx dy 


These are almost invariably written more succinctly as 'p 
with the convention that 


dz dz 

dx dy 


S 




If a straight line L meets a plane P at a point A, there are always 
at least two directions, starting from A and lying in P, which are per- 
pendicular to P If i happens to be perpendicular to P, then every 
such line through A is perpendicular to L Carrying this idea over to 
curves and surfaces, let a curve C meet a surface aS in 4 Then starting 
from A there is always a line-element ds (in fact two) that lies on S 
and IS perpendicular to C If 0 happens to meet S normally, then 
every such line-element is perpendicular to 0 , and lies m the plane 
tangent to S A 

We now consider a family of curves C such that a member of the 
family passes through each point of space If an arbitrary point A^^ 
on S lies on one of the family which we can call Ci, we can draw ds on 
S perpendicular to 0^ Supposing this brings us to A^ on what we 
can call C 2 , we draw another ds on S perpendicular to Og, thus reaching 
A^ on C 3 , and so on In this way we can draw a curve on S which is 
perpendicular to e\ery C that it meets, and as the initial A^ was 
arbitrary, we can draw an infinity of such curves on S On the other 
hand, not every curve, drawn at random on S, would necessarily be 
perpendicular to every C that it met This would be the case only if 



214 


APPLIED DIFFERENTIAL EQUATIONS 

the family C happened to be orthogonal to S. For example, every 
curve on a sphere is orthogonal to every radius that it meets. 

We can view the matter somewhat differently by dispensing with 
the surface S whilst retaining the family C, J^aking any point A in 
space, let us drop the short perpendiculars from A to every member 
of (7 in the immediate neighbourhood of A, Two alternatives then 
present themselves. Firstly, the plane containing all these short 
perpendiculars may have an envelope and so define a surface. More- 
over, by var 3 dng A we get a family of such surfaces orthogonal to the 
family of curves G. Alternatively, the plane may have no envelope, 
and then no such family of surfaces exists. 

The points we wish to emphasize are that, if we are given a family 
of space-curves, then (i) a family of orthogonal surfaces does not 
necessarily exist; but (ii) we can always draw on any given surface 
an infinity of curves which are everywhere perpendicular to the mem- 
bers of the family where they meet them. 


10,2. Simultaneous Equations. 

We can now turn our attention to difierential equations, and we 
begin with simultaneous equations, of which simple cases have been 
discussed in Chap. V. 

Suppose we have an electrostatic field of force where Z, 7, Z are 
the components at any point, these being functions of the co-ordinates. 
The simultaneous equations 

dx __ dy _ dz 

X'^Y^Z 

state that the force acts in the direction of the line-element ds. A line 
for which this holds at every point is called a line of force ”, and 
(i) are its difierential equations. Similarly, if a particle of fluid in 
steady motion has component velocities w (these being functions 
of the co-ordinates), then 

dx dy ^ dz 

u V w 

are the differential equations of the stream-lines. Equations of the 
same type arise if the velocities of a point moving in a plane are given 
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for these can be written as 

dx dv dt 

A line of force, or a stream-line, is usually a skew curve and 
accordingly is definable as the intersection of two surfaces The problem 
then IS to derive two cartesian equations from the differential equations 
(i) As pointed out previously, the pair of surfaces is not umque, so 
that different methods of solution may lead to seemingly disparate 
results 

The simplest case occurs when two of the three equations 
dx _dy dx __dz % _ ^ 

each contain only two variables The mtegrations can then be per- 
formed by the methods expounded earlier in the book As an illus- 
tration consider the equations 

dx _dy _ dz 
yz zx —xy 

We can write xdx 2:^25 = 0, ydy + zdz = 0, 

of which the integrals are respectively 

x^ + z^ ^ a, y^ z^ = h 

The curves are thus given as the intersections of two families of hori- 
zontal circular cylinders Note that we could also write 

xdx = ydy, 

showing that the curves lie on the hyperbolic cylinders 

a;2 == ^ 

This equation is merely the difference of the previous two, and illus- 
trates that the surfaces defining the curves are not unique 

Possibly only one of the equations (11) contains only two variables 
Let it be the first, in which case it leads to a solution /(a?, y, a) = 0 
We can now eliminate y from the second equation (or x from the 
third) and reach another solution F{x, z, a, 6) = 0 The functions / 
and F serve to define the two families of surfaces, each depending on 
a single parameter 
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Consider the equations 

yzdx = xzdy — dz. 

^ dx dy dz 

They can be written _ = — = _ — 

X y xyz 


The first pair gives y 
through the z axis. 
y and write 


= ax^ which shows that each curve lies on a plane 
Using the first and last terms, we can eliminate 


dx 

X 


dz , dz 

= , or axdx = — , 

axH z 


which leads to 




either equation serving for the second surface. It is readily verified 
by differentiation that these really do satisfy the original equations. 
Thus if we take 

logo + 2 \ogz = xy^ 

whence = xdy + ydx^ 


consistent with the original equations. 

A third method of solution depends on the algebraic theorems 
of ratio. Given three equal fractions 

a _ 6 __ c 


each is equal to 


la ^ mb -{-nc 

V + + nil 


where Z, 7n, n are any multipliers of which one or two (but not all three) 
may be zero. This proposition is utilized to give a zero denominator, 
whence it follows that the numerator must also be zero. This supplies 
an integral, and the process may possibly be repeated, or a second 
integral may be derived by the previous method of elimination. 

Consider the equations 


dx __ dy dz 
y — z z — x x—^y 

Here the sum of the denominators is zero, which is equivalent to taking 
the multipliers Z, n as unity. Hence 

dx dy dz x y z a. 
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Giving Z, m, n the respective values x, y, z, we again have zero as 
the sum of the denominators, so that 

xdx + ydy -|- zdz = 0, x^ y"^ =. b. 

The curves are accordingly plane sections of spheres. 

This method of multipliers is always effective when the denomi- 
nators are linear, but not homogeneous. For further details as to the 
choice of the necessary multipliers the reader should consult Ince, 
Ordinary Differential Equations, 2-701. When the denominators are 
homogeneous, even though not linear, the solution can sometimes be 
achieved by the substitution x =uz, y vz. Applied to the last 
example the working would run thus: 

udz zdu vdz + zdv dz 

z{v — 1) z(l — u) z(u — v) 

_ dii dv 

V — 1 uv — li? 1 — u — uv 

The last equation contains only two variables, and is equivalent to 
2d{u + 1 ) __ d{u^ -f -f 1 ) 

1^+ + 1) (w2 4- ^2 1) > 

whence (w + v + 1)^ = c(u^ q- ^2 

In terms of the original co-ordinates this is 

(x + y -1- zf == c{x^ + + z^), 

which is evidently consistent with the previous solutions. 

It only remains to be added that the foregoing methods apply 
to equations in more than three variables; but the geometrical inter- 
pretations then break down. 


EXERCISES 

1. Establish that the curves defined by 

dx __ dy dz 

x{y — z) y{z — x) z{x — y) 

are plane sections of the family of surfaces zyz = c, 

2. Verify that the curves defined by 

dx dy _ dz 
yz a: y 

lie on the quadrics a;- — 2/“ ~ ct, z^ — 2{x + ?/ -j- 

15 


(G237) 
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3. Prove that the equations - ■ = _ — - = 

2/+2 X x + y 

lead to plane sections of cubic surfaces. 


4. Solve the equations ^ ^ 

yz zx xy 

Give a geometrical interpretation of the result and verify that the solution in- 
cludes four straight lines radiating from the origin. 

5. Show that the equations _ = 

y — z x-\- y X z . 

define plane curves and complete the solution. 

6. Verify that =z ^ y — is a possible form of potential in that it 
satisfies Laplace’s equation. The force being the negative potential gradient, the 
components are given by equations of the type 

x=-^X 

dx 

Deduce that the lines of force are defined by the equations 

dx _ % _ dz 

T “ -Qxz 

and lie on the surfaces z(Zci^ — z^) = a. 

7. In the case where the denominators are homogeneous (of any degree), 
prove that the substitution given in the text necessarily leads to an equation in 
two variables. 


1 —Qxz 


8. A point moves in a plane so that the difference of its acceleration com- 
ponents is constant, whilst the sum of its velocity components is proportional 
to the ordinate. If the point starts from rest at the origin, show that its path is 
defined by equations of the type 

dx ^ dy _ dt 
by at by — at 1 ’ 

Calculate the ordinate at time t. Deduce that the initial motion is equally inclined 
to the axes in the fourth quadrant and that the ordinate is never again zero. 

9. Solve the equations = ^ = 

6a; -I- 22 1 4a; + 32* 

10. A curve is orthogonal to the family of surfaces 2a:;® -j- 3y® H- 32 ® — c. 
If it passes through the point (1, 1, 1) prove that it is a section of the cylinder 
^ = 2 /^ by a plane through OX. 

11. A set of curves is defined by 

—dx ^ dy _ dz 
xz + 2?/® 2a:;® — yz 4:xy + 2 ®’ 

Prove that the curves which meet the plane 2 = 0 in the circle a;® + = 1 form 

the surface 

X{x - 2 ) + y{y H- 2 ) = 1. 
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10 3 Lagrange s Lmear EquaHon 

Some of the simpler cases of partial differential equations have 
already been treated in Chap VII We now propose to consider an 
equation that is closely allied to the ordinary simultaneous equations 
discussed in the last section It is known as Lagrange s lmear equation, 
and is traditionally written 

y, z) + Q{x y y, «), 

or more briefly P'p Qq = E (i) 

The allied system of simultaneous equations 

dx dy dz 

T = -q-r <“> 

IS known as the “ subsidiary equations ’’ of (i) We now know that 
their solution comprises two one parameter fa mili es of surfaces which 
we can denote by 

u{x y z) = a v{x y z) = b (m) 

The intersection of two surfaces one from each of the families (iii) 
gives a two parameter cur\e which satisfies (ii) m connexion with 
(i) it IS called a characteristic There is a characteristic through 
each point of space the co ordinates of the point serving to determine 
the parameters a and b m (iii) 

The problem of solving equation (i) is that of finding all the values 
of z as functions of x and y which make (i) an identity Viewed geo 
metrically we have to find the surfaces of which the normal at every 
point IS perpendicular to the direction defined by P Q P at that 
point That is the geometrical interpretation of equation (i) On the 
other hand the characteristic at any point has its direction given by 
these s ime ratios P Q R and is therefore perpendicular to the afore 
mentioned normal so that it lies on the surface It follows that any 
surface is a solution of (i) if it has characteristics lying on it one 
through each point 

According to this argument the surfaces (in) should be part of 
the solution since each is covered with characteristics This is in 
fact the case a proof is given further on To get a more general solu 
tion we connect the arbitrary parameters a ind 6 by a function il re 
lation If we have some definite objective in view the function has 
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to take a specific form; otherwise we leave it arbitrary and write 
either 

a = /(6), b = F{a)y or <l>{a, b) = 0. . . (iv) 

With a specific form of fanction, any particular value of a (say) gives 
a corresponding value of 6; the substitution in (iii) then gives the 
characteristic now corresponding to a single parameter a. By allowing 
a to vary, these one-parameter characteristics define a surface, a 
solution of (i). 

The elimination of a and b gives 

(v) 

as the solution of (i); it is known as the general integral Any 
point satisfying (iii) must satisfy (v) in virtue of (iv). 

The first of equations (iv) is equivalent to u =f{v); if we give the 
arbitrary f{v) the specific form av®, we have u = av^ = a, which sub- 
stantiates what was said above about the surfaces (iii) being part of 
the solution. 

Apart from geometrical considerations the matter can be treated 
analytically. Any small change of co-ordinates on u(x^ y, z) = a are 
connected by the relation 

jj , du j . du j , , , ^ 

^ “2: = 0 = u^dx + iCydy + 

As ii = a is a solution of (ii), we can eliminate the line-elements and 


write 

+ Q^y + = 0 (vi) 

Similarly ^ ^ ^ q 

For any surface y, z) = 0, we have 


Similarlj, ^ j! = 0, ^l = q=-h. 

If^ IS a solution of (i), the equation must be satisfied identically, and 
substitution gives 

+ Q(l>y + = 0. .... (viii) 
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Tlie eliinmation of P, Q, R from (vi), (vii) and (viii) gives 


'^z 

^x % 

<i>x 


= 0 . 


In works on the calculus, this determinant is called the Jacobian of 
V and its vanishing is the condition that u, v and <!> are func- 
tionally related. In other words, is a function of u and v, a result 
that accords with our geometrical treatment. Incidentally, an exactly 
parallel proof shows that any three solutions of (ii) must be functionally 
related. 

The function <!> is given a specific form when we have a definite 
objective. We might, for example, require a solution of (i) that passes 
through a certain base-curve. If this curve be defined by 

Vy = 0, y, 25) = 0, .... (ix) 

the four equations (ix) and (iii) serve to eliminate the three co-ordinates, 
leaving the desired relation between a and 6, for which we then sub- 
stitute u and V. 

Consider the problem of finding a solution of 
/ \ 92 ! , . V 025 


which includes the z axis. The subsidiary equations are 

dx dy _ dz 

y — 25 25 — a? ^ ~ y 


These, as we have seen previously, lead to a plane x y z = a, 
and a sphere y'^ z^ ■= b, corresponding to u = a, v = b. The 
25 axis is defined hy x = 0 = y. The elimination of x and y gives 25 = a, 
== 6, whence the functional relation between a and 6 is 6 = 
Substituting for a and 6, we have the desired result 

{x-\-y zf =zx^ -\-i/ or xy -{-yz + zx = 0. 


This is a cone with its vertex at the origin. It is easy to see that it 
contains the .-s axis; in fact, it contains all three co-ordinate axes. 
We can verify tliat the result satisfies the original equation. Differen- 
tiate with respec.t to and we have 


I I 


1 ^ ^ _n 

’ dx' 


■P 


?/ + g 
x'-\-y 



222 


APPLIED DIFFERENTIAL EQUATIONS 


Similarly, 


TLen 


__ ^ z -j- X 

8y ~ i + »■ 


9^ 9^ + y -j" y 


as it should. ‘ 

As a more unusual application, consider the problem of finding 
surfaces orthogonal to a one-parameter family of surfaces. This is the 

t^^ee-dimensional analogue of orthogonal trajectories in two dimen- 
sions. 

Two surfaces are orthogonal if their normals at a common point 
are^ perpendicular. If the given family is F{x^ y, z) = c, the direction 
of its normal is given by the ratios 

dF^dF^dF 

dx dy dz * 

The direction of the normal to the surface z =/(a?, y) is given by 
P • ? • 1- The condition of perpendicularity is 

dF dF dF 

The solution of this Lagrange equation gives the surfaces orthogonal 
to the given family. 

Let the family be, for example, x^ + y^ + z^ = 2az, The direction 
^^<^™al is given hy x:y :z — a. The condition of perpendicu- 

T^ + qy=-z-a= 

2z 

The subsidiary equations are 

^ ^ ^ ^ 2zdz ^ 2^ _^ydy _ d(x^ + z^) 

» y z^ — x^~yz 2x^ 2y^ a:® 4 - y 2 - 1 - zZ~'‘ 

The first pair gives y = mkb; the first and last give 
^ + y'^+z^ = kc. 

The general integral is therefore 

+ y® + 2^ = 

where the form of/ is arbitrary. 
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EXERCISES 

1 Prove that the characteristics oi px-\- qy = z are straight lines through 
the origin the general integral giving all cones (not necessanly circular) with 
vertex at the origin 

2 If a solution of zyp zxq xy = contains the straight hne x=^c^y 
prove that it reduces to two planes containing OZ 

3 It was proved in 7 1 that a surface of revolution about OZ leads to the 
equation py = qx Reverse the process by solving this equation 

4 Consider the problem of findmg the surfaces whose tangent planes all pass 
through a given point Show that the problem reduces to No 1 above 

5 The characteristics of py — qx=^ a are helices of pitch 27ra on circular 
cylinders 

6 Find the surface that satisfies yp — xq= — y^ and contains the Ime 
2 = 0 X ^ y 

7 Verify that the velocity components 

u = z{x y) v~z(x — y) w — 7^ y^ 

are possible for an incompressible fiuid in steady motion in that they satisfy the 
equation of continuity 

dx dy dz 

Deduce that the stream hnes vhich meet the line x = 0 y = 2 lie on the surface 

+ 22 = y(4a; + y) 

8 Provo that the surfaces orthogonal to the family (^ + y ) = c are all 
included in 

x^ — 2z^ = / 

9 Prove that the surfaces orthogonal to the family xz = cy are all mcluded m 

- z2 = y2) 

What is the form of f that leads to the particular surface y^ -f- 2 ^ = a? Verify 
that this last surface is orthogonal to the given family 

10 In the 1 xst example worked in the text the given one parameter family 
are sphert s w ith centres on OZ and passing through the origm Interpret the 
two given integrals of the subsidiary equations and satisfy yourself that they are 
solutions of the problem 

Any splicro through the origin with centre on 3 = 0 is a solution of the prob 
lorn How IS this covered by the general integial? 

10 4 Ihe Homogeneous Equation 

Consider the problem of finding the equipotential surfaces m a 
field where the force at any point is perpendicular to the direction 
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defined by P : Q : 22, these being functions of the co-ordinates. Taking 
the equipotential surface as y, z) = c, the force components are 


X=- 


dx 


Y 



d<f> 


The force is accordingly perpendicular to the assigned direction if 

p^+e^+js^-o. (i) 

OX oy oz 

wMcli is now tlie differential equation for the equipotential surface. 
We have already met this type of equation as (viii) in the previous 
section. 

As written, there are actually four variables, of which is depen- 
dent on the other three. As the dependent variable is not explicitly 
present, and as each term contains a differential coefficient, the equa- 
tion is sometimes styled “ homogeneous 

There are two ways of viewing it. If = a, v = 6 are two solutions 
of the subsidiary equations (ii) of the last section, we know that 
equation (i) above holds with u and v replacing <f > ; see (vi) and (vii). 
The elimination of P, Q and R then leads to the vanishing Jacobian 
which proves that ^ is functionally related to u and v. The solution of 
(i) above is accordingly =/(^, v), where the form off is quite arbi- 
trary. 

Alternatively, we can view the equation three-dimensionally. 
Division by dtfjdz reduces it to Lagrange’s form 


Pv + Qq = R- 


Hence the solution is f {u, v) = 0, where u, v are derived from the sub- 
sidiary equations and the form off is arbitrary. Evidently the problem 
of solving the homogeneous equation presents no new difficulties; we 
append an example of its application: 


Example. Verify that the family of equipotential surfaces 
z(x -y) = cy 


relate to a field where the force at any point is perpendicular to the direction 
defined by 

y^: 2xy : z{x -f- y) 

and derive the family analytically as a particular case of the general integral. 
The verification is simple enough; writing the equipotentials as 
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we have the direction of the force at any point defined by 

dtp dcp d(p z —zx X — y 

dx dy dz y y 

= yz —zx y{x — y) 

Testing whether the force is perpendicular to the assigned direction, we have 
yz{x^ + y^) — 2x^yz + yz[x? — = o 

For the analjrtical derivation we suppose that the equipotentials are p(x, y,z) = c 
The force is perpendicular to the assigned direction if 

{3? + ^2) ^ ^ + z(a: + j/) ^ = 0. 

dx dy 8z 

We now set up the subsidiary equations 

dx dy __ dz 

2xy z(x + y) 


This leads to 


d(aj y) _dz d(x ^ — y^) _ dy 
x^y z' x^ — y'^ y* 


and we have the integrals 

X y = az, x^ — y^ =^hy 


We are at liberty to set up any relation we like between a and 6, if we care to 
give them a constant ratio by writing 6 = ac, we have the desired result 

z{x — y)=z cy 


Needless to say, wo can get any number of families that fulfil the conditions of 
the problem, we merely have to choose different relations between a and 6 


EXKH(TSES 

1 Provo that all cylinders whose generators have the direetion ratios 2 3 2 
are included nxZx — 2y = p{x— z) 

In particular, the one that cuts the plane 2 = 0 in the circle = 4 is 

^{x - zf + (2y - 32)2 = le 

2 A sphere has its centre at the origin Prove that the tangent plane at any 
point IS parallel to the direction given by 

- 22) ~y{z^ + 2(a;2 + 2/2) 

Establish that the surface ax ~ yz has the same property, and find the general 
('qiiation which includes all such surfaces 

10, 5 The Total Differential Equation 

The 01 (h nary equation of the first order in two variables can be 
written P dx Qdy ~ where the coefficients are functions of the 
variables Unless these coelhcients are simultaneously zero the equation 
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usually defines a unique curve tluough any given point; in fact, its 
progress can be calculated step by step. There is a technique for its 
integration if it is exact; in the contrary case there are integrating 
factors which render it exact, though they may be difficult to 
find. 

" The transition to the total equation in three variables, usually 
written 

Pdx + Qdy + Rdz = 0 , (i) 

brings similarities and a marked difference. If the variables are allowed 
slight changes in a function <f){x, y, z), the value of the function under- 
goes a slight change dcf) given by 

This is called a total differential. If the variables are connected by the 
relation <f>{x, y, z) = c, there is no change in the value of <f> as we move 
along the surface and 

== 0 == ^ (fc -f ^ ^y + “ . . . (ii) 

dx oy oz 


Three questions then naturally present themselves for discussion: 

(i) In what circumstances can the equations (i) and (ii) be con- 
sidered equivalent? 

(ii) If they are equivalent, what is the technique for finding ^? 

(iii) If they are irreconcilable, what form does the solution of (i) 
take? 

We can approach the matter from an applied standpoint by con- 
sidering a field of force. This can be specified, in any way we like, 
by merely postulating the force-components at each point of space. 
Whether such a field could be realized in practice is a different matter. 
We might, for example, state that the force-components are 

P = 2z(x + y), Q = 2z{x + y), R = {x + y)K 


The question then naturally presents itself whether there are equi- 
potential surfaces, and if so, how to find them. The first part is readily 
answered ; if there are level surfaces <^(a;, y, z) = c, the force is the 
negative potential gradient, and we have 


P 


30 


<3 = -^, R = ~ 

dy 


30 

325 * 
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Consideration of the second order differential coefficients gives 

dy dx' dz dy' dx dz' 

These three equations give necessary and sufficient conditions for the 
existence of a potential. It is readily verified, for example, that the 
field specified above satisfies the conditions; in fact, it derives from 
c = 0. 

When the equations (iii) are satisfied, the equation (i) is equivalent 
to dc/) = 0, and has the solution y, z) = c; the solution is usually 
derivable on sight, a fact that we have not hesitated to use in the 
previous pages. For example, 

ydx + xdy + zdz = 0 

satisfies the tests and is plainly equivalent to 

d,{xy + = 0, 

SO that the solution is z^ + = c. 

It may be that the three tests are satisfied but the integral still not 
obvious. Seeing that the equation is equivalent to d^ = 0, we know 
that the integral is a function of the co-ordinates, and hence indepen- 
dent of the route followed. We accordingly make an obvious modi- 
fication of the method expounded in 2, 13, and write 

rx ry rz 

P(x, y, z)dx Q{a, y, z)dy + R{a, b, z)dz = C, 

where the initial point (a, 6, c) is taken to suit our convenience. For 
example, ^^^2 __ ^ 2 ^ dy — 6xzdz = 0 

satisfies the tests. If the integral does not appear on sight we use the 
integration method, taking the origin as a convenient starting-point. 
This gives 

3 J {x^ — z^)dx J ^y — = C, 

whence ^ + y — = 0. 

We turn now to cases where the conditions (iii) are not satisfied. 
Reverting to our ])reviously specified field of force and substituting 
in (i) or (ii), we have 

2z{x + y)dx 2z{x + y) % + (^ + y}^d^ = • (iv) 
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This caa be alternatively written 

2zdx + 2zdy {x -\- y)dz . . . . (v) 


or 


= 0 (Vi) 

^ + y ^ + y 22; 


The carious fact emerges, from a consideration of these three equiva- 
lent forms, that (iv) and (vi) satisfy (iii) whereas (v) does not. Evi- 
dently we require a more general test of integrability than (iii) pro- 
vides. We achieve it by writing (i) as 

P 0 

dz= — — -cZy, 


If this is to be equivalent to z =f(x, y), we have 

dz =j)dx + qdy, 

_P ^ ^dz ^dz 

E R~^ dy dxdy dy\R/ dx\E/' 

Remembering that P, Q and B may contain 2 , we have 
Ridy dz dyj P^l9y dzdyf 

p\9a; dzdxj Ii^[dx dzdxj 


After performing the necessary substitutions and reductions, we reach 
the symmetrical result 


P 


.dz 



dQ 

dx 


)= 0 . 


(vii) 


This is the ‘‘ condition of integrability ” that decides whether a given 
equation is integrable or not; it evidently holds if (iii) holds, but it is 
more general than that. It is important to notice that if (i) be multi- 
plied by any factor fi, a function of the variables, it would disappear 
in the above working, and we should be left with exactly the same 
test of integrability. The conclusion is that unless the test is satisfied 
it is useless attempting to find an integrating factor; none such exists. 
Those who are familiar with the language of vectors will be able to 
interpret the result ; it states that the vector defined by the coefficients 
is perpendicular to its curl. The following illustrates the application: 
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Example . — In the steady motion of an incompressible fluid the stream-lines 
are given by 

dx dy dz 

z{x + y) z(x — y) 

Show that the motion must be rotational. 

The denominators give the ratios of the velocity components, and if the 
motion is irrotational, these derive from a velocity potential 9, so that 

M = + y) = — p, 

OX 


with two similar equations for v and w. Substitution in (i) gives 
z{x -I- y)dx + z{x — y)dy + {x^ y'^)dz = 0 

with the proportionality factor p. omitted. The application of the integrability 
test gives 

z{x + y){x — 32 /) + z(x — y){x — 2 /) + + 2 /^) 0 . 

As this is not identically zero the test fails and the equation is not integrable. 
No such velocity potential exists, and the motion is rotational. 


10, 6. Mayer^s Method of Integration. 

We now come to the problem of integrating the total equation (i) 
when the condition of integrability (vii) is satisfied. Many of the 
simpler cases can be solved by a little rearrangement. It is readily 
verified, for example, that the equation 

{xdy + ydx){Jc — xydz = 0 
is integrable. If we rewrite it as 

dz ^ 
xy k — z 

it evidently has the solution 

cxy =ik — z. 

There are three methods in common use for the less simple cases. 
Curiously enough, none of them attempts to find the integrating 
factor; it suffices to know that it exists. We propose to expound 
Mayer’s method as being the simplest to understand; the other two 
methods can be found in Forsyth. 

Knowing that there is a solution y, z) = k, we choose the 
surface that passes through a point A with co-ordinates {a, b, c). This 
fixes the value of k, and we have y, z) = (^(a, b, c). If P is the 
general point {x, y, z), we can calculate the ordinate at P by finding 
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its cliange as we move from A to Q, where Q is on the same vertical as 
P and on the same level as 4, so that its co-ordinates are {x, y, c). 
The answer will he the same whatever route we use from A to Q, 
so we naturally choose the simplest. This is usually the straight line 
y — b = m{x — a), so that dy = mdx. We can now eliminate y and 
dy from jbhe given equation, leaving it in the form Mdx-\-N dz=^0. 
This will have some such solution as /(a;, z, m) =/(a, c, m), and by 
eliminating m we reach 

f(x, z, = f(a, C, 

\ X a/ \ x^ a/ 

as the solution. 

In practice it usually suffices to take the point A as (0, 0, c), so 
that c is the intercept on OZ. There is just a possibility that difficulty 
may arise through the occurrence of a zero denominator, or for some 
similar reason; but this can be avoided by working in a vertical plane, 
or by a suitable choice of A, 

As an illustration of the method we take a previous equation 

2zdx + 22 :% + (cc + y) ds: = 0. 

The substitutions y — h = m{x — a), dy = mdx 

give 2z{m + l)dx-{- {(m + l)cc + 6 — ma\ dz = 0. 

It appears that (0, 0, c) is not a suitable position for A as we should 
then lose m completely. We accordingly take (0, 1, c) and reach 

2{m-{-l)dx _^dz_ 

{m -{-Vjx z 

whence 2;{(m + 1)^^ -|- 1}^ = ^ = z{x -j- y)®. 

The solution agrees with the result stated previously. An alternative 
treatment would be to take A as (a, 0, 0) and work in a vertical plane 
by making the substitutions y = mz, dy = mdz. These lead to 

2zdx + {^mz -\-x)dz=i 0, 

a homogeneous equation that can be solved by the usual substitution 
X = uz. Thus 

dx _ du 

^mz +- X —2z (3m + u)z 3(m + u)' 

whence (m + ufz^ z=c = z{x-\- yf 

as before. 
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10 7 The Non integrable Case 

It was pointed out that equation (i) ib equivalent to the two simul 
taneous equations 

02 ! __ P _ __Q 
dx R dy R 

If P Q P be assigned at random the relation dp/dy — dqjdx is hardly 
likely to be satisfied and then the equation cannot lead to a single 
solution This would certainly be the case with such an equation as 

xdy — ydx dz = ^ 

The opinion was once held that such an equation was meamngless 
but equation (i) can be interpreted geometrically as meaning that the 
line element ds is perpendicular to the direction defined by the ratios 
P Q R A curve fulfilling these conditions can be drawn through 
each point on, any surface we like to choose The totahty of such 
curves is the solution VTiat we cannot do is to find a family of sur 
faces orthogonal to the given direction this is the meamng of non 
integrability 

As an illustration we can use the above equation and find all the 
integral curves that line in the plane 2cc — y — ^ = 1 

By differentiation 2dx — dy —■ dz = 0 

By addition (2 — y)dx -r- — l)dy = 0 

This solves to y — 2 = m{x — 1) 

a one parameter family of planes Any line where this family meets 
the given plane is an integral curve 

The general procedure is to elimmate one variable and its differen 
tial The resulting equation m two vanables leads to cyhnders their 
mtersections with the given surface are the integral curves 

10 8 Summary 

When faced with a total equation whose solution is not fairly 
evident we begin by calculating the three brackets m (\ai) If these 
are all zero we have an exact differential and if the worst comes to 
the worst wc can solve by the route method using three integrations 
When the three brackets are not all zero we apply test (vii) If this is 
itisfied we know there is an integrating factor but instead of find 
mg it we apply Mayer s method If test (vii) does not hold we know 
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that there is no single solution; but solutions can be found, to lie on 
any given surface. 

it ought to be added that though the necessity for (vii) has been 
proved, no attempt was made to prove its sufiB.ciency as it was con- 
sidered too difficult for the present work. 

EXERCISES 

1. The stream-lines for the steady motion of an incompressible fluid are given 

dx __ dy __ 

_ ^2 2yz z{2x + z) 

Prove that this is vortex motion. 

2. The lines of force in a field are given by 

dx _ dy _ dz 
3y z—Zy x' 

Prove that there are no equipotential surfaces. 

3. Verify that the equation 

{y + z)dx + (z + x)dy -f- (^ + = 0 

is solvable without an integrating factor, and integrate it. 

4. Show that the equation 

(y^ + 2a: -f 2xz)dx + 2xydy + x^dz = 0 
becomes integrable by merely rearranging the terms, and integrate it. 

5. The lines of force in a field are given by 

dx _ dy _ dz 
2/2 2 : —y 

Demonstrate the existence of a potential and find the level surfaces. 

6. A two-parameter family of curves is defined as the intersections of the two 
families of surfaces 

xy = a, xz=h. 

Prove that they have an orthogonal family of surfaces 

c + = 2/2 _}_ ^2. 

(In this example and the next, take the total differentials and solve the resulting 
simultaneous equations for dx, &c.) 

7. If the lines of force are the intersections of 

y = ax^, y^ = hxz, 

show that the level surfaces are 

0)2 -|- 2?/^ -j- 322 _ 
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8 Solve the equation {y + 2 )rfi -|^ dy dz=Q 
(i) by Mayor’s method, (ii) by rcanangemont 

9. Verify that the condition of mtegrability is satisfied by 
y(y z)dx + (2y + z)d>j + yrfz = o 

and solve the equation ^ ^ -j 

10 Show that the equation 

2ydx + dy — dz= 0 

IS not mtegrable Show that the intogial tuivos on the surface w = a lie ,n 
vertical planes ^ 

11 When the coeffii lonts aie homogeneous of the same degree, the work can 
somotinies be shoitcned by the Hiibstitutions 


uzy y=vz 


Apply this method to the equations 

(i) Z{ii — y)dx ^ z(2g - x)dy = ( 3 ? - xy -\. ^)dz. 
(u) yiy + >:)dx + 2 (a: H- z)dy = y{x - y)dz. 


16 


(q287) 



CHAPTER XI 


Variable Coefficients 


11, 1. Variable Coefficients. 

The remaining type of equation that one is likely to encounter is 
the linear equation whose coefficients are functions of the independent 
variable. This opens up a prospect so extensive that no comprehensive 
treatment is possible in a single volume. There is no longer any tech- 
nique for finding the complementary function or the particular integral. 
Such equations are not usually soluble in elementary terms, and in 
fact they generally define some transcendental function. The result 
is that we get whole books devoted to the ramifications of a single 
equation, so that there are treatises on Bessel functions, Legendre 
functions, Hermitian polynomials, and so on. 

In spite of this impressive scene there are certain useful aspects 
that can be treated by elementary means. This chapter will be devoted 
to their consideration, for the most part limiting ourselves to the 
second order, which means that we consider equations of the type 

g+i/(*) +»(»)=*(«) (i) 

the reduced, .or auxiliary, equation being 

g + |/W + wW = o (ii) 


11, 2. Reduction of the Order. 

The first proposition we shall consider is that, if a solution of the 
reduced equation is known, the order can be reduced by unity. 

A solution of the reduced equation can sometimes be found by 
inspection or trial. If the equation is of the second order, the reduction 
is to the first order ; and as the equation is linear, a solution (at least 
formally) can be reached by the method of 2, 17. 

We suppose then that u(x) is a solution of 11, 1 (ii), so that 


d^u . du , . . 

+ 


(i) 
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The substitution y — w is equivalent to 

dy du , dv d'^y d^u . ^dvdu , dH 
dx dx dx dx^ dx^ dx dx dx^ 

and if these be employed in 11 1 (i) we have 

(u”v + 2u v' + uv”) {uv + uv')f-{- uvg = h 

This may be rearranged as 

[u” + w/ + ug)v + {2u + = A (ii) 

In virtue of (i) the first bracket disappears and we are left with 
{2u + uf)v + uv'^ = h, 



This last equation is linear of the first order in w and our statement 
as to the lowering of the order is substantiated Moreover as u is 
presumed known w can be found formally by the use of an mtegratmg 
factor This in turn gives v and hence y The determination of w from 
(ill) supplies one arbitrary constant the further mtegration for v 
supplies a second which is all that is required and the solution may 
be considered complete 


Wo can exemplify the argument by attempting to solve the equation 
2xy — xy y = 

The reduced equation is 2xy — xy y = 0 (v) 

and inspection shows it to be satisfied hy y = x We acoordmgly make the sub 
stitution y^ XV which involves 

y = XV V y — XV 2v 

The equation (iv) then becomes 

2xH -h x(^ — x)v — e® 

/2 1 \ 

or “’+t-2r=2^ " = " 


The integrating factor is 





dx = exp (2 logo: - \x) = a?e-i* 


On multiplying both sides by this faotor we have 

i (wx e-i*) = 
dx 
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whence 

+ a, 


to = (e» + aeJ®) ar® = 

dx 

Thus 

® J ^ + 

and finally. 

y = XV = X ^ 


The integration cannot be performed in finite terms, and we have to be content 
with this as the solution, giving y as a transcendental function of x. On examin- 
ing it we notice that the last term hx is really our original solution, foxmd by in- 
spection. Since a and h are both arbitrary, we can take them as zero. We con- 
clude that 

y= x\orH^dx 

is a solution, and as it contains no arbitrary constants it is a particular integral. 
It is left to the reader to verify that it really does satisfy the original equation. 


EXERCISES 

1. Solve the equation ajy" -f- (1 — x)y' + y = 0 
after first verifying that y = 1 — » is a solution. 

2. Verify that y = is a solution of 

y"(l — tana;) + 2y' + y(l -j- tana;) = 0, 
and hence deduce the full solution. 


11 » 3 . Relation between Solutions. 

It is known from the theory of our subject, and has been assumed 
throughout this work, that the reduced linear equation of the second 
order necessarily has two linearly independent solutions, which we 
may call and It is further known, and is proved in the appendix, 
that any third solution necessarily has the form y^ = Xy^ -f- 
where A and /x are absolute constants. This gives a certain elasticity 
to the choice of the two fundamental solutions; thus ayi -|- by.^ and 
”1“ independent so long as ad ^ hc^ i.e. so long as the one 

is not a mere numerical multiple of the other. For example, in the 
simple oscillation equation (Z)^ a)^)y = 0 we have as solutions 

sin 0)0?, coscua;, a sin (cua? -f" 0^)3 b cos{cox p), and any two of these 
are independent, whilst any third is a linear combination of them. 

The independence of y^ and ^2 is not quite so absolute as one might 
imagine. There are, in fact, very close connexions between them. It 



VARIABLE COEFFICIENTS 


237 


is these connexions that we now propose to investigate. Using the 
form 11, 1 (ii), we have by hypothesis 

Vi" + 2/i'/ + yi9 = 0, 

y^' + y%f +yi9 = o- 

The elimination of g[x) gives 

{yx'Vi — y^'y-d + (yi'2/2 — yiy-^f= 0. 


It will be noticed that the former of the two brackets is the differential 
coefiB-cient of the latter. Hence, if we put the latter equal to j, we can 
write 


dx 


+j/=o. 


This leads to j=c exp {—\f{x)dx} = y-^y^ — y^y^, . . . . (i) 
where c is some constant. 


As an illustration let us consider the reduced equation 11, 2 (v). Writing it as 


dx*" 




we have f{x) = — -J, oxp {— lf(x)dx} = eK 


Hence, even if we could not solve the equation we should still be in a position to 
stat(^ that any two linearly independent solutions 7/1 and 7/2 niust be connected 
by the relation 


2/1 


dx 



= cei*. 


The value of c will of course depend on the particular forms adopted for and 
7 / 2 , in the sense that if t/j is a solution, so is any numerical multiple of it. 


The relation (i) can be thrown into a different form. If we divide 
by we have 

y/y y-j — HiVi ^ /.vA ^ ccxp{— f/(a;)dx} 

Vi dx \yj y^^ 

Thus 2/1 = «/., dx (ii) 

' Vi 

and it appears that, in s|)i1;(‘. of their linear independence, the one 
solution is derivable fi-oin tin* otluT. 

Wc can test our eoindusion by our jmwious example 11, 2 (v). 
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Ejiowing that a; is a solution, we can put = a?, and in virtue of (ii) 


we deduce 



The result corresponds to the coefficient of a in the original solution. 


EXERCISES 

1. If P and Q are solutions of 

(1 — ^ — 2a; ^ + 1)2/ = 0, 

dx 

prove that PQ' - P'Q == 

2. Prove that any two linearly independent solutions of the equation 

— cosa; + — sina? -f- y sin^a: == 0 
da^ dx 

are connected by the relation 

2/12/2' — 2/22/1' = cosa;. 


11 , 4 . The Normal Form, 

It is an advantage to have the middle term of the second order 
reduced equation removed for the discussion of certain points. The 
equation is then said to be in the normal form. Taking the reduced 
equation in the form 11, 1 (ii) and making the substitution y = uv, 
we have from 11, 2 (ii) 

(w" -f- u'f + ug)v + {2u' -f uf)v' 4- = 0. 

The middle term can be removed if u be so chosen that 

2w' + tfc/ = 0 (i) 

This involves u" = —\uf' — \u'f = —\u,(f — \P), 

+ u'f-\-ug=u{g — y — J/2). 

The equation can thus be written 

g + 7« = 0, I=g-y-lP, . . . (ii) 

a result which is independent of u. For the determination of w, we 
have from (i) 


u = exp{—iif{x)dx}. 


VARIABLE COEFFICIENTS 


As an illustration we take our previous equation 11 


we have 


fix) — 4 


J = 


2x 


gi^) = 

_ £ 
16 


2x 


2(v) With 


The equation could accordingly he written 
dH 


dx^ 


+ 


\2x 16/ 


where 



It IS as well to point out that the normal form is rarely an aid to 
solution its utility hes in other directions Incidentally, it is more 
general than the equation whence it derives so that difierent equations 
may come under the same normal form It is easily seen that this 
must be so , for if I is given we can assign/ arbitrarily, and so deduce g 


Taking our previous working as an illustration put for a change 


/ = 


From (ii) we derive 


1 

H 4 


16a;2 


and the same normal form covers the equation 

l^x^y + — 8a; -f 4)y = 0 


EXERCISES 


1 Prove that the equation — a; — — y = 0 
dor dx 


has the normal form 
where 


^ + 6 ) 

v= 


2 Prove that the equation of damped oscillations 

has the same normal form as when the oscillations are undamped 

Q I 1 dy 


dx 




Here is a form of Bessel s equation Reduce it to the normal form and draw your 
own conclusions from the result 
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11, 5. Zeros of the Solution. 

Our inability to solve a given equation does not wholly debar us 
from gleaning information about the solution. One most desirable 
piece of information is usually whether the solution has any zeros; 
in geometrical language, whether the graph crosses OX. In the event 
of there being any such zeros, our curiosity prompts us to seek whether 
they are at all numerous; and if so, whether their disposition shows 
any tendency to regularity. In addition, it is often useful to know 
approximately how the function behaves for large values of the vari- 
able. The answers to these questions are by no means always forth- 
coming; but there are certain propositions which are helpful and 
which possess an interest on their own account. 

We begin with the rather remarkable proposition that no two 
linearly independent solutions of the same normal equation can have 
a common zero. We take the normal equation in the form 11, 4 (ii), 
and suppose that and Ug are two linearly independent solutions, so 
that the one is not a mere numerical multiple of the other. The pro- 
position is then established by showing that the contrary assumption 
leads to a contradiction. 

We have, by hypothesis, 

Vi" + /-yi = 0 = vf' + 7^2* 

On eliminating I these give 

= 0 =~ 

whence by integration ^'^2 ~ ~ 

where c is some absolute constant. If we now contradict the propo- 
sition by asserting that Vi and can be simultaneously zero, we have 
c of necessity zero. .The last equation can then be written v^' /v^ = vf 
which merely leads to = av ^ ; the one is a mere numerical multiple 

of the other and they are not independent, thus invalidating the hypo- 
thesis. As applied in practice, there are of necessity two independent 
solutions of the normal equation, and if the one solution passes through 
the origin the other one does not. 

Another interesting proposition is that the zeros of the two solutions 
interlace; otherwise expressed, between two zeros of either solution 
there is a zero of the other solution. 

Having already established that 
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we can write 




^2 


2 



Presuming that a, ^ are two consecutive zeros of i\, let us suppose 
that V 2 does not vanish between them Then vjv^ is a continuous 
function in the range a < cc < jS, and integration gives 

r^Y=cf^ — 


The value as calculated from the left is zero, since % vanishes at both 
end-points and vanishes at neither, hy our previous proposition 
But the integrand on the right does not even change sign in the range, 
so that the integral cannot be zero This contradiction forces us to the 
conclusion that vjv^ is not a continuous function, and therefore V 2 
vamshes somewhere between a and j8 It is immaterial which we call 
and which so that the proposition is established All of which, 
of course, depends on one of the solutions having two zeros It may 
have only one, or even none 

As a simple illustration consider the oscillation equation 
(D^ + n^)y = 0 It is in the normal form, and has the two indepen- 
dent solutions sinncc, cosna? These have no zero in common and their 
zeros interlace 


EXERCISES 

1 Without iismg the normal form prove that two linearly independent solu- 
tions of the leduccd second order equation cannot have a common zero 

2 If a, (3 are two consecutive zeros of v' , and if 1 is positive throughout the 
interval cc < x < p, prove that v has a zero bot^veen a and p Compare this with 
Rolle’s theorem in the calculus 


11, 6 The Gomj)a^ison Theorem 

The most fruitful method of deriving information about the loca- 
tion of the zeros is by making comparison with another and simpler 
equation in the normal form Suppose we are concerned with an 
intractable equation 

v" III =- Q 

From a bocond equation u" Ju 


of our own choosing wo derive 

v" ii — a" 0 — (J — l)m) = 


(I 

djc 


{v'u — u'v) 
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If a, be two permissible limits of integration, we bavo 


~ u'vj = J ~ I)uvdx. 


If furtber a, jS are two consecutive zeros of u, we have 
u'(a)v{a) — u'{p)v{^) = f (J ^ I)uv dx. 

We now propose to show that if I is greater than J throughout the 
range a < a; < ^, then v{x) must have a zero in this range. 

Since u{x) vanishes at a and jS, it retains its sign between them, 
and there is nothing lost in taking this sign to be positive ; the con- 
trary assumption merely changes the sign throughout the argument. 
We accordingly have ^^'{a) positive at the left and u'{^) negative at 
the right, as a rough sketch will show. As I is presumed greater than 
J, inspection shows that 'o cannot retain its sign unchanged throughout 
the range. For if we presume it to be positive, the integrand is always 
negative, whereas both terms on the left are positive; and conversely. 
It follows from this contradiction that in these circumstances v{^) 
must change sign at least once in the range a < a; < jS. 


As an iUustration, suppose we are faced with the equation 
dH 




-1- (2 — sina;)t? = 0. 


There is no guarantee that an equation has a periodic solution merely because 
its coefficients are periodic, and the given equation is not particularly easy to 
solve. We make comparison with the equation 


dH 




0 , 


which has the solution u= sin (a; — a) with consecutive zeros a t a, a -f- tc. As 
1=2 — sin a; and J = 1, we have J — I = sina;— 1, which is certainly not 
positive in any part of the range a < a; < (a + tt). As a is quite arbitrary it follows 
that any solution of the given equation has at least one zero in every part of OX 
of length TV. 


EXERCISES 

1. Prove that any solution of Bessel’s equation 

~ n^)y = 0 

must have an infinity of zeros. 



2 Any solution of 


1 4 


VARIABLE COHef®QraiN» 


xy + 22 ^ + (1 + x)y^= 0 



has an infinity of zeros whose mterval ultimately tends to tt 


3 Using the notation of the text if u and v have a common zero at a; = a 
and 1 IS greater than J then with increasing x v must vanish agam before u 


11 7 Recurrence Formula} 

It not infrequently happens that a differential equation contains 
a parameter which we may denote by n The solution is then a func 
tion both of n and of the independent variable It is customary m 
such cases to use a distinctive letter to denote the function and the 
parameter is written as a sufiStx and called the order For example m 
Bessels equation mentioned above one of its solutions is denoted 
universally by Jn{x) The mdependent variable is sometimes omitted 
when not in doubt 

It generally happens in such cases that a simple algebraic relation 
connects any three functions of consecutive orders In the present 
instance it happens to be 

X 

connecting the functions of orders — 1 n and n + l Such a re 
lation is known as a recurrence formula and is of great utihty in tabu 
lating the function The recurrence formula cannot be determined 
until some form of the solution is known so that it is not directly 
dcdiKibh from the diticrential equation Conversely the difierential 
equation is not directly deducible from the recurrence formula there 
is usually an intermediate step which is differential m form In the 
prtsint instance it is 


EXT RCISES 


1 W('l)oi H fuiKtion D,^{x) has the recurrence formula 
J) , , - = 0 

and satislKH the dith n iitial relation 

J) I = 0 

Deduce that it is a solution of tlu ditTcrcntial equation 
4?/ 1 /y(4/i + 2 — a;^) = 0 
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2. Laguerre’s function X„(rr) satisfies the differential eqLuation 
xy'' -f (1 — ^)y' + = 


and the differential relation 


Prove that its recurrence formula is 

H" 1 “1" 


11, 8. Orthogonal Functions. 

The functions defined by two equations which merely differ in their 
order usually possess interesting integral properties. One of the most 
important of these is known as the orthogonal property, and has 
undergone a renascence in recent years. We can illustrate by Le- 
gendre’s function which satisfies the equation 

(1 -- rr2)P/' ~ + n{n + I)P^ - 0. 

Similarly for a dilierent order m we have 

(1 ~ x^)P^' — 2xPJ + m(m + 1)P„, == 0. 

On multiplying the first by P^ and the second by P^, we reach 
{m{m -f 1) — »i(M + 

= 2cc(P^'P„ - P„P„') - (1 - x^)(P„rP, - P™P.„”) 

= ^{(1-»^)(P™P„'-P.„'P„)}. 

The right side suggests that we integrate between the limits -\-l and 
— 1, whereupon we reach 

f_P„P„dx = 0. 

This is the orthogonal property which connects two Legendre func- 
tions of different orders. An even simpler orthogonal relation, with 
which the reader has long been familiar, comes from the oscillation 
equation 

^ = 0 , 


viz. f sinma? sinwicd^ai = 0, m, ^ integers. 
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EXERCISES 

1. Prove tLat the Laguerre function, mentioned in 11, 7, Ex. 2, has the ortho- 
gonal property 

f er^LJL^,dx = 0 . 

•/o 

2. The Tschebyscheff function of order n satisfies the equation 

(1 — x^)y" — xy' + n^y — 0. 

Prove that it has the orthogonal property 

3. The Hemite function of order n obeys the differential relation 
and has the recurrence formula 

By differentiating the latter, show that HJ^x) satisfies the equation 
y" — 2xy' + %ny = 0, 

and deduce the orthogonal property 

rH„H„c-^‘dx = 0. 

J-00 


11, 9. Solution in Series. 

When other methods of integration fail, and the coefficients in the 
differential equation are polynomials in a;, it is sometimes possible to 
derive a solution in a series of ascending powers of a:. The techmque 
of the method is simple enough. One merely assumes that 

y = -j- -j- , . 

The various differential coefficients can be derived from this and 
substituted in the given equation, the result being reananged in 
ascending powers of x. As the equation is supposed to be identicaUy 
satisfied, the coefficients of the various powers of x must all be zero. 
This gives a sequence of relations between the a’s, known as the re- 
currence relations, which serve to determine the higher os’s in terms 
of the first one or two. The coefficient of the lowest power of as gives 
what is known as “ the inclicial equation ” which furnishes the per- 
missible values of x ' . 
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We can exemplify the method by solving the equation 




In spite of its innocuous appearance it happens to be a form of Bessel’s equation. 
We have 

xy'* = «or(r — 4- + 2)(r + J . , 

y = aoa;^ + -h . . . . 

On summation, the first term gives aQr{T — 1) = 0 as the indioial equation. The 
coefficient aQ cannot be zero (the series must start somewhere); alternatively, 
we haver =0,1. 

The zero value is useless; if we apply it to the coefficient of a;’’ we again get 
<Iq as zero. We accordingly try r = 1, and we have in succession 


1 . 2^1 = — ©0, 

«! == — 

2 , Sctg = — flj. 

ag = — 

3 . 4^13 = 

ttg = 


can be written 

f 

9 

2«8 , 

y=a^\i 

(2!)^ ^ 


1.2 


¥.Z 1 . 2 . 2 . 3 ‘ 

CI9 Uft 


3.4 1 . 2 . 2 . 3 . 3. 4 


- i - + 1 

* (m l' 


where the constant remains arbitrary. 


Tte result flatters the method more than somewhat. The law of 
formation of the coeflBcients is particularly easy to see, and the series 
is convergent for all values of x. This is by no means always the case, 
nor is it true in general that such a series solution necessarily exists. 
A trained eye can tell from an examination of the coefficients in the 
differential equation what to expect in any particular case ; but a full 
understanding of the matter really requires a knowledge of the com- 
plex variable. It will be noticed from the above analysis that not 
every root of the indicial equation necessarily leads to a solution of the 
required type. It will be stated here without proof that if the two 
roots of the indicial equation are the same, not more than one solution 
of the required typ)e exists, and the same is usually (but not always) 
true if the two roots differ by an integer. 
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EXERCISES 


1 Weber’s equation can be written in the form 
dx^ dx 


Show that r is necessarily zero and the solution is two series, multiplied by 
and respectively As these are independent, two series solutions are forth- 
commg, VIZ 


2 / 1=1 


2» 




n(n — 2) 

5 




2/2 = re- 


s' 


i 


3 ) 


3?- 


2 The following equation occurs in the theory of ionic diffusion 

^ i ^ + c(a2 - r^)<f = 0 
dr^ r dr ^ 

Prove that the formal method gives a series, in ascendmg even powers of r, the 
first few terms being 



See J J Thomson, Conduction of Electricity through Oases 

3 The following equation occurs m the difficult dynamical problem of the 
rolling disc, see Routh, Advanced Rigid Dynamics 

(1 — oi^)y" — 2xy' — p?/ = 0 

It IS known to be soluble in terms of Legendre functions of complex order Prove 
that there are two series solutions, the one in even powers and the other m odd 
powers 

4 A deep, narrow beam is uniformly loaded along its upper edge The 
condition of stability is derived from an equation of the type 

^ + (a + = 0 

dx^ 

See Prescott, Applied Elasticity, p 522 

Choosing a new variable defined by ^ establish the formal existence of 
a scries solution in ascendmg powers of and find the first few terms. 



Miscellaneous Exercises 


1. A projectile of mass m is fired horizontally with velocity u into sand whose 
resistance is av -f- where v is the velocity at any time t. Prove that the total 
penetration s is given by 

hs 1 , ft V 

^=log(l+-w), 
m a 

and that the time of transit is given by 

(aj) ^ ±± bvl 
\mJ v{a -j- bu) 

Deduce from a consideration of the time that the law of resistance cannot be 
wholly valid. Deduce also from first principles that a law of resistance av — bv^ 
is likewise invalid unless the range of values of v be restricted. 

2. A body of mass m is fired vertically upward from the ground with velocity 
u. The atmospheric resistance is av -|- hv^ when v is the velocity. Prove that the 
body will rise to a height s given by 

ba ^ 1 j (1 - uja-Y 

m (a - P) ® (1 - 

where a, p are the roots of the quadratic hv^ -}- av -f- 'nig = 0. Prove also that the 
time of flight is given by 

, dht 2dbu 

tan — = , 

m au + 2mg 

where “ Y. 

b \2bJ 

3. A uniform straight rod of length X and mass m has its lower end smoothly 
hinged. It starts from rest in the all but vertical position. Prove that the time 
from the horizontal to the downward vertical is given by 

= 2 sinh“i 1 = 1-7C. 

4. It is found that over a certain range of velocities the resistance per unit 

mass has the form av — Prove that, in the absence of other forces, the 

velocity at any time t is given by a relation of the form 

y-o-6 _ ^ exp(0-6ai) +~. 

a 

5. A moving body is opposed by a force proportional to the displacement and 
by a resistance proportional to the square of the velocity (quadratic damping). 
Prove that the equation of motion has the form 



on the assumption that the displacement is increasing. Verify that the substi- 
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ition {dxfdt)^ = y makes the equation linear and deduce that the velocity v 
connected with the displacement by the relation 

= ae~2ba: ^ _j_ 

b 262 

ote that the equation of motion cannot hold m both directions, for if a; be 
jversed, the middle term retains its positive sign 

6 If Jf , ^ are two homogeneous functions of the same degree, prove by the 
se of Euler’s theorem on homogeneous functions that the homogeneous equation 
Idx Ndy = 0 has the mtegrating factor (Mx + Ny)~^, which makes it exact 
ipply the method to 

x^dx + y{Zx^ + ^y^)dy = 0 

0 show that it has the solution -}- 2y^ = cV (x^ y^) 

7 A variable Ime cuts a curve in two pomts A, B The tangents at these 
)omts intersect in T The line joining T to C, the mid point of AB, has a constant 
lirection It is required to find the form of the curve Keepmg A fixed, take A 
bs the origin and as the x axis For variable B, let TC make the constant 
ingle 0 = tan”^m with AT Deduce that the differential equation of the curve is 

2my = (mx — y) 

dx 

ieadmg to the parabola c^/ = ( 2 / + mxf The problem occurs in the theory of the 
suspension bridge 

8 Experiment shows that a parachute of area A square feet moving with 

velocity V ft /sec experiences atmospheric resistance pounds Solve the 

equation of motion for a parachutist whose weight in harness is 10 stone, the 
area of his parachute being 600 square feet Deduce his terminal velocity and 
\eiify from first pimciples What difference does it make if the parachute takes 
3 seconds to open and cushion out, taking those 3 seconds as the man’s time of 
free falling before the resistance begins to operate’ 

9 If AB IS part of a uniform catenary, the condition of equilibrium demands 
that the intersection of the tangents at A and B should be vertically below the 
centie of gravity This property suffices to determine the form of the curve 
Take A as the vertex and the origin A consideration of x leads to 

s(^ — = ^xds 

Differentiation w ith respect to x leads to s = cp, which is the usual intrmsic 
equation s = c tan(|) 

10 The intercept, between the co-ordinate axes, on any tangent to a certain 
curve is of constant length It is required to find the form of the curve Note 
that if the intercept c is in the fourth quadrant we have geometrically 

y — X tan ^ ~ c siinj*, where tanij^ = dyjdx 

[The four cusped hypocycloid _ ^2/3 j 

(G 237 ) 


17 
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11. A rotor of inertia I is driven by a couple wbich varies with the time and 
has the form A sincoi. Prove that there are three possibilities to the motion: 
(i) the rotor may move continuously in one direction with varying speed, (ii) it 
may swing to and fro through an angle Ajla^ about some mean position, 
(iii) it may move to and fro whilst maintaining on the whole an ever-increasing 
displacement in one direction. 

12. Pmd the differential equation of the families 

(i) y = Ab^, (ii) y = Ax^, 


13. Find the orthogonal trajectories of the family 


?! -u 


1 , 


where X is the parameter. 


14. A ship A pursues a straight course with constant speed u. A second ship 
B pursues a curved course with constant speed v and its motion is alwaj^s in the 
direction AB. Find the equation of j5’s path parametrically. 


15, If yi, y^ are solutions of y" y'f(x) + yg{x) = 0, prove by eliminating 
g(x) that y^y^x — y^j^ = A exp (— Ifdx). Hence, if one solution is known, another 
can be found. Illustrate by using the fact that 2 /i = a? is a solution of 

(1 — x^)y" — + y = 0. 


16. If yi is a solution of y" + yj{x) + ygix) = 0, prove that y^ = uy^ is also 
a solution provided that 



10 = 


dx 


Hence find a second solution of 


^-2a:^+2y = 0, 
dx^ dx 


given that ?/i = a; is a solution. 


17. Extend the method of the previous question to the equation 

2 /" y'f yg ^ 'h' 

by showing that a solution can be found if a solution of the reduced equation is 
Imown. Hence derive a solution of 

xy" -1- (1 - x)y' + 2 / - (3a: + \)e\ 
given that y = (1 — a;) is a solution of the reduced equation. 

18. A mass m lies on a rough horizontal table and is attached to one end of 
a string of length X. The other end of the string is very slowly drawn along 
table edge. Find the path of the mass. [The curve is known as a tractrix and is 
an involute of the catenary. It finds practical application in Schiele’s bearing.] 


19. Since the result of differentiating a differential equation is to produce 
an equation whose order is higher by unity, it must occasionally happen that 
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the order of an equation can be reduced by unity if we integrate each tena by 
parts For example the equation 

y — y cot a; -f y cosec® a; = cos a; 


integrates directly to 'l/ ~ V cot a; = sinaj + 


and the solution can be completed by other means 

Integrate a^v + 3a^ + 2/ = 4a; once in this manner Prove that the process 
can be repeated and leads to a;?/ = a;® + a log a; + & If the equation has the form 
Py Qy Ry= 8 prove that the method is applicable ifi2— C+P =0 
Check by the above exS.mples and by the equation (a;® — \)y 6xy + 3y = 4a; 
Extend the principle to the nth. order equation 


, XT d'^-^y 


+ 


+ ^nV = fi^) 


and prove that the method is certainly applicable if each coefficient is a poly 
nomial of degree lower than the order {n-^ r) Test by the equation 
(aj® — x)y xy ^ y = 5x 

20 Prove that the equation y + Py + Q?/ ® = 0 can be integrated if P Q 
are both functions of y or both functions of x Elustrate by 
y y sm2y + y ^ secy = 0 


21 A reduced Imear equation of the second order has the two mdependent 
solutions yi = sin a; and y%^ x cos a; Prove that the equation is 

y (sma; cosa: — a;) + 2/ sin® a; = y(sma; cosa; + a;) 

Conversely solve this equation after verifying that sma; is a solution. 

22 If P Q are functions of x prove that the equation 

j^PeV = Q 

dx 


can be reduced to the linear form 

23 Subsoil water drams into a circular sump of radius r The water is pumped 

out as fast as it accumulates so that the water level is at constant height Ji above 
sump bottom At horizontal distance a; from the centre Ime the vater level m 
the subsoil is at height y above the sump bottom An imaginary cylmdrical sur 
face surrounding the sump would thus have a surface area ^.izxy It is assumed 
that water flows horizontally inwards across this surface v,ith velocity proper 
tional to the water surface gradient or v = fc dyjdx As v ater is incompressible 
md the sump level is constant the inward flow per second across any such 
ima inary cylindrical surface is constant say A Write down the equation of flow 
lute'll itc it and determme the constant from the conditions m the sump 
How docs your result show that the argument is fallacious ’ 

[7rA:(y® - = A log(:r/r) ] 


24 According to Ixcrcise 1 8 (4) the diflerential equation to the catenary 
y = c cosh(a;/c) is y sinh”^y ^ a;v'(l + y ®) 

Integrate this equation 
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f substitution 1/ = exp/«, dec. or y' [y = jc, when applied to 
Second order linear equation with constant coefficients ay + by' + cy” = 0 
reduces the equation to the first order with the variables separable. 

26. Prove that the generalized Clairaut equation y =xf(p) -I- F(p), if differen- 
tiated with respect to x, takes the linear form 

{fip) - P}^ + xf'(p) + F'{p) = 0 . 

Hence, prove that the equation a: + 1 / 2 /' = c/a leads to a:oothM= * 4- cu 
where p = sinh?/. ^ ' 

27 . Prove that in Riccati’s equation 

dy 

ay-irly^ = cx'^ 

the variables can be separated by the substitution 

y = x^v if n = 2a. 

Hence, prove that the equation 


has the solution 


y=x^ tan(c + ^x^). 


28. The stability of a thin beam provides the equations 

d^-^rx=‘^rx + ‘^’ 

where the constants are all positive. Find a simple solution that makes 6 zero 
When X is 0 or X, and state the conditions. 

29. The stability of a rod under thrust and torsion depends on the simultaneous 
equations 

d^y dz 

T- 2 — « -3- + = 0, 

dx^ dx 

dH dy . . 

j- = 0 , 

d7^ dx 

whore a, h are positive. By taking a new dependent variable lo = y iz, prove 
that solutions are given by «; = expiXx, where X is real but may be positive or 
negative. Verify independently that there are solutions of the type v = cosXa: 
^!==sinXa:. 


30. Por a shaft with end-thrust and torque, we have 

l^z 

.d^y 




dx^ dx^ " 


El ^ + P^. 
dx^ dx^ 


■ moih = —T 


du?' 


Solve as in the previous example. 
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31. The following occurs in the theory of beams of variable section 

(1 + axf ^ + a(l + o*) ^ = 0. 

Solve by taking a new independent variable. 

32. The theory of thick spherical shells leads to the equation 

^ 4- i ^ = 0. 

r dr 

Prove that it has the solution n = 6 — 


33. Solve the equation 


VcZr^ T dr) 


by first proving that the equation 


(1 




Id^ 

\dr^ ^ r c 
has the solution U = a hlogr, 

34. The second order equation with variable coefficients can be solved when 
the operator can be factorized. Illustrate by verifying that the equation 

2x{x + 2)2/" + {x^ + 3a; - 2)y' - 3(a; - 1)?/ = 0 
can be written [2xD + (a; — 1)] [(a; + 2)D ■— 3]!/ = 0, 

A solution can then be obtained by writing 

{(a; -f 2)D - Z}y = z, 

{2xD + (a; - 1)}2 = 0. 

35. The equation (2a; — 1)V'' + “ ^)y' ~ 

can be treated as homogeneous linear, and leads to 

2/ = ?;(a + hv°- + cv"®), v= 2x — 1, a = V3. 

36. The deflection of a circular plate under uniform load is given by 


rdrL dr\rdr\ drJ)J 


Prove that this is equivalent to 


0^'° + ? w' 
r 


■_ 1 C. 


Solve on the assumption that when r is zero, w is finite and dwjdr zero. 
37. If the transverse vibrations of a beam are forced, we have 
^ = a sinco^. 

Pind a particular integral by assuming that y = X sincoi. 
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38. The eqLuation for a whirling shaft subject to end thrust P is 

dx^ 

Find the smallest value of co for stability if the end conditions are 
a; = y = 0 = y'\ 

39. In the discussion of the transverse vibrations of a bar it was assumed that 

the couple Fdx, due to shear, equilibrated with the excess bending moment dM. 
]\Iore accurately we might say that their difference changed the angular momen- 
tum of the element AB. The inertia of the element is Jp dos, where p is the density. 
Its angular acceleration is where = dyjdx. Deduce that the modified 

equation is 

dt^ dx^dt^ p 

where k is the radius of gyration of the cross-section. Note that the general 
method of substituting y = TX fails. What other method is available ? 

40. A railway transition curve is to be laid out on the principle that the 
curvature varies uniformly as we proceed along the track. This gives the equation 
dp^^lds == constant, and (as a matter of convenience) this constant can be taken 
as 26^. Taking the straight part of the track as x axis and the departure from the 
straight as origin (where the curvature is zero), prove that any point on the curve 
can be expressed as 

x= rooH[bs)^d$f y= j8in{bs)^ds, 

Jq Jo 

41. If the isoclinals are a family of parallel straight lines, prove that the 
equation can be solved by separation of the variables. 

42. The lower edge of a vertical sheet of absorbent material is placed in con- 
tact with liquid. Let x be the rise after time t. Assume that m is the mass of 
liquid per unit surface area of the sheet; p is the capillary lift per unit length at 
the top of the stain. Show that this leads to an equation of the form 



Find a particular integral and interpret it. Find also a first integral of the equation 
by the use of an integrating factor. 

43. For a thin hemispherical manhole end in a high-pressure welded drum, it 
can be shown that 

— {F sin0) = {a — T) sin0, 
d0 

— (T sin 0) — P sin 0 + 6 cos 0. 
d% 

If a, h are constants, whilst F, T are functions of 0, prove that these lead to 
F = ^-(a — 6) 0 + + S' cot9. 


where p, q are arbitrary. 
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44, In certain circumstances, the conditions for the stability of a beam depend 
on an equation of the type 

Derive a series solution in ascending powers of x\ 


Hints and Answers 


1 , 8 . 

5. Solve for (d^ + and (b^ -f- X)~^, then invert. 

8. Begin by multiplying by cos a;. 

10. Use logarithmic difEerentiation on {x — a){y — &) = c. 

14. ae^ is effectively a single constant. 

2, 5. 

5. Use X = {a x) — a. 

10. exp(— sina:) ranges between e and 1/e. 

17. Take a as the initial radius and x as the variable radius. Surface area is 
proportional to a:®; strength of solution is proportional to — rate of solution 
is proportional to ~-d{a^)ldt 

18. After solving the equation, use the given values to eliminate the constants. 
This gives 10[2«-i - 1] = 3[(10/3)^-i - 1]. Trial of w = 2, 3, 4 shows that 3 
gives the best fit. 

21. Dimensions are cm.”^. 

22. Taken from a research. Use partial fractions. Long rather than difficult. 

25. t = X -i- y leads to x y = tan (a; + — J). 

27. Put t= au hv and discard u, 

28. As I a; I ^ u, | ?/ 1 ^ 6,. the family are ellipses in a rectangle. 

2 . 8 . 

dP P 

(i) 2xyy' — y^ — (ii) centre displaced; (iii) _ -1- — = 0; (iv) radius 

aV V 

altered; (v) -^ = 

dx 2x 

2, 9. 

2. li — ax by c, y = px qy r, then a -f- = 0. 


2, 15. 

3. J = X, c= x^y(2 — y). 

4. x^ cosy — y® tana; + fit/)* 

3, 3. 

5. If y = then A -f- B = 0. The conditions a = p and a =j= P 

both fail. 

3, 6. 

4. Condition depends on 2a; = 1 — 6“^®. Consider the graph of each side. 

8. D = — (ib 1 ± t= — > y = + be-*) cost -f {ce* + de-*) sin^. 
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3 , 8 . 

6. The asymptote is crossed once, when x is negative. The axis OX is crossed, 
or not, according as the minimum value is negative or positive. 


4 , 1 . 

2. The family has the Cartesian equation re® -J- 2 /^ — 2a:(r® — c®)^ = c®. The 
orthogonal family has the differential equation 

,/ _ ® V , - a-V _ 

2 /® 

4. The family is self-orthogonal. 


4 , 2 . 

6. Use the two forms — = — — 
c (1 + c 


dp 

(TT^- 



7 . A circle with centre on OX. 

8. Harmonic motion about a new origin x — aju^. 

10. It reaches infinity with positive velocity if mhu^ > 2p.. 
12. Write = 2p"lp\ 


4 . 3 . 

3. Note that the equation is completely solved by the substitution 

22/ — a; + 1 = i®. 

4 , 4 . 

4. The four-cusped hypooyoloid x^ + 2/^ = 


5 . 4 . 

4. Calculate 2?/ — x* 

5. Initially there is no displacement and no velocity; hence the acceleration 
components are a, 0. 

6. The quadratic (jD® -f- <o®)® + c®D® — 0 shows that D® cannot be positive, 
but is real. There are two values of n with opposite signs. 

9. Elimination gives four values for D, two of which are zero. The first equa- 
tion then shows that 0 does not contain the secular term. 


6 , 10 - 3 . 

5. a; sin a; is the product of two skew functions and is therefore symmetrical. 

6. A sketch shows the analysis to be even cosines. 

7. A sketch shows that y ~ -Jtt is expressible in even sines. 

9. Use the function x{7: — x) and afterwards change the period. 

. 8X® [ . Tca; , 1 . 3Tia; \ 

^ ttM X 3^ X I 

14. The range can be completed in an infinite variety of ways. 

15. /W-/(-aO;/W =M{/W-h/(--:r)}-l- {f{x)-f{-x)}];f{x) + f{x-^^), 

16. Depends on expressing cos”0 in multiple cosines; see any work on higher 
trigonometry. 
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19. If the Fourier series be squared we have eight types of term. Most of 
these give zero on integration. The mean value of 2 /^ is 

i r y'^dx = W + + V)] > 

21. Similar to 19. 

23. Expressible in odd sines. 

24. Expressible in odd sines. Take y = Jtu — a;, 0 < a; < Jtu and afterwards 
change the scales. 

2/ = ^ [(ire — l)smy + ii^Tt + i)sin?^ + - |)sm — •+ . . . J . 


7 . 11 . 

7. (i) Put az cx = at; (ii) 2az -f == 2at; (iii) divide by z, 

9. ax^ + 2hxy + hy^ -(■* 2^a; -f- 2fy -f- c is a solution provided a -{■ h — 

10. Needs 2a 2h = k. 

11. The assumption V = aoi? -f- Zhx^y + ^cxy^ + dy^ gives a + c= 0 = & + d. 
The given result comes from a + d = 0; see also the remarks in 2, 9*1. 

12. m, n may have to be integers, or the halves of odd integers. 

and is at least J. 

15. (i) A free end has no couple and d^fdx is zero, (ii) A fixed end has no 
movement and 0 is zero, (iii) At a loaded end the couple has a given value. 

19. Based on No, 12. 

20. Put 5 and the equation becomes ordinary. 

22. Use dridx = xjr, and similar expressions, to give 

Bx r®’ dx^ 7^ 

8 , 8 . 

3. The equation relates to the family {x — c)(y — a; + c) = 4. 

4. The equation is soluble hy t= x — y. It comes from (y — x)(x — c) = 4. 

8. Derives from {x^ — y^){y — 1) = c. 

9. The isoclinals are y = log (a: — c) and the inflection locus is a’ = 2 cosh 2 /. 

9, 3. 

3. The equation is soluble; y = 6e*'® — 5 — 2x — 

10 , 2 . 

1 . & + + 

X y z 

3. Calculate d{x + 2/ "h ^)> V — 22)^ d{y + 2 — 2x). 

4. The four lines are a; = i?/ = 

5. Use d{y — z). 

8. The initial motion can be deduced without solution. The point finally 
goes to infinity in the third quadrant. 

9. Calculate d{x — z) and d{2x 4 - 2 ). 

II. The calculation of the differential d{yz) leads to yz-\- x^ = a. Treat 
d{xz) similarly. See also the next section, 10, 3. 
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10 , 3 . 

4. Take the point as origin. The direction x :y ;z is then perpendicular to 

5. Use a;2 -1- 2/2 = to eliminate y. This gives ^ = sin^- + so that x 
(and y) are unchanged when z changes by 2iza. 

6 . 2z = (x — yf. 

7. Two integrals are ~ z^ — 2xy = h. 

9. jf = 0:2 _j_ 2/2 — a. 

10. A family of planes through OZ; a family of spheres through the origin, 
with centres on OX. f(^ — 

xf(^ = ay + 6a: = a® + + z**. 

10 . 4 . 

1. Two integrals of the subsidiaries are Bx — 2y= a, x—z=h, whence 
462 + (36 - a)® = 16. 

2. yz= xf(x^ + y^ + z“)- 

10 , 8 . 

3. Regroup as {xdy + ydx) + etc. 

4. xy'^ + ii;2(l + 2) = a. 

5. z = y{x — a). 

11. (i) x^ - a:?/ + 2/2 ^ c.2,^ (ii) yip + «) = c(2/ + ^)- 

11 , 2 . 

1. A first integral is c + log?;' = Jaj2 — 3a; — 2 log (a; — 1). 

2 . y — aGOSx + he"^. 

11 . 5 . 

2. The equation shows that v and v" have opposite signs. As v must change 
sign in the range, so does v. 


M iscellan eous Exercises. 

1. (i) The body requires infinite time to come to rest; (ii) certain velocities 
give negative resistance. 

8. About 14 feet per second. 

12. (i) yy" = y'^. + 

13. a;2 + 2/2 = 2^2 logo: + &. 

14. yu!v — c coti'jl. 

, du ere®"* 

16. IV = j- = -- 

dx x-^ 

18 . y = c sinijj, whence x can be found in terms of 4;* 

20. A first integral is p{sGcy + tan?/) + 2j(sin?/ + sm^y)dy = c. 


22. Put e u. 

23. The result makes y increase indefinitely with x, whereas y cannot exceed 
the depth of the sump. 
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24. Choose a new variable defined by jp = sinh w; this leads to 

34 A. / y ] = 

* dx l(a; + 2)3) (x + 2)^* 


38. 


39. 


41. 

42. 


See Case, Strength of Materials, p. 506. 

See Lamb, Dynamical Theory of Sound, p. 125. 

The family is o = f{ax -{- hy) — — . Put ax hy = U 

dx 


The final position is a; = pjmg. 


fdxy p 2gx I fp\ 


a 
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